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OPTIMALITY CONDITIONS FOR SOME NONQUALIFIED
PROBLEMS OF DISTRIBUTED CONTROL¥*

F. ABERGELt AND R. TEMAM{

Abstract. This article determines the necessary and sufficient optimality conditions for some nonqualified
problems of optimal control, in the case of a distributed control for a system governed by a second-order
elliptic partial differential equation. The authors study both bilateral and unilateral constraints on the state
of the system.
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Introduction. One of the main difficulties in the study of optimal control problems
is to give some necessary and sufficient conditions of optimality. For nonqualified
problems, there is no standard way, even in the convex case, to give such conditions
[L]. Nevertheless, the method developed by one of the authors for the study of
variational problems in continuum mechanics [T] turns out to be very fruitful in the
field of optimal control.

In this article we consider the following problems:

(P) Find (z, v) in L*(Q) x L*(Q) minimizing the cost function

(1.1.1) J(z,v)z(gl’;) L v? dx+<%> L |z = z,[* dx

with (—Az+z)=vinQ, z=0o0ndQ, |z| = a almost everywhere in Q.
The corresponding unilateral constraint problem reads:
(R) Find (z, v) in L*(Q) x L*(Q) minimizing the cost function

(2.1.1) K(z, v)=(51;) L v? dx+<%> Iﬂ|2—2d|2 dx

with (—Az+2z)=0vinQ, z=00n9 ), z = a almost everywhere in ().

a and 7 are two strictly positive real numbers and z, is given in L*(Q). In the case
where  is a subset of the I-dimensional Euclidean space R', =1, 2, 3, Problems (P)
and (R) correspond to the optimal heating of (): z is the temperature, v is the volumic
heating (produced, for instance, by a laser beam), and z, is the desired temperature.
The constraint on z is a technological constraint, which can be easily interpreted as a
no-burning condition.

In order to derive the system of optimality conditions for (P) and (R), we
reformulate them as convex optimization problems in H*(Q) N H(Q), as follows. We
let j, k be defined, respectively, as follows:

<1>J |z =z, dx+(—1—>J’ |-Az+z|? dx if ze H}(Q)N HyQ),
j(z)={\%/ Ja 2n/ Ja

lzZ|=a ae. in Q,
+00 otherwise,
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ifz=a a.e.in Q,

k(z)=
+00 otherwise.

Therefore, (P) and (R) respectively, are equivalent to

(P) (@) Inf — {j(z)}

ze HA(Q)N HH()

and

(R) (ii) Inf {k(z2)}.

ze HX(Q)NHH(Q)
If we wish to use the duality methods of convex analysis to derive the optimality
conditions for (i), (ii), then we are led to the following dual problems of maximization:

. - 1
(P*) i) Sup {(——ﬂ) J 2’ dx+(—> J 22 dx —J U (—Az+2z+2z,) dx}
ze HX(Q)NH)(Q) 2 Q 2/ Ja Q

where

2
U, (s) =2 if |s| =
s

=a <|s| —g) elsewhere,

and

(R*) (i) Sup {(—g) j 22 dx+(%> J' 2% dx —J 0, (—Az+z+2,) dx}
ze HY(Q)NH{(Q) Q Q Q

where
s
0,(s)=— ifs=a
s

=a (s —g) elsewhere.

The crux of the matter is that neither (P*) nor (R*) is coercive on the natural space
X = H*(Q) N Hy(Q). Thus we must investigate the existence of solutions to (i’) and
(ii") in a larger space than X, in order to recover coercivity.

For (i'), the natural space is BLo(Q) = {u e L*(Q), (—Au + u) is a bounded measure
on Q, u=0 on 90} due to the linear behaviour of ¢, at infinity. We prove that (P*)
has (generalized) solutions in BLy({2), and extend the classical optimality conditions
to them.

As for (ii'), the problem is slightly more delicate, for (R*) cannot be extended to
the whole space BLy({2), due to the quadratic part in 0,. However, we prove that such
an extension is possible if we restrict ourselves to the functions u in BL,({)) such that
(—=Au+u) is in a convex cone of the space of bounded measures on (). We then
establish the system of optimality conditions.

We use the following classical notation: W™P(Q) for the Sobolev space of order
m on L?(Q), Wg*? for the closure in W™”(Q) of the Schwartz class 2(), and 2'(Q)
for the dual space of the latter; we also classically write H™(Q) for W™*(Q), and
M,(Q) for the space of bounded measures on Q (see [Ad], [LM], [B]).
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1. A distributed control problem with bilateral constraints.

1.1. Variational formulation. Let () be an open bounded set of R", whose boundary
T is a compact C%, (N —1)-dimensional manifold, ()} being locally on one side of T'.
We want to study the following problem of optimal control.

P) Find (z, v) in L*(Q)x L*()) minimizing the cost function

(1.1.1) J(z,v)=(§1;) J'Q v? dx+(%) Lllz—zd|2 dx

z being such that (—Az+z)=0vinQ, z=0onT, |z|=a a..onQ.

z4 is given in L*(Q), and a, n are two strictly positive real numbers. The conditions
on z imply that it belongs to H*(Q) N H{(Q) [LM] and the variational formulation of
(P) is then

(112) (P) Inf {i(2)},

ze HA(Q)NH(Q)
the functional j being defined by

-1~J |z—zd|2dx+1nj |-Az+z| dx
Q 2 Q

2
ifze X=H*(Q)NH{Q), |z|=a ae.onQ,
+00 otherwise.

(1.1.3) j(z)=

We have Proposition 1.1.1 below (see [ET]).

ProOPOSITION 1.1.1. There exists a unique optimal state z for Problem (P), which is
the only solution of (P).

We are now going to give the expression of the dual problem (P*) of (P), in
order to study the system of optimality conditions for Problem (P).

1.2. Duality. We shall use the duality methods described in [ET].
Let Y be the space (L*(Q2))%; we define the operator A, from X into Y, by

(1.2.1) Nz=(z, —Az+z).
Problem (P) has the following form:
(122)  (P) Inf{F(2)+ G(A2)}

where F, G are defined as follows: F=0; G(p) = G,(p,)+ G,(p,), with

1 I , )
= —z4"dx if|p|=aa.e.on(),
(1.2.3) Gi(p) =12 n]pl dl 'p]|
+00 otherwise,
1 2
(1.2.4) Gz(Pz)zz_‘ | pal? dx.
nJa
The dual problem (P*) of (P) is then
(12.5)  (P%) Sup {-F*(A\*q)— G*(-1)},
geY

F* (respectively, G*) being the convex conjugate function of F (respectively, G), and
¥, the transposed operator of A.
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Remark 12.1. Y is identified with its conjugate Y*, thanks to its Hilbertian
structure.
Let us now compute the expression of F* and G*. For G*, we easily find

(1.2.6) G*(p)= G¥(p))+G%(p>)
where
1
(1.2.7) G’lk(Pl)=—"J' 231 dx‘*‘j V. (pi+z) dx,
2 (9] (¢}
(1.2.8) G?(pz)=gj | pal” dx,
Q

and the function ¥, is defined by
s2/2 if|s|=e,
(1:29) Pals)= {a(|s|-a/z) if|s| = a.

For F*, we write
F*(A\*p) =Su§<p, Az)

=Sup(J' [pr:z+(=Az+2z2) - p,] dx)

ze X

(1.2.10)
= Sup (J [pr:z+(—Az+2z) " p,] dx)

zeD(Q)

>{O if —Ap,+p,=—p,;in Q,
= |+ otherwise.

If p, is such that (—Ap,+p,) belongs to L*(Q), we can define its boundary values
(p,op/ov) as distributions on I" (see [LM]). Moreover, the following Green formula
holds for z in H*(Q):

(1.2.11) L} (-Az+z) - pydx = J‘Q (=Ap,+p,) - zdx—-J‘r ((j—j) pz—(%> . z) ar

(the integral on I being, in fact, a duality product in the suitable distributions spaces
on I).
From (1.2.11), we easily deduce the expression of F*:

0 if —Ap,+p,=0inQ, p,=0onT,
+00 otherwise.

(1.2.12) F*(/\*p)={

After eliminating p,, we find the following for (P*):

(1.2.13) (P*) Su};{){(-_?n) {ﬂpz dx+(%> ,L z2 dx—Jﬂ\Ifa(—Ap +p+zy) dx}.

By lack of coercivity (see the definition of ¥,), we do not know whether Problem
(P*) has a solution in X. In the following sections, we shall show how it is possible
to overcome this difficulty, by extending the class of admissible elements for Problem
(P*). We shall also give the necessary and sufficient conditions for an admissible state
z, for problem P, to be the optimal state z.

For the moment, we give the following comparison result.
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PrOPOSITION 1.2.1. The extrema of (P) and (P*) are equal:
—00 < Sup (P*) =Inf (P).
The proof is omitted. We show that Problem (P) is normal [ET].

1.3. The generalized problem. Definition (1.2.9) of ¥, shows that it is natural to
look for solutions of (P*) in the space BLy({}) defined by

(1.3.1) BLy(Q) ={ue L*(Q), (-Au+u)e M,(Q),u=00nT}

where M,;(Q) is the space of bounded measures on  (BL stands for ‘“Bounded
Laplacian”; the index O refers to the Dirichlet conditions on I'). BLy(2) is a Banach
space for the norm

(1.3.2) lullsge = lull 2 + | -Au+uf p,@) -
Moreover (see [M]), the space BL,({}) is continuously imbedded in the space

1,s - N
Wy () for1=s<N_1.

In order to extend Problem (P*) to BL,(Q2), we need to define ¥,(u), when u is a
bounded measure, and ¥, is defined by (1.2.9). We shall refer extensively to the results
of [DT1], [DT2], [T], and recall what will be useful to us in Proposition 1.3.1.

ProrosITION 1.3.1. Let W be a convex function of one real variable, let ¥* be its
conjugate function, and let YV, be its asymptotic function. We suppose that

(i) There exists C, such that for all se R, |¥(s)|= C(1+]s]);

(ii) W* is bounded on its domain K ;

(iii) ¥=0,¥(0)=0.
Let u be a bounded measure having the decomposition w = h- dx+ 0 - || with respect
to the Lebesgue measure dx, u, singular with respect to dx [B]. The measure ¥(u) is
then defined as follows:

(1.3.3) W(p)=(¥oh)  dx+¥.(6,) |l

Furthermore, we have the duality formula
(1.34) VOe%,(Q) (¥(u),P)=Sup {J - gdu -—j d - T*(g) dx},
(¢ Q

the supremum being taken for g € €,(Q), ¥*(g) € L'(Q); and relation (1.3.4) is still valid
for ®e €(Q), P=0.
It is now obvious how to formulate the generalized problem (Q*):

(1.3.5) (Q* Sup {(:E>J- u’ dx+(l)J z2 dx—J ‘If,,(-Au+u+zd)}.
ueBLy(N) 2 (¢} 2 Q Q

In the expression above, IQ V¥, (—Au+u+z,) represents the total mass of the bounded
measure ¥, ,(—Au+u+z,;). We obviously have the following inequality:

(1.3.6) Sup (P*) = Sup (Q%).

In § 4 we shall introduce a generalized duality, between (P) and (Q*), that will
enable us to prove that (1.3.6) is, in fact, an equality, and will also give the system of
optimality conditions for Problem (P).

1.4. Generalized duality. Our purpose in this section is to give meaning to the
expression “(—Au+u) - z”” when z is in X, u is in BLy(Q2), and z is admissible for (P).



6 F. ABERGEL AND R. TEMAM

Actually, we are going to prove that (—Au + u) - z can be defined as a bounded measure
on (), and that there exists a generalized Green formula for z and u. More precisely,
we have the following result.

ProposITION 1.4.1. Let (z, u) belong to X x BLy(Q2), z being admissible for Problem
(P). We can define a distribution, denoted (—Au+u) - z, by the following formula:

(1.4.1) VoePD(Q) (—Au+u):z <I’)=J [-A(z- P)+z- D] - udx.

The distribution defined by (1.4.1) satisfies the following:
(i) (—Au+u) - z is a bounded measure on ).
(ii) We have the equality

(1.4.2) j (—Au+u): Z=J

(=Az+2z) - udx.
Q

Proof. We first remark that the right-hand side of (1.4.1) makes sense for u in
L*(Q) and z in X = H*(Q)N H{(Q). Let us now choose a sequence z, of smooth
functions approximating z in the following sense:

(1.4.3) z, tends to z in X,
(1.4.4) Izl =) = 2]l =) -

Such a sequence is classically obtained, for instance, by solving the following problem
associated to the heat equation:

dv/dt—Av=0 inQx]0, o[,
(1.4.5) v=0 on I x]0, oof,
v(x,0)=z(x) inQ,

and setting z, = v( -, t,), t, being a sequence of strictly positive real numbers converging
to zero. Frequently (1.4.4) is then a consequence of the maximum principle for
second-order parabolic equations.

We now set T, =(—Au+u) - z,; T, is a bounded measure satisfying

(1.4.6) I Tl = N2l =y < | = Au+ ]| pry -

Moreover, T, obviously converges to (—Au+u) -z in 2'(Q), and this proves
assertion (i). We also remark that T, converges to (—Au+u) - z in the sense of the
tight convergence of measures. That is true because the sequence (T,) satisfies the
Prokhorov condition [B]:

(1.4.7) Ve>0 3K, Vn J |T,|<e
Q\K,

where K, is a Borel subset of Q). As a matter of fact, (—Au +u) is a bounded measure,
and the functions z, are uniformly bounded on . Therefore, the sequence T, is
relatively compact for the topology of the tight convergence in M,(Q).

To prove (ii), let us now choose a function ® in €*(); thanks to the results of
[LM], we have the Green formula

J (—Au+ u) *Zyt ) =J [“A(Z,, . q))'l'z,, . cI)] cudx —(é)u/é)v, Zy d)>@(1‘)x@'(]*)
Q Q

(1.4.8)
(U, 8z, P)/ V) 5 (ryw (1)
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Taking into account the conditions (# =0 on I') and (z, =0 on I'), we obtain
(1.49) VneN, Vde € () I (—Au+u)-z,-d= j [-A(z, - ®)+z, - P]- udx.
Q O

Assertion (ii) is then proved by letting n tend to o in (1.4.9), with ®=1, and using
the tight convergence of T, to (—Au+u) - z. 0

1.5. Existence of solution of (Q¥*) in BLy({2); system of optimality conditions for
(P). In this section, we give our final results for the study of Problem (P), namely,
the existence of an adjoint state in BLy({}) for the optimal state z, and the system of
optimality conditions related to that problem.

We start with a lemma.

LEMMA 1.5.1. Let J* be the functional defined on BLy(Q)) by

(1.5.1) J*(u)=ﬂj uzdx—lj' 73 dx+J Y (—Au+u+z,).
2 Q 2 Q Q
Then we have the following:
(i) J* is lower semicontinuous on BLy(Q) for the weak topology 7,(u, > u for 7,
if u, > u in L*(Q) weakly and (—Au,+u,)-> (—Au+u) in M,(Q) vaguely).
Moreover, any bounded set of BLy(Q) is relatively compact for the T, topology.
(ii) If (z, u) belongs to X x BLy(Q}), z being admissible for Problem (P), we have

2

dx.

(1.5.2) (—J*(u))gj(z)——(g> L < )(—Az+z)+u

1
mn
Proof. We first notice that (i) is a consequence of the definition of BL,(Q2) and
the properties of ¥ (w)[DT1].
For (ii), we use the sequence z, above and the duality formula (1.3.4) to derive
the following inequalities:

J ‘I’D,(—Au+u+zd)zj
Q

Q

(mAu+u+z)- z,,—j W*(z,) dx

Q

v

1
(for T*(s) =3 S, VseR,|s|= a)

v

[ 1
(—Au+u+z,)- z,,——J 2% dx
Q 2 Q

1

(for T,, converges tightly to (—Au+u) - z)

.

v

(—Au+u+z,)- z——;-J 2? dx.

JQ Q

We now use the Green formula (1.4.2) to obtain

1 1
J*(u)zﬂj uzdx——f zf,dx——J- z2dx+J (—-Az+z)~udx+J' Z4° zdx
2 Q 2 Q Q

Q 2 Q
2

dx,

é—j(z)+—271J'

1
—(-Az+z2)+u
olm

and Lemma 1.5.1 is proved. g
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Its fundamental importance is due to the fact that it makes possible the use of
the standard method of calculus of variations to study Problem (Q*) in BLy(Q2). Our
results are summed up in Theorem 1.5.2.

THEOREM 1.5.2.

(i) We have the equality Inf (P) = Sup (Q%).

(ii) There exists, in BLy(Q)), an adjoint state for the optimal state z: it is a solution
of (Q%).

(iii) The necessary and sufficient conditions for a couple (z, u) of admissible elements
for (P) and (Q¥) to be an optimal couple are:

(1.5.3) J Wa(—Au+u+zd)=J (—Au+u+zd)-z—-1-J' 2% dx,
Q Q 2J)a

1
(1.5.4) u=——(-Az+z) ae in Q.
n

Proof. Theorem 1.5.2 follows directly from Lemma 1.5.1. 0

2. A distributed control problem with a unilateral constraint. The purpose in § 2
is to extend our results to the unilateral case, where the constraint on the state z has
the form (z=a almost everywhere on (1), The main differences with the bilateral
problem P come from the fact that an admissible state z no longer belongs to L*(£2),
and that the analogue of the function ¥, (1.2.9) does not satisfy condition (i) of
Proposition 1.3.1, i.e., that it be at most linear at infinity. Nevertheless, we shall see
that it is possible to overcome these new difficulties, with appropriate methods, and
to prove a result as complete as Theorem 1.5.2.

2.1. Variational formulation. Primal and dual problems. The geometrical assump-
tions being as in § 1, we turn to the study of the following problem.

(R) Find (z, v) in L*(Q) x L*(Q) minimizing the cost function
1 2 l 2
(2.1.1) K(z,v)=— | v?dx+= | |z—2z, dx
2n Jo 2J)a

z being such that (—Az+z)=vin Q,z=0 on I', z= @ almost everywhere
on ().

z4 is given in L*(Q), and «, & are two strictly positive real numbers. The variational
formulation of (R) is

(2.1.2) (R) I?)t(' {k(z)}

where the functional k is defined by

1
(—)I |z—zd|2dx+-1—I |-Az+ 2 dx
2 [9) 2n Ja

2.1. =
(2.1.3) k(z) ifze X, z=a a.e.on(,

+00 otherwise.

As in the bilateral case, we easily see the following [ET].
ProrosITION 2.1.1. There exists a unique optimal state z' for R; it is the minimizer

of (R).
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The dual problem (R*) of (R) is obtained by the same methods as before, and
its formulation is

- 1
(2.1.4) (R*) Sup {(__"7) j p’ dx+—J 7% dx—-J. @)a(—Ap+p+zd)dx}
peX 2 Q 2Ja Q
where the function @, is defined by

s2/2 ifs=a,
a(s—a/2) ifsz=za.

(2.1.5) ®a(s)={

We can show that the extrema of (R) and (R*) are equal, but we do not know whether
Problem (R*) has a solution in X.

We want to extend Problem (R*) to BLy({2), and the new difficulty is that we
cannot define ®,(u) for any bounded measure u, due to the quadratic behaviour of
®, at infinity. We recall in the following proposition the results of [DT2] that are
necessary to extend Problem (R*) to BLy(Q).

ProposiTION 2.1.2. Let @, be defined as in (2.1.5), and u be a bounded measure
on Q. We suppose that u admits the Lebesgue decomposition w=h- dx+ 6, |u,|, u,
singular with respect to the Lebesgue measure and such that

(i) um, is positive (i.e., 6,=1 in Q).

(ii) h~=—Inf(h,0) is in L*(Q).

Then the bounded measure ©,(w) is defined by

(2.1.6) Ou(w)(Og0h) - dx+0,q.(6,) - |
with 0, .(s) =0 if s <0, and +co if s=0, and we have the duality formula

(2.1.7) VP& 6,(Q) (Ga(ﬂ),¢)=SUP{J‘ Q'g'dM—J ¢'®i‘(g)'dX},
Q Q

the supremum being taken for g€ €,(Q), g = a in Q). Moreover, relation (2.1.7) is still
valid for &€ €(Q), =0 in Q.

(These results come from Theorem 2.1 of [DT2].)

Remark 2.1.1. In this particular case, the expression of @,(w) is

(2.1.8) O.(u)=(Ouoh) dx+a- u,.

We define the set M*(Q)={u e M,(Q}), u satisfies (i) and (ii)}. One of its main
properties [DT2, Lemma 3.2.1] is the following.

(A) If u, is asequence in M “(Q) such that ®,(u,) is bounded, and if w, converges
vaguely to a measure u, then u belongs to M“(Q). Furthermore, we have

j ®a(p«)§limj 0. (pn).
Q n=% Jao

We can now give the expression of the generalized problem (S*):

- 1
(2.1.9) (S*) Sup{(—ﬂ> J u? dx+—J 7 dx—j G)a(—Au+u+zd)},
2 Q 2 Q Q
where the supremum is taken for u e BLy(Q)), (—Au+u+z,;)e M*(Q).
Obviously we have
(2.1.10) Inf (R) =Sup (S*).

Our purpose in the next section will be to define a generalized duality between (R)
and (S*), so as to give the system of optimality conditions for Problem (R).
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2.2. Green’s formula and duality. If z and u are admissible, respectively, for (R)
and (S*), we can see that it is no longer possible to define (—Au+u) - z as a bounded
measure by using the method of Proposition 1.4.1, for z is not bounded in (). However,
we can prove a very similar result.

ProPOSITION 2.2.1. Let (z, u) be a couple of admissible elements, respectively, for
(R) and (S*). The distribution (—Au+u) - z is a bounded measure in €, and the Green
formula (1.4.2) still holds.

Proof. Let us admit for the moment the following result.

LemMMA 2.2.2. Let (y,v) belong to X x BLy(Q), such that (—Av+v) is a positive
measure;, then the distribution (—Av+v) - y defined in (1.4.1) is a bounded measure, and
we have the equality

(2.2.1) J (—Av+v)- y=J (—Ay+y) - vdx
Q Q

We can now prove Proposition 2.2.1. We write u = u, —u,, where u, and u, are
obtained by solving the Dirichlet problems corresponding, respectively, to (—Au+u+
z4)* and ((—Au+u+z;)"+2z,). Then (—Au,+u,) - z is defined as a measure by using
Lemma 2.2.2, (—Au,+ u,) - z has a natural meaning (thanks to the assumptions on u),
and the Green formula comes from (2.2.1) and the classical formula in X. That proves
Proposition 2.2.1. 0

Proof of Lemma 2.2.2. We start with the case where y has a constant sign, say
y =0, and use a sequence y, of smooth functions satisfying the following conditions:

(i) y. converges to y in X

(ii) For all neN,0=y,=Infyin Q.

Such a sequence is obtained in exactly the same way as the sequence z, of Proposition
1.4.1. We set T, =(—Av+v) - y,; T}, is a bounded negative measure (for y, is smooth
in Q), and we have the equality

(2.2.2) J (—Av+v) - y,,=j (—Ay,+y,) - vdx
Q O

(see the proof of Proposition 1.4.1). The right-hand side of (2.2.2) has a limit because
of (i); moreover, due to the assumptions on the signs of (—Av + v) and y,, the left-hand
side of (2.2.1) is the opposite of the norm of (—Av+v) - y, in M,(). Hence, we can
ensure that the sequence T, is bounded in M,(). Therefore, (—Av+v) - y is a bounded
measure on (), as the limit in 2'(Q)) of a bounded sequence in M,(2).

Now one thing is left to prove, namely, the tight convergence of T}, to (—Av+v) - y.
As a matter of fact, that will be sufficient to prove (2.2.1). Let us consider the linear
functional T, defined on €(Q) by

(2.2.3) (T’,:,<I>>=J [-Av+oly, .
O

For the same reasons as in Proposition 1.4.1, we have, for ® in €*(Q):
(2.2.4) (Ti’,,@)-——J' [-A(y,  ®)+y,  ®]- vdx.

Q
Hence, (T7),n is a sequence of negative linear functionals on € (), which is bounded
in [€(Q)] (use (2.2.4) with ®=1). Thus, there exists a subsequence, still denoted by
T, which is vaguely convergent to a functional T" in [€(Q)]'. As Q i§ compact, the

vague and tight convergences are equivalent, for positive measures on (). We now use
this result from [B]:
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Result. The canonical injection i from the positive cone of M,({)) onto its image
in [€(Q)]’ is a homeomorphism when each space is endowed with the topology of
tight convergence.

As we obviously have i(T;) = T, the tight convergence of T, to [-Av+v] -y is
proved.

We now return to the general case: when y is in X, we can always write it as the
difference of two positive elements of X. For instance, we can solve the Dirichlet
problems relative to the positive and negative parts of (—Ay+y). Thanks to the
maximum principle, the corresponding functions y, and y, are positive, and we
obviously have y =y, —y,; we then set [-Av+v]-y=[-Av+v]: y,—[-Av+v]-y,
and, using the results above, define [~Av+ v] - y as a bounded measure. This definition
of [-Av+wv]- y is independent of the decomposition of y as the difference of two
positive functions in X; that is a consequence of (2.2.4), and of the density of €(Q)
in 4(Q). Hence Lemma 2.2.2 is proved. 0

Remark 2.2.2. The application y>[—Av+wv] -y, for fixed v, is continuous from
X endowed with its strong topology, into M,({}) endowed with the topology of tight
convergence. That is also a consequence of (2.2.4), and of the density of €(Q) in €(L).

We now have all the technical elements required to solve Problem (R) completely.
Before giving our final results, we state a lemma.

LEMMA 2.2.3. Let K* be the functional defined in BLy(Q) by

(3>J uzdx—lj 73 dx+J’ @)a(—Au+u+zd)}
2 Q 2 Q Q

(2.2.5) K*(u)= ifue BLy(Q), (—Au+u+z,)e M*(Q),
+co  otherwise.
K* enjoys the following properties:
(i) If (z, u) is a couple of admissible elements respectively, for (R) and (S*), we have

2

dx.

(2.2.6) (—K*(u)) = k(z) —ﬂj

1
—(—Az+z)+u
2 U]

(ii) Any sequence u, in BLy(Q) such that K*(u,) is bounded has a cluster point u
for the 7, topology of BLy(Q)), and we have

(2.2.7) K*(u)éli:r_no_o(K*(u,,)).

Proof. The proof is omitted. It is definitely similar to that of Lemma 1.5.1 because
of the duality formula (2.1.7) and Proposition 2.2.1.

We now conclude the study of the optimality system for Problem (R).

THEOREM 2.2.4. (i) The extrema of (R) and (S*) are equal.

(ii) There exists a solution of Problem (S*) in BL(Q).

(iii) The necessary and sufficient conditions for a couple (z, u) of admissible elements
to be an optimal couple are

(2.2.8) J @a(—Au+u+zd)=J

1
(—Au+u+z,)- z——j 7% dx,
Q 2 Q

(2.2.9) u= (%) (—Az+2z) ae in(Q.

Proof. The proof is the same as that of Theorem 1.5.2.
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CONVERGENCE OF SQP-LIKE METHODS FOR CONSTRAINED
OPTIMIZATION*

STEPHEN WRIGHTY

Abstract. The problem of constrained optimization
min f(x) s.t.xeQ

is sometimes solved by an iterative method, in which Q is replaced by some other set ((x;) with simple
geometry at each iteration x,. Sequential quadratic programming methods for nonlinear programming are
the most obvious examples of this. The convergence behavior of such methods is examined by comparing
the sequence of iterates {x,} with a sequence {y,} of local minimizers for f in Q(x,). Issues of active
constraint identification are also discussed in terms of the geometry of the sets {}(x,); conditions are given
for x,., and y, to lie on the same face of Q(x;).

Key words. constrained optimization, sequential quadratic programming, local convergence
AMS(MOS) subject classifications. 49D37, 90C30.

1. Introduction. We consider the problem
(1.1) min f(x) st.xeQ

where Q = R" and f: R" - R is twice continuously differentiable. This problem has been
analysed extensively by numerous authors (see, for example, the recent work of Dunn
[5]-[7], Dunn and Sachs [8], Sachs [14], Calamai and Moré [3], and Burke and Moré
[2]). Projected gradient, conditional gradient, and Newton-like methods have been
proposed for its solution. In all these methods, it may be necessary at some stage to
project a vector x € R” onto (, that is, to find

(1.2) arg min {||x — z|| | ze Q}.

When Q is geometrically simple (e.g., a disk, a cone, or a Cartesian product of these
objects) or when ) is defined by a set of linear equalities and inequalities, (1.2) may
be computationally reasonable. However, when () is more complicated, it is impractical
to repeatedly compute the projection (1.2). An example is when Q is defined by a set
of nonlinear equalities and inequalities, that is,

(1.3) Q={z|c_;(z)~>~_0,j=l,- ce,my,e(z)=0,i=1,---, mg}h

A popular approach for such problems is known as sequential quadratic programming
(SQP). At each iterate x,, a “local linear approximation” Q(x;) to Q is formed. A
quadratic function is then minimized over this simpler set to obtain the next iterate
Xr+1- This approach appears to have been originally suggested by Wilson [17].

The local convergence behavior of such methods is fairly well understood when
“nondegeneracy’’ and “‘strict complementarity”” conditions are satisfied at the solution
x*. Nondegeneracy conventionally refers to linear independence of the active constraint
gradients at x* namely,

(1.4a) {Ve(x*),i=1, -, mg, Ve(x*), jea™}
where
(1.4b) a*={jlg(x*)=0}c{1,- -+, m}.

* Received by the editors March 23, 1987; accepted for publication (in revised form) March 1, 1988.
T Department of Mathematics, North Carolina State University, Raleigh, North Carolina 27695-8205.
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Strict complementarity means that the Lagrange multipliers satisfying the Kuhn-Tucker
conditions, that is,

(1.5) V()= % AFVe(x*)+

]

x )\;VCi(X*),

jea*

are nonzero (in the case of the A7) and strictly positive (in the case of the A ,’ ). In this
paper, we are concerned with local convergence when these assumptions are relaxed.
In particular, when  is defined by (1.3), it is not assumed that the active constraint
gradients are independent at x*. A weaker nondegeneracy condition due to Dunn [7]
is assumed instead. We examine the convergence of the sequence of iterates {x,} relative
to a sequence {y.}, where each y, is a minimizer of f(x) on the set Q(x,). (Of course,
¥« is not computed.) Results concerning the convergence of {x,} to x* are not obtained
directly—these depend on the rate of convergence of {y,} to x*, which may be linear
when the constraint gradients are linearly dependent.

In § 2, we restate some definitions, due to Burke and Moré [2] and Clarke [4],
which describe the geometry of sets in R”, the tangent and normal cones for such sets,
and special subsets known as faces. The basic quadratic-programming subproblem is
defined in § 3. Also, since the sequence of linear approximations {Q(x,)} does not
generally converge to (), it may be that the SQP method will not converge to a solution
of (1.1). Some sufficient conditions that ensure the limit point x* does solve (1.1) are
also discussed in § 3. In § 4, two theorems relating to the convergence are presented.
Each uses a different approach, and makes different assumptions about the sequence
of minimizers {y,} and the behavior of f in a feasible neighbourhood of the solution.
Finally a discussion of possible choices of ((x,) appears in § 5.

2. Definitions and notation. Here we restate some of the definitions of Clarke [4]
and Burke and Moré [2], particularly those concerning faces of a convex set in R".

For a general set () < R", the tangent cone T(x; Q) at a point x is defined as “‘the
set of vectors u€R" such that for every sequence w; in {) converging to x and every
sequence t; in (0, c0) converging to 0 there is a sequence u; converging to u such that
w;+ tu; € Q for all i’ (Clarke [4]). When ( is convex this definition is equivalent to
“the set of vectors u € R" such that there is a sequence w; in  such that (w; —x)/||w; — x||
converges to u/||ul|.”” The normal cone can be defined by polarity:

N(x; Q)= Tx; Q)={v|(u, ) =0Vue T(x; Q)}.
In the case of () convex,
N(x;Q)={v|(v,z—x)=0VzeQ}.
The projection operator P, relative to (1 is
Po(x)=argmin {||z—x]|||ze Q}.
Clearly this is a contraction operator when () is convex, that is,
| Pa(x)) — Po(x) || = %1 — x| Vx,, x,eR”

(see Calamai and Moré [3]).

The affine hull aff (S) of a set S<R" is the smallest affine set that contains S, and
we use ri (S) to denote the interior of S relative to aff (S). Using these definitions,
we can state the first-order necessary conditions for a point x* € Q) to be optimal in
problem (1.1).

DEFINITION 2.1. x*€ Q) is said to be a stationary point for (1.1) if

(2.1) —Vf(x*)e N(x*; Q).
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THaeorReM 2.2 (Clarke [4]). Condition (2.1) is a first-order necessary condition for
x* to be optimal for (1.1).

Dunn’s [7] nondegeneracy condition then follows.

DEFINITION 2.3. A stationary point x* is said to be nondegenerate if

=Vf(x*)eri (N(x*; Q)).

Consider now a convex set (), =R". There is a special class of subsets of Q,
known as faces, that can be defined as follows (see Burke and Moré [2, Thm. 2.1],
Rockafellar [12]).

DEFINITION 2.4. A convex subset )y of Q, is a face of Q, if, for all convex
I'=Q, such that ri (I') meets Qr, we have I'< Q.

A face Qg <, is said to be exposed if

Qp =arg max {¢(x)|x e Q,}

where ¢ is some linear functional. It is proved in Burke and Moré [2] that the normal
and tangent cones to () are the same for all x e ri (0¢); hence we can use the notation
N(QF; Q) instead of N(x; Q,), where xeri (Qp).

A face QF is referred to as a quasi-polyhedral face of € if

aff () = x+1lin (T(x)),
for any x € O, where the lineality lin (T(x)) is defined by
lin (T(x)) = T(x) N (=T(x)).

Some examples of such faces are given by Burke and Moré. In the special case of
polyhedral, all faces are quasi-polyhedral. The definition above is closely related to
that of an open facet, as proposed by Dunn [7].
An important result regarding quasi-polyhedral faces is proved in [2].
THEOREM 2.5 [2, Thm. 2.8]. Let Q) r be a nonempty face of a convex set Q. Then
QF is a nonempty quasi-polyhedral face if and only if Qr+ N(Qf; Q) has an interior.
When this is true,

int (Qr + N(Qr; Q) =1i (@) +1i (N(Qr; Q).

If Q¢ is a quasi-polyhedral face such that x* e ri (), and if x* is a nondegenerate
stationary point, that is, =Vf(x*) e ri (N(Qf; Q,)), then it follows from Theorem 2.5
that

x*=Vf(x*) eint (A + N(Qf; Q).

This observation is used by Burke and Moré to obtain results concerning the iden-
tification of active constraints, and will be used here in subsequent sections.

Throughout this paper we use B to denote the closed unit ball in R” and || || to
denote the Euclidean norm.

3. SQP methods—optimality conditions and active constraint identification. In this
section we consider sequential quadratic programming methods for solving (1.1), in
which the sequence {x,} is generated according to the following scheme:

At x;, solve

min ( py, V(xi)) +3( pi, Bipi)
(3.1) "

s.t. Xxi +pk€Q(xk);

set Xk+1= X +Pk~

Here {B;} is a bounded sequence of symmetric matrices and () can be regarded as
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a multifunction that maps R" to subsets of R". Previous work by Dunn [5], [6], Burke
and Moré [2], Sachs [14], and others has dealt with the case Q(x;)=. That is, all
iterates x; are feasible with respect to the original feasible set ). If, as is usual in these
papers, () is assumed to be convex, then x; +Ap, € Q for all A €[0, 1], and so a line
search can be used in such a way as to ensure global convergence of the method. This
is not appropriate in (3.1), as it is possible that x; + Ap, € Q(x,) for all A €[0, 1). Hence
we are only concerned here with issues of local convergence, and we assume that the
full step p, is taken at each iteration.

In the remainder of the paper we use the following assumptions.

Assumption 3.1. (i) Q(x) is closed and convex for all xeR".

(ii) If {x.} converges to x*, then Q(x,) converges in the Kuratowski sense to

some convex set (., < R". That is,

(a) All sequences {y,} with y, € Q(x;) have all their accumulation points in
Qg

(b) Forall y € Q, there is a sequence {y,} with y, € Q(x,) such that lim y, = y.

Assumption 3.2. Algorithm (3.1) generates a sequence {x,} that converges to a
point x* € (} which is a nondegenerate stationary point of f in Q. (Note that x*e Q,,
follows from (3.1) and Assumption 3.1.)

Notes. (i) Kuratowski convergence of sequences of sets is discussed in more detail
in Salinetti and Wets [15] and Attouch [1]. For further information on convex multifunc-
tions of the form (x;), see Robinson [11] and Rockafellar [13]. Assumption 3.1(ii)
is weaker than any of the variants of Lipschitz continuity of multifunctions discussed
in Rockafellar [13]. Note also that we do not assume above that Q, = Q(x*).

(i) Assumptions of the form 3.2 are usually made when the local convergence
properties of a method are being studied. The purpose of a global convergence analysis
is to show that convergence to a stationary point occurs from any given starting point.
Since substantial modifications are usually required to ensure global convergence of
SQP methods, we do not perform a global analysis here.

We do not assume that x* is stationary with respect to £, and the following
example shows that this does not generally follow from Assumption 3.2.

Example 3.3. Consider

minx s.t.c(x)=x2=0.
Applying the usual SQP algorithm starting at the point x,= 1, with B, =0 and
Q(x) ={z|Ve(x) " (z = x) + e(x) = 0}
={z|2xz - x; =0},

we obtain the sequence x; =2~ which converges to x* = 0. For this problem Q = Q(0) =
R, but O, =R". The point x* is optimal in Q. but is not even a stationary point in Q.

The following theorem gives a sufficient condition for x* to be a stationary point
of (1.1).

THEOREM 3.4. Suppose x™* is a stationary point of fin Q. If T(x*; Q) = T(x*; Q,)
then x* is also a stationary point of f in ().

Proof. The proof follows from N(x*; Q)< N(x*; Q). 0

To find situations in which the condition of Theorem 3.4 holds, consider the
nonlinear programming problem in its standard form:

min f(x)
(3.2) st ¢(x)=0, j=1,-+- my,

ei(x)=0’ i=1’..‘,mE~
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Here the feasible set () is given by (1.3). The functions f, ¢;, and e; are assumed to be
twice continuously differentiable. The multifunction Q(x) is usually generated by
linearization of the constraints about x:

(z=x,Ve(x)+¢(x) 20, j=1,-~,m,}
(z=x,Ve(x))+e(x)=0, i=1,-++,mg)’

(3.3) Q(x) = A(x) df—f{z

An often-used sufficient condition for a stationary point x* of f in { to be a Kuhn-
Tucker point for problem (3.2) is that

6o T =T A= {ufE IO E0 Tt

<u>Vei(x*))=0, i=13. Y

where 2™ is defined in (1.4b). This is referred to as the Guignard constraint qualification
(see Gould and Tolle [10] and Fletcher [9]).

The conditions T(x*; Q)< T(x*; Q,) and (3.4) are not equivalent, nor does one
imply the other. In Example 3.3, clearly T(0; Q,)=R" and T(0; Q) =R, but Q(0)=
A(0) =R, and so (3.4) is satisfied. On the other hand, we have in the following example
that T(x*; Q) = T(x*; Q,), but (3.4) is not satisfied.

Example 3.5. The problem

min z; s.t.z,=0, z,=z]
zeR?

has solution x*=0. From (3.3)

A(z)={y|y,20, y,=3z}y,—2z3}.

If the starting point x,=(1,0)" is used, the method (3.1) with B, =0 generates the
sequence x;, = ((3)*,0)". Clearly Q, ={(»,,0)" |y;€R"} and T(0; Q,) = Q.. However,

A(0)={(»,,0)" |y, eR},

and so condition (3.4) is not satisfied.

The following result gives sufficient conditions for both T(x*; Q) = T(x*; Q) and
(3.4), in some familiar cases.

THEOREM 3.6. Consider problem (3.2) and assume that the c;, e; are all twice
continuously differentiable. Suppose x* € ), and let {x,} be any sequence converging to
x*. Assume also that Q(x) = A(x) (from (3.3)). Then sufficient conditions for T(x*; Q) =
T(x*; Q), and condition (3.4), are the following:

(a) ¢(x),j=1,-+-,m; and e,~(x), i=1,- -, mg are linear functions;

(b) The set {Ve;(x*), i=1, , mg, V¢ (x*),j€a*} is linearly independent.

Proof. (a) The proof follows from the fact that A(x) =Q =Q, for all x, and since
Q is polyhedral, (3.4) holds for all feasible x*.

(b) The inclusions T(x*; Q)< T(x*; A(x*)) and T(x*; Q)< T(x*; A(x*)) fol-
low from the assumed continuity properties of the ¢; and e;, and Assumption 3.1.
Linear independence is not needed here. The reverse inclusion T(x*; A(x*))c
T(x*; Q) is proved in Fletcher [9, Lemma 9.2.2] using the linear independence
assumption.

We complete the proof by showing that T(x*; Q)< T(x*; Q,). Choose ue
T(x*; Q)\{0} and assume without loss of generality (since T(x*; Q) is a cone) that
llu]| = 1. Then there are sequences u,, > u and t,, | 0 such that

cj(x*+tmum)§0, j=1>”.aml,

e(x*+t,u,)=0, i=1,--, mg.
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Hence

(3.5) 6(x) +(V &%), X* + tthyy = x,) + d}V 20,
3.
ei(xk)+<vei(xk)’ x*+ bl — xk>+ d(,‘Z) =0

where ||d{"| = O(||x*+ t,u,, — x||*) = [|d{”||. Now it follows from the linear indepen-
dence assumption and the fact that x,->x* that V¢i(x,), jee™ and Ve(x,), i=
1,- - -, mg are linearly independent for k sufficiently large. Hence for such k there is
a vector g, that satisfies

<ch(xk), 8km) = d;”, jea®,
(Ve(xi), gim)=d\?, i=1,",mg,
8im = O(|| X + toutt — x*||7).
Hence from (3.5),
(3.6) ¢ (%) + (Vi (xi), X*+ byt + Gim — %) Z0, jEa™,
e;(x)+(Vei(x), x*+ tohy + Gem — X)) =0, i=1,+++, mg.

Note that the inactive inequalities in (3.5) will always be satisfied for all k, m sufficiently
large. Now from (3.6) we have that

x* + tmum + 8ikm € A(xk)’

so choosing a subsequence in k if necessary and taking the limit as k> o0 we obtain
by Assumption 3.1 that
3.7) X*+ bty + G € Qy
where g, = lim, g, = O(t2,). Defining
we have from (3.7) that x*+t,i,€Q,, and that #,->u, t,}0. Hence uc
T(x*; Q). 0

The following result discusses a less familiar situation in which the condition of
Theorem 3.4 holds. We make use of functions h; that provide general measures of the
curvature of the constraint functions near x*. The result shows that when (Q is an
intersection of convex sets, at least locally, then T(x*; Q)< T(x*; Q).

THEOREM 3.7. Suppose Q) is defined by (1.3) with only inequality constraints (mg =
0). Let x*€Q be such that each ¢; is twice continuously differentiable at x*. For each
active constraint j € o™ define the function

hi(v) = ¢;(x*+v) =(V¢;(x*), v),
and the set
N, ={ul|lu| =1, ue T(x*; Q) and (u, V¢;,(x*))=0}.

Assume that, for each j € o™, either ¢; is a linear function or there exist constants §>0
and T >0 such that if N; is not empty,

(3.8) hj(tv)<0 forallte(0,T], ve N;+8B.

Then if {x,} is any sequence converging to x*, and Q(x)=A(x), then T(x*; Q)<
T(x*; Q).
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Proof. Take ue T(x*; Q)\{0} and assume without loss of generality that ||u| =1.
Then there are sequences u,, > u, t,, | 0 such that x*+t,,u,, € Q, that is,

G(x*+ t,u,) =0, j=1,--,m,.

We aim to show that x*+1,,u,, € A(x,) for m sufficiently large, and for k = k,,,, where
k., is a positive integer to be defined. That is,

(3~9) cj(xk)+<vcj(xk)’ x*+tmum _xk>§0’ .]= 1’ T, My

This will ensure that x*+t,u, €Q,. Clearly (3.9) will be satisfied by the linear
constraints, and will eventually be satisfied by the inactive constraints j £ 2*. For j € o™
we have

G(x*+ t,u,) =0,
(3.10)  &(Ve(x™®), twtm) = —hi(t,u,,),
& ¢ () H (Ve (xXi), tithm) Z —hi(tU) + 6 (X)) (V¢ (x) =V 6;(X*), tthm).
By taking the limit in k in (3.10) and noting that h(t,u,,)= O(t2,), we obtain
(Ve (x*), uy=0.

If this inequality is strict then (V¢;(x*), u,,)> 0 for sufficiently large m, and then k,,
can be chosen large enough to ensure (3.9). Otherwise u € N, and so by the assumption
of the theorem h;(t,,u,) <0 for m sufficiently large. If we choose k,, large enough so
that

|cj(xk) +<Vc)(xk) _ch(x*)’ tm“m)l = —%hj(tmum)’
|<ch(xk)’ X* _xk>] = ﬁ%hj(tmum)

for all k=k,,, (3.9) follows from (3.10). 0
Example 3.8. Let

Q={xeR%|c;(x) =x—x =0, c2(x) =x,+x, =0, ¢;(x) =x,= 0}
where K is some positive integer, at least 2, and let x*=(0,0)". Then
A(x)={yeR?|y, = Kx{ 'y, — (K —1)x{, y,+y, =0, y,= 0}

and clearly, for any sequence converging to x*,

Q= A(x*) ={y eR’|y,+y, 20,5, =0},

T(x*; Q)= T(x*; Q).
By the definitions of Theorem 3.7,

N,={(1,0)"} and h(tv)=—-t"vf,

and condition (3.8) can be satisfied by choosing any 8 with 0<§ <1, and any T>0.
Note that the conditions of Theorem 3.6 do not apply.
Note that a more intuitive, but more restrictive, condition than (3.8) would be that

(u, V¢ (x*)u)=—a; <0 forallue N,.
This condition implies (3.8) since
h(tv) =3t%v, V¢ (x*)v)+ O(1’)
=i =0

for 8, T sufficiently small, and t€[0, T].
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In the case in which () is defined by (1.3), the issue of active set identification
consists of finding those indices j=1,- - -, m, for which ¢;(x*) =0, before x* itself
has been identified exactly. This is usually done by checking the sign of the Lagrange
multipliers at each iterate x,, and by finding the linearized constraints from the previous
iteration with respect to which x; is active. Using the general formulation (3.1), we
can instead state this issue in terms of finding the face of Q, on which x* lies,
and determining whether this face can be “predicted” by the face of Q(x,) on which
Xi+q lies.

In the subsequent discussion, let Q) be the face of Q, for which x*eri (Qf). The
next results show how the faces of (x,) are related to Q.

THEOREM 3.9. Let {x,} be a sequence of points converging to x*, with x,.., € Q(x,),
and suppose that the sequence {Q(x,)} satisfies Assumptions 3.1. Let Q. be the face of
Q.. for which x* e 1ri (Qf). Suppose {y,} and {v,} are two sequences such that y, € Q(x;).
v € N(yi; Q(xi)), with v > v*e N(Qf; Q). Then any accumulation point y* of {y,}
satisfies

ef
y*eQp < arg max {(v*, x)|xe Q,} and Qr<cQg.

Proof. Clearly, by the assumptions on »* and x*, the last part of the theorem is true.

By Assumptions 3.1, y*e€ Q,. Assume without loss of generality that y, - y*. If
y* £ Qp, then there is:some point z € (), such that

w*, z—y*)>0.
Defining the sequence z, = Py, ,(z), we have that z, - z, and hence that (¢v*, z, —y*) >0
for k sufficiently large. In fact, by continuity, (¥, z, — y,) >0 for k sufficiently large,
which contradicts the assumption that v, € N(y,; Q(xy)). O

The inclusion Q< Qg can be strict unless Q is quasi-polyhedral and v*e
ri (N(QF; Q,)), as the following result shows.

THEOREM 3.10. Suppose there is a nonempty quasi-polyhedral face Q r of the convex
set Q, and an element v*e N(Qf; Q,). Define the face Qr as in Theorem 3.7. If
v¥eri (N(Qr; Qy)), then Qg =Qp; otherwise it is possible that the inclusion Qp < Qg
is strict.

Proof. Assume v*eri (N(Qp; Q,)). We need only prove the inclusion Qg < Q.
Choosing points x,eri ()= Qp and x, € Qg, we have for all A €[0, 1] that

X, =(1—A)xo+Ax; € Qp.
Also v*e N(Qg; Q,),-and so
Pq (x, +v*) =x,.

However, since x,+v*eint (Qp+ N(Qf; Q,)) (by Theorem 2.8 of Burke and Moré
[2]) we have for some small positive A that

X tr*eint (Qp+ N(Qr; Q).
Hence
X\ = Po (x, +v*)eri (QF),

and so by Definition 2.4, x, € Qf, giving the first result.
For the second part, consider the example

Q,={xeR’|x,z|x,]}, Qr=(0,0)", v*=(1,-1)"
Then

Qp ={xeR’|x, =0, x; = x,}. 0
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COROLLARY 3.11. Suppose the assumptions of Theorem 3.10 are satisfied, and that
{y«} and {v.} are defined as in Theorem 3.9 with v* € ri (N(QF; Q,)). Then all accumula-
tion points of the sequence {y,} lie on Q. 0

The assumption that )y is quasi-polyhedral certainly holds when Q(x;) = A(x;)
(see (3.3)). Then each Q(x,) is a polyhedron, and hence €, is also polyhedral. In this
case all faces of (), are quasi-polyhedral.

4. Convergence of SQP methods. Some results concerning the convergence of
algorithm (3.1) are presented in this section. For the case of standard nonlinear
programming (3.2), the convergence behavior is well known when the active constraint
gradients are linearly independent at x*. Here we establish results for the convergence
of {x;} when this is not necessarily true.

It is assumed throughout that x* is an isolated local minimizer of f in Q,,, that is,
there is R > 0 such that

(4.1) f(x*)<f(x) forallxeQ, N (x*+ RB).

Convergence results are obtained by comparing the sequence {x;} with a sequence
{»«} consisting of local minimizers of f in Q(x,). Lemma 4.1 shows that it is possible
to choose the sequence {y,} such that y, > x*.

The result makes use of the concept of epiconvergence of a sequence of functions,
as discussed by Attouch [1, p. 26]. Briefly, we say that a sequence of functions {F,}
is epiconvergent if for all xeR",

sup liminf inf F,(u)= sup limsup inf F,(u)
Vewn(x) k uev VeN(x) k ueV

where N(x) is the set of all open neighbourhoods of x in R". For € >0 we need to
define the set

e —argmin G ={x|G(x)=—1/¢ or G(x)=inf, .z G(u)+¢}.

The lim sup of a sequence of sets {S;} is defined similarly to Assumption 3.1(ii)(b),
that is,

S= Iimksup Sk

if each x € S is an accumulation point of a sequence {x,} with x, € S;. Finally, define
the indicator function of a set S as

0 x€eS

V(x|S)=9 ’

(x[$) {—1-00, x&S8S.

LEMMA 4.1. Suppose Assumptions 3.1 and 3.2 are satisfied, and x* is an isolated
local minimizer of some twice continuously differentiable function f in Q. Then there
exists a sequence y, such that y, € Q(x;) is a local minimizer of f in Q(x,), and y, > x*.

Proof. Let R=0 be chosen to satisfy (4.1). Define a sequence of functions

Fo(x)=f(x)+¥(x|Qr(x:) where Qg(x)=80(x)N(x*+ RB).

By Theorem 1.39 of Attouch [1], Kuratowski convergence of the sequence {Qr(x;)}
(which follows from our Assumptions 3.1) implies epiconvergence of the corresponding
indicator functions. Hence the sequence { F} is epiconvergent, with a limiting function

Fo(x)=f(x)+¥(x|Qr+) with Qp«=0Q,N(x*+RB).
Now Proposition 2.9 of Attouch [1] states that for any positive sequence g | 0,
(4.2) limksup (ex —arg min F,) < arg min F,,.
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Since Qr(x) is closed, F, takes on its minimum value at some point y, € Qg(xz), and
Yi € g, —arg min F,.
Since arg min F, = {x*}, then by (4.2) all accumulation points of {y,} are x*, and since

by definition y, € x*+ RB (a closed set) for all k, we have

H — ¥
lim y, = x*,

as required. 0

Each iteration of (3.1) entails the minimization of a quadratic approximation of
f(x) over a convex set {(x;). Since the true minimizer of f on this set is y,, it seems
appropriate to establish a relationship between ||x, —y,|| and ||x, ., — yi]|-

THEOREM 4.2. Suppose Q(x,)=R" is a convex set and y, is a local minimizer of a
twice continuously differentiable function fin Q(x,). Let x, ., be generated by the algorithm
(3.1). Suppose Qr is the face of Q(x,) for which y, €ri(Q.r), and that Q¢ is quasi-
polyhedral. Then there is a small positive number g, such that if

(4.3) (w, Beu) = ay{p, w)  forall w €lin (T(Qp; Q(x,))) and some a;, > 0,
and ||xk _yk” =&, then Xk+1 € ri (QkF).

(Note. This result is similar to Theorem 4.1 of Burke and Moré [2]. However, we
state a proof below that will be useful in subsequent discussions.)

Proof. We first seek a solution p, of (3.1) such that x; , = x; + p, € aft (Q;r). Then
it is shown that || p || = O(||x, — yi||) = O(sx), and hence that | x,,, — yi|| = O(&y). Since
yi €1i (Qr), it then follows that x,,, €ri (Q,r) for g, sufficiently small.

Since we are assuming x; + p, € aff (Q,r), and since y, € Qr < aff (Qyr), we have

X+ P =y, v) =0,
(P, )=y — X, v) forall ve N(Qur; Q(x)).
Using the optimality conditions for (3.1), we have
=Vf(x) = Bipi € N(Qyr; Q(xi)),

(4.4)

and hence
(V%) + Bipi, 21— yi) =0
for all z, € aff (). A similar equation holds for Vf(y,), by the optimality of y, in
Q(x):
(Vf(3), zv—y)=0 forall z, € aft (Qf).
Since Q,r is quasi-polyhedral,
aff (Qur) = yi +1lin (T(Qur; Q(x0))),
and so, from the two previous equations,
(4.5) (Bipi, w) =(Vf(yi) =Vf(xi), w)y for all pelin (T(Qrr; Qxi))).

From Theorem 2.5, the vectors v and u in (4.4) and (4.5) span R". In addition, (4.3)
implies that p, is uniquely determined by (4.4) and (4.5), and from the right-hand
sides of these equations we have that

I picll = Ol % = i -

Note that the second-order sufficient conditions for p, to be a minimizer of (3.1) are
satisfied because of (4.3). So we have found x,,, = x, + p, such that x,.,€aff (Qr)
and ||x,, — yill = O(||x — yi||) = O(&r). Since yi eri (Qrr) and ri (Q,f) is the interior
of Q. relative to aff (Q.r), it follows that x.,,eri(Qu) for & sufficiently
small. O



CONVERGENCE OF SQP-LIKE METHODS 23

In the proof above it is not necessary for y, to be a nondegenerate minimizer in
Q(x,), nor is it assumed that x, € Q(x;).

THEOREM 4.3. Let f be twice continuously differentiable, and suppose that the
sequence {x,} generated by (3.1) with B, =V*f(x,) converges to x*, an isolated local
minimizer of f in Q,. Suppose Assumptions 3.1 and 3.2 are satisfied, and let {y.} be
chosen as in Lemma 4.1, so that y, - x*.

For some k sufficiently large, assume that the face Q. of Q(x,) for which y, € ri (Qr)
is quasi-polyhedral, and that

(4.6) (, VA(x*)u)= blm, u) for some b, >0, and all w € lin (T(Qyr; Q(x))).

Then there is ¢, > 0 such that if

[l = yill = &,

then

X €11 (Qr) and || x4 _yk” = O(”xk _yk“2)~

Proof. Set a, =3b, and B, =V?*f(x,). Then for k sufficiently large, (4.6) implies
(4.3). Hence from Theorem 4.2 there is g, >0 such that x, + p, € Q,r. Further, from
(4.5) with B, =V?f(x,), we find that

(sz(xk)(xk + Pk — Vi), m) = O(”xk ~ Yk “2) for all w €lin (T(Qkr; Q(x1))).
Combining this with (4.4), we obtain

1%+ P = yill = Ol % = yi |- a

The result above follows from the analysis of Newton’s method on a convex set
(see, for example, Dunn [6], Dunn and Sachs [8], Sachs [14], and the references cited
in these sources). It is shown in those papers that conditions other than (4.6) can be
used to obtain convergence results. Below, the analysis of Sachs [14] is used to prove
a variant of Theorem 4.3 in which the assumption of quasi-polyhedrality of Q,r is not
required, and an alternative to (4.6) is used. We show subsequently that the alternative
condition is neither weaker nor stronger than (4.6).

We start by defining a function that gives a measure of the increase of a quadratic
approximation to f in a feasible neighbourhood of a given point & Let V be a closed
bounded set in R" and suppose £€ V. Define

(036 V)= 0l (x= & VFE)+hx—§ VAE)(x—£).

xeV

In the following result we make use of the sets Qr(x,) and Qg«, as defined in the
proof of Lemma 4.1, and show how the function ¢(o; x*, Qg+) is related to a perturbed
version c(o; yi, Qr(x:)). Recall that R is chosen so that x* is the unique global
minimum of f in Qg«.

LeMMA 4.4. Let f be twice continuously differentiable. Suppose Assumptions 3.1 and
3.2 are satisfied, and that the sequence {y,} is chosen as in Lemma 4.1. Define

(k) = max {|yi = x*|, [VS(i) = VL), 1V () = V2F (<) |1},
,le(k) = inf{r|QR(xk) < QR*"I’ rB}
Suppose that, for some a>0 and a €[2, 3),

c(o; x*, Qre) = ac® forallo>0.
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Then for each ae(0,a) and G>0 there is a § that satisfies 0<8 <& such that if
wi(k)+ py(k)= 6 then

c(o; yi, Qr(x)) = aoc”™  forallo>a.

Proof. The proof follows from Theorem 3.1 of [14] and Theorem 1 of [8]. 0
LEMMA 4.5. Suppose the assumptions of Lemma 4.4 hold. TZzen for each ae (0, a)
and each G > 0 there is an integer K(a, &) such that for all k= K(a, &),

c(o; yi, Qr(x)) = @  forallo>é.

Proof. By Assumption 3.1, u,(k)->0 as k-0, and by the continuity properties
of f and the fact that y, - x* also w,(k) - 0 as k- co. The result follows from Lemma
4.4 by choosing K (a, &) so that u,(k)+u.(k)=6 for all k= K(a,s). O

These results show that, outside of a small ball around y,, the increase rate of
c(o; yk, Qr(x)) matches that of c¢(o; x*, Qg+). Finally we use this fact to find a
relationship between ||x; —y, | and || x;q — yi -

THEOREM 4.6. Suppose the assumptions of Lemma 4.4 hold, and that the sequence
{xi} is generated by (3.1) with B, =V>f(x,). Then for each &> 0 there is an integer K (&)
such that for k= K(7),

%k = will = v % = e ”2/(a—|)’

provided
(4.7) G=|x -yl =e, 7 = || X1 =yl

where ¢ and vy are positive constants that do not depend on .
Proof. Choose K(&)=K(a/2,5). Then by Lemma 4.5, c(o; ye, Qr(x))=
(a/2)o” for all o> &. The result then follows directly from Theorem 2.3 of [14]. 0
The assumption (4.7) may preclude the use of Theorem 4.6 when the convergence
of y, to x* is slow. This is because, by the conditions of Lemma 4.4,

x* =yl = i (k) = 6 <3,
and so (4.7) certainly cannot apply if
(4.8) e =yl = 1x*=piell, Mo =yl = l1x* = wil.

Finally, we give examples to show that the assumptions of Theorems 4.3 and 4.6
are independent.
Example 4.7. (i) The problem
minz; st z,Zz,, z,=-z

has solution x* = (0, 0)”. Assume Q(x) = A(x),andso Q(x,)=Q = {y |y2Zy1, .2 -y},
and y, = 0. Then lin (T(y,; Q(x,))) ={(0,0)"} for all k. Also (0,0)" is a quasi-polyhe-
dral face of Q(x;) and so the conditions of Theorem 4.3 are trivially satisfied. Clearly
Q. =Q and so from the definition of c,
(03 0,Q,) =infy = gxea, (VF(0), x)+3(x, V’f(0)x) =0;
therefore the conditions of Theorem 4.6 cannot be met.
(ii) Consider

min (—cos z,)  s.t. 2, = |z,[*>.

The solution is again x* = (0, 0)”. Define

Uz) ={y|y.= =23 +|y|*?.
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Denote the components of the current iterate x, by x,, and x,,. The subproblem in
(31) at Xk With Bk =V2f(xk) iS

min (sin xk,2)(xk+1,2 - xk,z) +%(COS xk,Z)(xk+l,2 - xk,2)2

Xk+1,2
2 4/3
St Xpy12= ‘“xk,2+'xk+1,1| /3,
So if we set x,, =0, x,, small, the sequence generated by (3.1) satisfies
3

— ~ 1
Xkr11 =0, Xk+1,2= 73Xk2.

Also x*=(0,0)T is always feasible, and so we can choose y,=(0,0)”. Then
lin (T(y,; Q(x,))) =R", but clearly (4.6) is not satisfied. However, since Q(x,) - Q(0) =
Q, Assumption 3.1 holds. Also c is defined by

c(o;0,Q)= inf 3z3.
Ixlz=o
xe)
The infimum is clearly attained when z,=|z,|*?, and z}+ z3= o hence
21+|z)["? = 0*=|z;|= 0 for small o.
Hence
1 _8/3

and so the condition on ¢ can be satisfied for some choice of a>0, @ €(2,3), R>0.
Also note that for the sequence generated above, ||x* -y, || =0, and so no problems
of form (4.8) arise. Hence the conditions of Theorem 4.6 hold.

5. Discussion. The weakness of the assumptions on the sequence of sets Q(x;)
(Assumptions 3.1) gives rise to consideration of some alternatives to the standard
choice A(x,), which is often used in algorithms for problem (1.1)-(1.3). For instance,
instead of forcing a linearized equality constraint to hold exactly, as in

(z—x, Ve (x)) + ei(x,) =0,
we could instead allow some “‘slack,” as in
(z = x, Vei(x)) + ei(x) = —nu, (z =%, Vei(x)) + e(xi) = ma
where 7, 20 and 7, >0 as k->o0. If 7, =7]e;(x)| with 7,€(0,1), then (5.1) is
enforcing a “linearized reduction” in e;. Similarly, we may allow some “slack” in the
linearized inequalities, as in
(z =i, V(i) + ¢ (%) = — 7
where 7, =0 with 7> 0 as k- o0,
The use of an active set strategy, in which Q(x,) is defined as
(2=, Ve (x )+ ¢(x) =0, jea
<Z-—xkavei(xk))+ei(xk)=0’ i=1’~ : 'smE,

Q(xk) = {Z
also satisfies Assumption 3.1, provided that the sequence of active sets «, only changes
finitely often. In a similar vein we could use the definition

(z=%, Ve (x N+ ¢i(x) =0, jea
<Z—xk’vei(xk)>+ei(xk)=0, i-_—l,' R

Q(xk)={z

where @, < {1, - -, m;} excludes those constraints that obviously will not be active at
x* (thereby saving the cost of evaluating these constraints and their gradients).
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The case in which V¢(x;) and Ve;(x,) are approximated rather than calculated
exactly is also covered, provided that the approximations are asymptotically exact as
k—co. For example, to avoid recalculation of Ve; and V¢ at every step, the same
values might be used for more than one iteration. Finite-difference approximations
might also be considered where appropriate.

A final possibility is the use of a trust region bound on the step size at each
iteration, as in

Q) = A(x) N (x + Ry B)

where R, > 0. It is clear that Q(x,) may be empty if R, is too small and x; € Q(x;).
Hence in Vardi [16] this is combined with the use of slackness in the equality constraints
of the form

(z—xk, Ve (x )+ aei(x) =0

where a € (0, 1], to produce a globally convergent SQP method. This overall strategy
is also covered by our earlier analysis.
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THE REGULAR FREE-ENDPOINT LINEAR QUADRATIC PROBLEM
WITH INDEFINITE COST*

HARRY L. TRENTELMANT

Abstract. This paper studies an open problem in the context of linear quadratic optimal control, the
free-endpoint regular linear quadratic problem with indefinite cost functional. It is shown that the optimal
cost for this problem is given by a particular solution of the algebraic Riccati equation. This solution is
characterized in terms of the geometry on the lattice of all real symmetric solutions of the algebraic Riccati
equation as developed by Willems [IEEE Trans. Automat. Control, 16 (1971), pp.621-634] and Coppel
[Bull. Austral. Math. Soc., 10 (1974), pp. 377-401]. A necessary and sufficient condition is established for
the existence of optimal controls. This condition is stated in terms of a subspace inclusion involving the
extremal solutions of the algebraic Riccati equation. The optimal controls are shown to be generated by a
feedback control law. Finally, the results obtained are compared with “classical” results on the linear
quadratic regulator problem.

Key words. linear quadratic optimal control, indefinite cost functional, free-endpoint problem
AMS(MOS) subject classifications. 93C05, 93C35, 93C60

1. Introduction. In this paper we are concerned with regular, infinite-horizon
linear quadratic optimal control problems in which the cost functional is the integral
of an indefinite quadratic form.

In most of the existing literature on the regular linear quadratic (LQ) problem, it
is explicitly assumed that the quadratic form in the cost functional, apart from being
positive definite in the control variable alone, is positive semidefinite in the control
and state variables simultaneously. In fact, under this semidefiniteness assumption the
LQ problem has become quite standard and is treated in many basic textbooks in the
field of systems and control [1], [2], [9], [21]. Often a distinction is made between
two versions of the problem, the fixed-endpoint version and the free-endpoint version.
In the fixed-endpoint version it is necessary to minimize the cost functional under the
constraint that the optimal state trajectory should converge to zero as time tends to
infinity, while in the free-endpoint version it is only necessary to minimize the cost
functional. For the case that the quadratic form in the cost functional is positive
semidefinite both versions of the regular LQ problem are well-understood and
completely satisfactory solutions of these problems are available.

Surprisingly, however, for the most general formulation of the regular LQ problem,
that is, the case that the quadratic form in the cost functional is indefinite, a satisfactory
treatment does not yet exist. In this case we can again distinguish between the
fixed-endpoint version and the free-endpoint version. While for the fixed-endpoint
version a complete solution has been described in [17] (see also [14]), the free-endpoint
version has only been considered in [17] under a very restrictive assumption. Thus we
see that, up to now, the free-endpoint regular LQ problem with indefinite cost functional
has been an open problem. In the present paper we shall fill up this gap and present
a fairly complete solution to this problem.

It is well known [12], [19] that for the free-endpoint regular LQ problem with
positive semidefinite cost functional, the optimal cost is given by the smallest positive
semidefinite real symmetric solution of the algebraic Riccati equation. We will see that
this statement is no longer valid in general if the cost functional is the integral of an

* Received by the editors November 2, 1987; accepted for publication (in revised form) March 28, 1988.
T Department of Mathematics and Computer Science, Eindhoven University of Technology, 5600 MB
Eindhoven, the Netherlands.
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indefinite quadratic form. It will be shown, however, that in this case also the optimal
cost is given by a solution of the algebraic Riccati equation. This particular solution
will be characterized in terms of the geometry on the set of all real symmetric solutions
of the algebraic Riccati equation as described in [17] and [4].

Another well-known fact is that, for the free-endpoint regular LQ problem with
positive semidefinite cost functional, the existence of optimal controls is never an issue:
under the assumption that the underlying system is controllable, for this problem
unique optimal controls always exist for all initial conditions. This is in contrast with
the fixed-endpoint LQ problem, where the existence of optimal controls for all initial
conditions depends on the ‘““gap” of the algebraic Riccati equation (i.e., the difference
between the largest and smallest solutions of the Riccati equation). In this paper we
will see that also, for the free-endpoint regular LQ problem with indefinite cost
functional, optimal controls no longer need to exist for all initial conditions! Moreover,
we will establish a necessary and sufficient condition in terms of the “gap” of the
algebraic Riccati equation for the existence of optimal controls for all initial conditions.
We will show that for the particular case that the cost functional is positive semidefinite
this condition is always satisfied, thus explaining the fact that in this special case
optimal controls always exist. Finally, we will show that also in the indefinite case the
optimal controls for the free-endpoint regular LQ problem, if they exist, are given by
a feedback control law.

The outline of this paper is as follows. In the remainder of this section we will
introduce most of the notational conventions that will be used. In § 2 we give formula-
tions of both the free-endpoint and fixed-endpoint regular LQ problems that we shall
be dealing with. In § 3 we will briefly recall the most important facts that we need on
the geometry of the set of all real symmetric solutions to the algebraic Riccati equation
as developed in [17] and [4]. In § 4 we will state the solution to the fixed endpoint
regular LQ problem with indefinite cost as established in [17]. Also, we will state its
(incomplete) counterpart, the solution to the free-endpoint regular LQ problem with
positive semidefinite cost functional. Then in § 5 we will state and prove our main
theorem, a solution to the free-endpoint regular LQ problem. In order to establish a
proof of this theorem we will state and prove a series of smaller lemmas. In § 6 we
will show how the “classical” results on the free-endpoint regular LQ problem with
positive semidefinite cost functional can be reobtained as a special cas¢ of our general
solution. We will close this paper in § 7 with some concluding remarks.

We use the following notational conventions. For a given n X n matrix A its set
of eigenvalues will be denoted by o(A). If V is a subspace of R" and A is an nXn
matrix then A|V will denote the restriction of A to V. V will be called A-invariant if
AV < V. In this case o(A|V) will denote the set of eigenvalues of A|V and o(A|R"/ V)
will denote the set of eigenvalues of the mapping induced by A in the factor space
R"/V (see [21]). We will denote subsets of C by C :={seC|Res=0}, C’:=
{seC|Re s =0}, and C":={s e C|Re s >0}. Given a real monic polynomial p there is
a unique factorization p =p_ - p, - p, into real monic polynomials with p_, p,, and p.
having all roots in C~, C° and C*, respectively. If A is a real n X n matrix and if p
denotes its characteristic polynomial then we define X (A):=ker p_(A), X°(A):=
ker po(A), and X "(A) :=ker p,(A). These subspaces are A-invariant and the restriction
of A to X (A)(X°(A), X*(A)) has characteristic polynomial p_(p,, p.).

A subset C, of C will be called symmetric if a+bieC, < a—bieC,. If C, is
given then we define C,, = C\C,. If A is a real n X n matrix and if p is its characteristic
polynomial then, again, p can be factored uniquely into p = p, - p,, where p, and p,
are real monic polynomials with all roots in C, and C,, respectively. We denote
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X, (A)=ker p,(A) and X, (A) =ker p,(A). Again these subspaces are A-invariant and
the restriction of A to X,(A)(X,(A)) has characteristic polynomial p,(ps). In fact, the
subspace X,(A)(X,(A)) is equal to the linear span of all generalized eigenvectors of
A corresponding to its eigenvalues in C,(C,). Alternatively, X,(A)(X,(A)) is equal
to the largest A-invariant subspace V of R" such that o(A|V)c C,(Cy).

If, in addition to A, a real p X n matrix C is given, then we denote

(ker C|A)i= N ., CA"™",
i=1

the unobservable subspace of (C, A) [21, § 3.2]. Given a symmetric subset C, of C we
denote

Xoei= (ker C|A)N X, (A),

the undetectable subspace of (C, A) with respect to C,. The pair (C, A) is called
detectable with respect to C, if A is (C,_) stable on the unobservable subspace of
(C, A), ie., if

(ker C|A)c X, (A)

(see [21, § 3.6]). It is easy to see that (C, A) is detectable if and only if X4, =0. Also,
(C, A) is detectable if and only if for all A € C, we have ker (A—AI)Nker C =0 (see
[15]).

In order to be rigorous on the interpretation of the cost functionals that will be
considered in this paper, we will now explain what we mean by the statement that the
limit of a function exists in R°. Let R*:=RU {—00, +}. Given f:R->R we say that
lim,.» f(t) exists if it is equal to a real number in the usual sense. We say that
lim,_ o f(#) = —00(+00) if for all reR there exists T €R such that t= T implies f(1) =
r(=r). Then we say that lim,_ . f(¢) exists in R® if it exists, is equal to —o, or is equal
to +o0.

If M is a real nXx n matrix and V is a subspace of R", then we define M ™'V :=
{xeR"|Mxe V}. If V is a subspace of R" then V* denotes its orthogonal complement
with respect to the standard Euclidean inner product.

Finally, we will denote by L,,,.(R") the space of all measurable vector-valued
functions on R™ that are square integrable over all finite intervals in R*. L,(R*) denotes
the space of all measurable vector-valued functions on R that are square integrable
over R™. Finally, L(R") denotes the space of all measurable vector-valued functions
on R that are essentially bounded on R*. Here, R* := {t e R|¢ = 0}.

2. The regular LQ-problem. Consider the finite-dimensional linear time-invariant
system

(2.1) *=Ax+Bu,  x(0)=x,.

Here, x and u are assumed to take their values in R" and R™, respectively. A and B
are real n X n and n X m matrices, respectively. It will be a standing assumption that
(A, B) is controllable. We shall consider optimization problems of the type

(2.2) infj w(x, u) dt,

0
where w(x,u) is a real quadratic form on R"xR™ defined by w(x,u):=
u"Ru+2u’Sx+x"Qx. Here R, S, and Q are assumed to be real matrices such that
R=R" and Q=Q". As in [17], no a priori definiteness conditions are imposed on
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the form w. For a given control function ue L,,,(R"), let x(x,, u) denote the state
trajectory of (2.1) and if T=0 let

T

Jr(xo,u):=J o (x(xy, u)(t), u(t)) dt.

0

We now explain how (2.2) should be interpreted. First, we specify two classes of
control functions with respect to which the infimization in (2.2) should be performed.
Define

U(xy)={ue Lz‘,OC(IR*)l;im Jr(x,, u) exists in R},
Us(xo) ={ue U(xo)“im x(xo, u)(t)=0}.
1—>00

Note that, due to the assumption that (A, B) is controllable, we have U(x,) # <& and
U (x,) # & for all x,eR". For ue U(x,) we define

(2.3) J(xo, u):= lim Jr(xo, u).

We note that J(x,, u) € R°. Now, define

(2.4a) Vi (xo) = inf {J(xo, w)lue U(xo)},
(2.4b) V¥ (x,) = inf {J(xo, u)l lue Uy(xo)},

the optimal cost for the free-endpoint problem and fixed-endpoint problem, respec-
tively. By the fact that (A, B) is controllable we have that V;(x,), V"' (x,) € RU {—c0}
for all x,€ R". Following [17], we want to exclude the situation that for certain initial
conditions x, the values (2.4a) or (2.4b) become equal to —c0. It can be shown that a
necessary condition for V;(x,)> —00 and V*(x,) > —00 for all x, to hold is that R =0
(see [17], [12]). In this paper a standing assumption will be that R > 0. Under this
assumption the LQ problems defined by (2.4) are called regular.

The fixed-endpoint regular LQ problem, defined by (2.4b), was completely resolved
in [17] (see also [14]). There, a satisfactory characterization was given for the optimal
cost, necessary and sufficient conditions were given for the existence of optimal controls
for all initial conditions, and these optimal controls were given in the form of a
state-feedback control law. The problems of how to calculate the optimal cost for the
free-endpoint regular LQ problem (2.4a), to state necessary and sufficient conditions
for the existence of optimal controls, and to calculate these optimal controls have up
to now been open. In this paper we will consider these problems.

3. Geometry of the algebraic Riccati equation. A central role in infinite horizon
regular linear quadratic control problems is played by the algebraic Riccati equation
(ARE)

(3.1) A'TK+ KA+ Q—-(KB+S")R"'(B'™K+8)=0.

Let I" denote the set of all real symmetric solutions of the ARE. It was shown in [17]
that if I' is nonempty then it contains a unique element K and a unique element K~
such that

o(A—-BR '(B'KT+S))cC UC",
oc(A-BR'(B"K +8))=C*UC".

Moreover, K" and K~ have the additional property that they are the extremal solutions
of the ARE in the sense that if KeI'then K = K=K".
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Let A= K"— K. Denote A—BR '(B"K*+S)and A—-BR '(B'"K +S) by A"
and A~ respectively. If K €I" define Ay = A— BR '(B"K +S). Note that X" (A")=0
and X (A7)=0. Let Q) denote the set of all A™-invariant subspaces contained in
X"(A7). The following basic theorem is a generalization by Coppel [4] of a theorem
that was originally proven by Willems in [17] (see also [16], [10]).

THEOREM 3.1. Let (A, B) be controllable, and assume that T is nonempty. If V is
an A~ -invariant subspace of X (A”) (that is, if Ve Q) then R" = V®A™'V*. There
exists a bijection y:Q->T defined by

y(V)=K P,+K (I-Py),
where Py is the projector onto V along A™'V*. If K = y(V) then
X" (Ak)=V,
X°(Ag)=kerA,
X (Ak)=X"(A")NA"'V*Y

Among other things, the result above states that there exists a one-to-one correspon-
dence between the set of all real symmetric solutions of the ARE and the set of all
A -invariant subspaces of X (A7). Following [3], if K = y(V) then we will say that
the solution K is supported by the subspace V. The next theorem from [4] states that
this one-to-one correspondence in fact respects the partial orderings on the sets I
and Q.

THEOREM 3.2. Let (A, B) be controllable and assume that T" is nonempty. Let K,
and K, be solutions to the ARE supported by V, and V,, respectively. Then K, = K, if
and only if V,c V.

From the above it follows, for example, that K~ is supported by X (A7) and
that K™ is supported by 0.

4. Classical results. In the present section we briefly summarize the solution of
the fixed-endpoint regular LQ problem with indefinite cost functional as outlined in
[17]. Subsequently, we will state the well-known result on the free-endpoint regular
LQ problem with positive semidefinite cost functional. Finally, we will discuss some
of the difficulties that can be expected in trying to generalize the latter result to the
case that the semidefiniteness assumption is dropped.

Consider the infimization of (2.3) over the class of inputs U(x,). For a given x,
an input u* is called optimal if u* € U,(x,) and J(xo, u*) = V"(x,). The following was
proven in [17].

THEOREM 4.1. Let (A, B) be controllable and assume that R > 0. Then we have the
following:

(i) V*¥(x,) is finite for all x,€R" if and only if the ARE has a real symmetric
solution (i.e., I' # ).

(ii) If T # & then for all x,e R", V*(x,) =xg K x,.

(iii) If T # O then for all x,€ R" there exists an optimal input u™* if and only if A> 0.

(iv) If T# & and A>0 then for each x,cR" there is exactly one optimal input
u* and, moreover, this input u* is given by the feedback control law u*=
—RY(B"K*+8)x.

As already mentioned, an analogue of the latter theorem for the free-endpoint
case, up to now, has only been available for the case that the quadratic form w(x, u)
is positive semidefinite, i.e., for the case that w(x, u) =0 for all (x, u) e R" xR™. In the
sequel, let I', := {K e I'|K = 0}. It is well known [8], [12] that if © =0 and if (A, B) is

*
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controllable, then the ARE has a smallest positive semidefinite real symmetric solution.
More precisely, there exists a (unique) K such that

(4.1) Kerl,,
(4.2) Kel,= K=K

The solution K characterized by (4.1) and (4.2) plays the central role in the solution
of the free-endpoint regular LQ problem with positive semidefinite cost. In the follow-
ing, for a given x, € R" an input u* is called optimal if u* € U(x,) and J (xo, u*) = V;(x,).

THEOREM 4.2. Assume that (A, B) is controllable, that R >0, and that w(x, u)=0
Sfor all (x,u)eR" XR™. Then we have the following:

(i) For all xoeR", V}(x,) = xq KXo.

(ii) For each x,€R", there is exactly one optimal input u*, and moreover, this input
u* is given by the feedback control law u* = —R™'(B"K + S)x.

Proof. This follows, for example, by combining [12, Thm. 8] and the results from
[1, p. 36] (see also [19]). O

We note that in this theorem the existence of optimal controls is no issue. In
contrast with the fixed-endpoint problem, the positive semidefiniteness assumption
assures that in the free-endpoint problem for every initial condition there exists an
optimal control.

In trying to generalize the latter theorem to the case that w is an arbitrary indefinite
quadratic form in (x, u) (with of course, as usual, R > 0), the following aspects should
be considered. First, due to the indefiniteness of w, the optimal cost V;(x,) no longer
needs to be finite. In this paper we want to restrict ourselves to the case that Vj(x,)
is finite for all x,. In order to establish a condition assuring this, we state the following
well-known result. For »eR", denote ||»||% = »"Rw.

LeEMMA 4.3. Let K €T'. Then for all ue L,,,(R") and for all T=0, we have

T
Jr(x, u) = J lu(t)+R™(BTK + S)x(t)||k dt+xq Kxo—x" (T)Kx(T).
0
Here, we have denoted x(t) = x(x,, u)(t).

Proof. For a proof, refer to [2] or [17]. 0O

In the sequel, let I'_:={K e I'|K =0}. From the previous lemma the following is
immediate.

LEMMA 4.4. Let (A, B) be controllable and R>0. If T'_# & then V7 (x,) is finite
for all x,eR".

Proof. T'_# (& implies that K~ =0. Applying the previous lemma to K~ yields
Jr(xo, u) = xg K x, for all u and T=0. 0

Remark 4.5. In [17] it is suggested that the converse of the above lemma also
holds, i.e., that finiteness of V(x,) for all x, implies that I'_ # (J. We were able neither
to establish a proof nor to construct a counterexample to this assertion. We were,
however, able to relate the condition I'_# J to an equivalent one in terms of the
quantities Jy(x,, #) in a slightly different way. Indeed, if (A, B) is controllable and
R >0 then the following equivalence can be proven:

(4.3) I #J0inf {lirTn inf J(x,, u)|u € L, ,,.(R)} is finite for all xoeR".

Note that if we could prove the above equivalence with L,,,.(R") replaced by U(x,)
we would be done. Indeed, for ue U(x,) we have liminfy .. Jr(xo, u)=
lim 7o J7(Xo, ) = J(xo, u), so the infimum in (4.3) would then be equal to V7 (x,).
We close this remark by concluding that finding tractable necessary and sufficient
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conditions for the finiteness of V; remains a difficult open problem (see also [18],
[11], and [13]).

A final point we want to make here is that for the free-endpoint problem with
indefinite cost, even if the optimal cost is finite for all initial conditions, it is not true
in general that optimal controls exist for all initial conditions. We will illustrate this
in the example below. It should therefore be clear that part of our problem is to
formulate necessary and sufficient conditions for the existence of these optimal controls
(as was also done in Theorem 4.1(iii)).

Example 4.6. Consider the controllable system x = —x + u, x(0) = x, with indefinite
cost functional

J(xg, u) = j —x(t)*>+u(t)? dt,
0
that is, take A=—1, B=1, Q=-1, §=0, and R = 1. The corresponding ARE is given
by —2K — K>—1=0. Consequently, K~ = K" =—1. We claim that V}(x,) =—x5. We
will show this “from first principles.” Let u € L,,,(R"). For every T=0 we have

T T T
J ~x2+u2dt=J (x—u)zdt+2j x(—=x+u) dt

0 0 0
T T T
=J (x-u)zdt+2j det=J (x—u)>dt+x*(T)—x3.
0 0 0

Consequently, J(x,, u)= —x3 for all ue U(x,). On the other hand, for £ >0 define
u=(1-—¢)x. Then x=—ex and

J(xo, u)=[(1—€)*—1]x; J e dt= —x(2,+§x(2).
0
It follows that V;(x,) = inf {J(x,, u)|u e U(xo)}=—x3. Thus, we see that the optimal
cost is finite (as could also be deduced from the fact that K~ =—1=0). We claim,
however, that no optimal control exists! Indeed, assume u* is optimal. Let x* be the
corresponding trajectory. We have

T

—x5=J(x, u*) = —x3+ ;im (I (x* —u™*)? dt + x*( T)2>.

00 0
From this it follows that [ (x* —u*)? dt =0 and that, consequently, u* = x*. However,
using this feedback control law yields J(x,, u*) = 0. If x, # 0 this yields a contradiction.

5. The free-endpoint regular LQ-problem with indefinite cost. In this section we
will resolve the free-endpoint version of the regular LQ problem with indefinite cost
functional. In the sequel, an important role will be played by the subspace

(5.1) N=(ker K |[AYNX"(A").
By definition of A it is immediately clear that, in fact,
(5.2) N =(ker K'|JA-BR'SYNX*(A-BR'S).

Obviously, N is equal to the undetectable subspace of (K, A™) with respect to the
stability set C, =C~ UC". We also note that N is an A -invariant subspace of X *(A").
By Theorem 3.1, N corresponds to a real symmetric solution y(N) of the ARE. Let
Py be the projector onto N along A™'N*. Then this solution y(N) is given by

(5.3) K;=vy(N)=K Py+K*(I-Py).
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It will turn out that K/, the solution of the ARE supported by the subspace N, is the
bottleneck in the problem we want to resolve. We will show that the optimal cost for
the free-endpoint problem is obtained from K; and that the optimal controls, if they
exist, are given by the feedback control law u = —R™'(B"K; + S)x. Before stating the
exact result we first give an intuitive argument as to exactly why the subspace N given
by (5.1) is the “‘right” supporting subspace. The argument is as follows. First recall
that if @ =0, then the optimal cost for the free-endpoint problem is obtained from the
smallest positive semidefinite solution of the ARE (see Theorem 4.2). Now, it can be
shown that, again if ® =0, K = y(V) is positive semidefinite if and only if V< ker K~
(see Theorem 6.2). Consequently, if w =0 then the optimal cost is obtained from the
smallest solution K = y(V) of the ARE such that Vcker K~. Now, our choice to
consider exactly the subspace N given by (5.1) is based on the guess that the latter
statement is also valid if w is indefinite. Note that K is indeed the smallest solution
of ARE for which its supporting subspace is contained in ker K : if K = y(V) is such
that Vcker K~ then, since V is A -invariant, we must have V< (ker K |A™) (the
latter being the largest A™-invariant subspace in ker K 7). Also, V< X*(A7). Thus,
V< N. Then it follows from Theorem 3.2 that K/ = K. The following theorem is the
main result of this paper.

THEOREM 5.1. Let (A, B) be controllable and assume that R > 0. Then we have the
following:

(i) Vi(x,) is finite for all x,cR" if the ARE has a negative semidefinite real
symmetric solution (i.e., I'_# ).

(ii) If T_# then for all x,eR", V(x,)=xq K} X,.

(iii) If T_# & then for all x,€R" there exists an optimal input u* if and only if
kerAcker K.

(iv) If T'_# and if ker Acker K™, then for each x,€R" there is exactly one
optimal input u* and, moreover, this input is given by the feedback control law u* =
—-R(B'K;+9)x.

In the remainder of this section we will establish a proof of this theorem. In order
to streamline this proof, we will state some of the most important ingredients as separate
lemmas. In the first two lemmas, we will formulate some general structural properties
of linear systems.

LeEMMA 5.2. Consider the system X = Ax + v, y = Cx. Assume that (C, A) is observ-
able. Let ve L,(R"), y € Lo(R"). Then for every initial condition x, we have x € L(R").

Proof. Since (C, A) is observable there exists a matrix L such that c(A+LC)<cC™.
Obviously, x satisfies the differential equation

Xx=(A+LC)x—Ly+v, x(0) = xy.

Using the variations of constants formula, together with some straightforward estimates,
it is then easily verified that x € Lo(R™). ]

Using the previous lemma we arrive at the following result that will be one of the
main instruments in the proof of Theorem 5.1.

LeMMA 5.3. Consider the system x = Ax+ v, y = Cx. Let C, be a symmetric subset
of C. Assume that (C, A) is detectable with respect to C,. Let the state space R" be
decomposed into R" = X,@® X, , where X, is A-invariant. In this decomposition, let x = (31).
Assume that o(A|X,) = C, and o(A|R"/X,) = C,. Then for every initial condition x, we
have: if ve Ly(R") and y € Lo(R") then x,e Lo(R").

Proof. We claim that, in fact, X, = X,(A). Indeed, the fact that X, <= X,(A) is
immediate. Denote o= 0(A|X,(A)/X,). Then o,< o(A|X,(A))=C,. Also, oy
o(A|R"/ X,) = C,. This can only be the case if o,= or, equivalently, if X, = X (A).
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By the fact that (C, A) is detectable with respect to C, we may therefore conclude that
(ker C|A)< X,. Decompose X, = X;;® X,,, with X, = (ker C|A) and X, arbitrarily.
Accordingly, let x, = (}1). We then have R" = X,,® X,,® X, with x=(x{,, x{5, x3)".
In this decomposition, let

Ay An A, Ui
A=| 0 Ay Axl, C=(0,G,C), v=|r,]|
0 O A33 Vy

Obviously, the system

Ap, Azs))
G, C
(( 2 3)9( 0 A33
is observable. Moreover,

X2 Ax A23)<x12) (Vn) <V|2)
= + s =(GC,, C .
(JQ) < 0 A;n/\x v y=(C, G) vy
It thus follows from Lemma 5.2 that (312) € Lo(R"), which of course implies that
X, € Lo(RY). a

Another important instrument in the proof that we will establish is the following
result.

LeEMMA 5.4, Consider the system x = Ax+ Bu, x(0)=x,. Assume that (A, B) is
controllable and o-(A) = C~UC°. Then for all € > 0 there exists a control u € L,(R") such
that [y |u(t)||” dt <e and x(xo, u)(t) > 0(t > ).

Proof. For the given system consider the fixed-endpoint regular LQ problem

inf{Jm lu(e)])? dtju e Ly(R*) and x(x,, u)(t)~>0, t—>oo}.

It is well known (see also Theorem 4.1) that the above infimum is equal to xq K "x,,
where K* is the maximal solution to the ARE: A’K + KA = KBB"K. We claim that
K*=0. Assume K" #0. Since K =0 is a solution to the ARE, we must have 0= K.
So, K*=0 and K" # 0. Consequently, there exists an orthogonal matrix S such that

K, 0
K+ T=< 1 )
SK™S 0 o)

with K,>0. Denote K:=SK*S" A:=SAS", B:=SB. Then we have A’K + KA =

KBB"K. Decompose

- (An A|2> = (B.>

A= ( and B= .

AZI A22 BZ

It is easily seen that A K,+ K,A,, = K,B,B{K,. Also, K,;A,,=0. Since K,> 0, this
implies A,,=0. Define P:=K;'. Then P>0 and satisfies the Lyapunov equation
PA[,+A, P=B,B/.Since (A,,, B,) is controllable, this implies o(A,))=C" (see, e.g.,
[21, Lemma 12.2]. This, however, contradicts the fact that 0 (A,,) = 0 (A)=c(A)cC™ U
C°. We conclude that the above infimum is zero. 0

We have now collected the most important ingredients we need in the proof of
our main theorem. In order to give this proof, we shall make a suitable direct sum
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decomposition of the state space. Let K be the solution of the ARE (3.1) defined by
(5.3). Denote A; = A—BR™'(B"K;+S). By Theorem 3.1 we have

X"(A})=N,
X°(A}) =ker A,
X (A})=X"(A)NAT'N™.

Define X, = X '(Af), X,:= X°(Af),and X5:= X (A}). ThenR" = X,® X,® X;. Since
X, is A”-invariant and since X, is also A”-invariant (ker A= X°(Ay) for all K €T)
we have

Al 1 0 A13
(5.4) A_v = O Azz A23 N
0 0 A

for given matrices A;. We also have K/ x = K x forall x e N, and hence A/|X,=A7|X,.
Also, since ker Ac A"'N™* and therefore ker A<ker Py, for all xeker A we have
K x=K"'x=K x. Hence A/|X,=A"|X,. Consequently,

A, 0 0
(5.5) A; = 0 A22 0 N
0 0 Al

for a given matrix Aj;. Note that o(A,,)=C", 0(A,)<C’ and o(Aj};)=C™. Since
X,cker K™ and K~ is symmetric,

0 0 0
(5.6) K =[{0 K3 Ks3x3|.
0 K K3

Furthermore, we claim that A has the form

Ay 0 0
A=l 0 0 o0
0 0 Ay

Indeed, by Theorem 3.1 we have X,@® X;=A""'X7 and therefore we must have A,;=0.
The other zero blocks are caused by the fact that X, =ker A and by the symmetry of
A. Combining the representations for K~ and A, we find
KT 0 0
K+ = 0 K:{z K;g,
0 K3 Ki;

for given matrices K (note that, in fact, K;; = K5; and K3, = K5,). Combining all
this, we find that

0 0 0
(5.7) K;=|l0 K; Kxi|
0 K3 3

We now proceed with the following lemma, which states that K gives a lower
bound for the optimal cost of the free-endpoint regular LQ problem.
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LEMMA 5.5. Assume that (A, B) is controllable, R >0, and I'_# . For all x,€ R"
and for all ue U(x,) we have

(5.8) J(xo, u) = xg K} xo+ J u(t)+R(B'KS+8)x(t)| % dt.
0
Here we have denoted x(t) = x(x,, u)(t).

Proof. Since I'_# & we have K™ =0. Let u € U(x,). It follows from Lemma 4.4
that J(x,, u) is either finite or equal to +o0o. Indeed, J(x,, u)=—00 would imply
V;(xo) = —co, which would contradict I'_# &. Of course, if J(x,, u)=+0c0 then (5.8)
holds trivially. Now assume that J(x,, #) is finite. By the fact that K~ =0 it follows
from Lemma 4.3 that for all T=0

.
J lu(t)+ R (BTK ™+ 8)x(t)|| % dt = Jr(x,, u) —xg K x,.
0

Denote v(t):=u(t)+ R '(B"K + S)x(t). It then follows that [, ||»(¢)||% dt <+, and
hence that ve L,(R"). Again using Lemma 4.3 and the fact that —K ~ = 0, we find that
this implies lim7,. x" (T)K “x(T) exists (and is finite). Thus K ~"x must be bounded
on R™. Denote y(t):= K x(t). Since x = Ax + Bu, we have that x, v, and y are related
by the equations

X=A"x+ By, y=Kx
Now let R" be composed into R" = X,® X,® X; as introduced above. Write K~ =

(0,K5,K53), B=(BJ,B;,BJ)", and x=(x, x;,x5)". Since X, = N is the undetect-
able subspace (with respect to C~UC°) of (K, A7), it is easily verified that the pair

(o (3 20))

is detectable (with respect to C~UC°). Since o/(A~)= C*UC’ and since X, = X°(A"),

it can be verified that
All A13>> +
Cc*.
"(( 0 Au))°

Hence, 0(A,,) = C° and o(A;;) = C™. Also, we have

X\ Az Ax\( X B, = [ %2
G5 2R G rmuem(()

Since v e L,(R*) and y € Lo(R"), by Lemma 5.3 (applied with C, =C~UC’) we have
that x;€ Lo(R™).
Again by applying Lemma 4.3, this time with K = K}, we find that for all T=0

-
(5.9) Jr(xp,u)= ‘[ lu(t)+ R (B'KS+8)x(t)|| % dt+ x5 K;xo—x"(T)K;x(T).

0
Denote w(t):=u(t)+ R“(BTK}'+ S)x(t). Combining (5.6), (5.7), and (5.9), we obtain
that for all T=0

T
(5.10) Jr(xp, u)= I Iw(t)||% dt+xq K} xo—x3 (T)A33x3(T)—x"(T)K " x(T).

0
Recall that lim7_ J7(x,, u) was assumed to be finite. Thus, Jr(x,, u) is a bounded
function of T. Since also x5(T) and x" (T)K ~x(T) are bounded functions of T, (5.10)
implies that [, ||w(t)|% dt <. It follows that we L,(R").
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We again consider (5.10). Since now J1(x,, u), f, [|w(1)|% dt and x"(T)K "x(T)
converge for T - 00, it follows that limy_. X3 (T)A;x;(T) exists. Since A;;> 0 this
implies that ||x3(T)|| converges as T - co. Now, since x = Ax + By, the variables x and
w are related via X = A; x + Bw, and hence (see 5.5) ;= A}3x;+ B;w. Since we L,(R")
and o(A};) = C~ we have that x;€ L,(R"). A fortiori, since || x;(¢)| converges as t >,
this yields lim,_ x;(¢) = 0. Using this, and the fact that — K~ =0, it then follows from
(5.10) that (5.8) holds. a

Our next lemma states that, by choosing the control properly, the difference
between K and the value of the cost functional can be made arbitrarily small.

LeEMMA 5.6. Assume that (A, B) is controllable, R>0, and T # (. Then for all
xo€R" and for all € >0 there exists an input u € U(x,) such that J(x,, u) = xJ K x,+ €.

Proof. Again, let R" be decomposed as above. It follows from (5.7) and (5.9) that
for all ue L, ,.(R") and for all T=0

T

(5.11)  Jr(xo, u) =J‘

0

onasiee- w5 )

Here, w=u+ R“‘(BTK}'+ S)x. Since x = Ax + Bu, the variables x and w are related
by % =A;x+ Bw, and hence (see (5.5))

()05 () (2)

)= + w.

X3 0 AL/ \x3 B,

Note that o(A,,) = C° o (A};) = C™ and that this system is controllable. Now let £ > 0.
It follows from Lemma 5.4 that there exists a control we L,(R") such that

fo Iw(t)||k dt<e and such that x,(T)>0 and x3(T)>0 as T->co. Define u:=
—R7'(B"K; + S)x+w. Then we have

J(x, u)= lim Jr(x, u) = J Iw(t)|| % dt+ x5 Kfxo= & +xg K} xo. 0
> 0

We will now prove our main theorem.

Proof of Theorem 5.1. (i) This proof was already stated separately in Lemma 4.4.

(ii) Lemma 5.5 yields J(xo, u) = xg K x, for all u € U(x,). Together with Lemma
5.6 this implies V;(x,) = xq K} x, for all x,.

(iii) Assume I'_# . (=>) Assume that for all x, there exists a control u* e U(x,)
such that J(xo, u*)= V (x,) =x K;Xo. Let x,€R" be arbitrary and let u* be the
corresponding optimal control. Denote x*:= x(x,, u*). By Lemma 5.5

00

xg K} xo=J(xo, u*)éxOTK}xO+J lu*()+ R™\(BTK [ + S)x*(1)|| % dt.
0

It follows that u* must be given by the feedback control law u*=—-R™'(B'K} + S)x*.

This implies that x* satisfies the equation x* = A;x*. In terms of the decomposition

introduced above, this of course yields x§ = A,,x¥ and x¥ = Al;x¥ (see 5.5). Since

o(A};) = C~ we must have x¥(t) > 0(t~ o). By (5.10)

Jr(x0, u*) = x0 K xo—xFT(T)Apsx¥(T) —x*T(T)K "x*(T).

By the fact that Jr(x,, u*)>xg K;x, we obtain that x*"(T)K x*(T)>0 (T - ).
Since K~ is semidefinite, a fortiori this implies K~ x*(T) -0 (T - o). Using (5.6) this
yields

Knx3(T)+Knx3(T)»0  (T->).
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Since x¥(T)->0 (T->00) the latter implies K5,x3(T)->0 (T~ ) or, equivalently,
K5, exp (A5, T)x,(0) >0 (T —»00). Now, x,(0) was completely arbitrary and therefore
we find that

K5 e*2T>0  (T-o).

Consequently, K5,(Is—A,)"" has all its poles in C~. On the other hand, however,
since o(A,,) = C°, it has all its poles in C°. Thus, K5,(Is— A,,) ' =0, and hence K5, = 0.
Since K~ is semidefinite this implies K5;=0. It follows that ker A= X,< ker K.

(&) Conversely, assume ker Acker K~. Then K5, =0 and K5;=0. Define u=
~R7'(B"K}+S)x. We claim that this feedback law yields an optimal u. Indeed,
by (5.11)

Jr(x, u)= xorK;xo“xsr( T)K;_3x3(T)~

Moreover, x; = Aj;x;. Since o(A%;) = C™ we have x5(T) >0 (T > ). Thus J(x,, u) =
xg Kfxo= V;(x,), so u is optimal.

(iv) The fact that u*=—R™'(B"K; +S)x* is unique was already proven in (iii)
(=). This concludes the proof of our theorem. 0

Remark 5.7. At this point we would like to mention that, in addition to the option
we have chosen in § 2, there is still another very natural and appealing way to formulate
the regular LQ problem. Instead of restricting the class of controls to U(x,) in order
to guarantee that the indefinite integrals in (2.2) are well-defined, it is also possible to

choose L, ,.(R") for the class of admissible controls and to consider the following
cost functional:

J(xo, u)=1lim sup Jr(xo, u).

T->o0
Obviously, on the subclass U(x,) < L, ,.(R") the functionals J(x,, ) and J(x,,")

coincide. Corresponding to this choice of cost functional, we can now consider the
following version of the free-endpoint regular LQ problem:

Vi (x0) = inf {J (xo, u)|u € Ly 10e(R™)}.

As it turns out, we can develop around this version of the problem a theory completely
parallel to the one we developed in this section. In fact, Theorem 5.1 remains valid if
in its statement we replace V; by V! In particular, both problems yield the same
optimal controls u*. Consequently, if y* is optimal for the problem with functional
J(xo, ), then in fact u*e U(xo) and V;(xo) = J(xo, u*) =limr_ . J5(xo, u*). Similar
remarks hold for the fixed-endpoint problem.

. 6. Comparison and special cases. In this section we will discuss some questions
that arise if we compare the optimal costs and optimal closed loop systems resulting
from the free-endpoint and fixed-endpoint problem, respectively. In particular, we will
establish conditions under which the respective optimal costs are the same. Also,
conditions will be found under which the free-endpoint optimal closed loop system is
asymptotically stable. Finally, we will show how our general results can be specialized
to reobtain the most important results on the free-endpoint regular LQ problem with
positive semidefinite cost functional. First, we have the following theorem.

THEOREM 6.1. Assume that (A, B) is controllable, R >0, and T # &. Then we have
the following:

(i) Kf=K" if and only if the pair (K~, A— BR™'S) is detectable with respect to
the stability set C~ U C°.
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(ii) o(Af)<=C™ if and only if the pair (K™, A— BR™S) is detectable with respect
to C” and A>0.

Proof. (i) By (5.2), N is equal to the undetectable subspace of (K, A~ BR'S)
with respect to C~ U C°. Since K™ is supported by the zero subspace, by Theorem 3.1
we have K; = K" if and only if N =0.

(ii) («) Detectability with respect to C~ implies detectability with respect to
C"UC’ Hence K; =K and Ay =A". By[17, Thm. 5] A> 0 if and only if 5(A") = C".

(=) Conversely, assume o(A;)<C™. By [17, Thm. 5] there is exactly one K €T,
namely K = K, such that 0(Ax) = C"UC®. Hence K; = K", Af = A*. Consequently,
A> 0. Also, from (i) we obtain that the pair (K~, A— BR™'S) is detectable with respect
to C"UC". Since A>0, 0(A")=C". Hence X°(A")=0s0 (K, A—BR™'S) is in fact
detectable with respect to C™. 0

We will now discuss how our results can be specialized to rederive some important
““classical” results on the special case that the quadratic form e is positive semidefinite.
We have the following characterization of the positive semidefinite solutions of the
ARE.

THEOREM 6.2. Assume that (A, B) is controllable, R>0,T'_# &, and ', # . Let
K €T be supported by V. Then K 1", if and only if V<ker K.

Proof. By Theorem 3.1 we have VOA™'V*=R".

(&) Assumethat Voker K. ThenA™' V' ={xeR"|y"K* 'x =0, forall ye V} and
K =K*(I—Py). Let xeR", x=x,+x, with x,€ V and x,e A™'V*. It is easily seen
that x"Kx = x;,TK+x2. Since I'.. # & we have K" =0. It follows that K =0.

(&) Conversely, if K =0 then for all xe V we have

0=x"Kx=x"(K P,+K"(I-Py))x=x"K x.

Since I'_ # & we have K~ =0. It follows that x"K “x =0, and hence that xeker K~. 0

Our next result states that, under the assumption that I'_# J, if the ARE has
positive semidefinite solutions at all, then it has a smallest positive semidefinite solution
and this solution is equal to the one supported by N.

THEOREM 6.3. Assume that (A, B) is controllable, R>0, and T'_# . Then the
following hold: if T, # then (i) K el', and (ii) K €T, implies K; = K.

Proof. Since N < ker K it follows from Theorem 6.2 that K_? el'.. Now assume
K eTl', and K is supported by the A™-invariant subspace V< X (A7). Since KT,
we have Vcker K~. Hence V< (ker K |A7) (the latter is the largest A -invariant
subspace in ker K7; see [21]). It follows that V< N. But then, by Theorem 3.2,
K;=K. O

From the above we deduce the following remarkable fact. Consider the free-
endpoint regular LQ problem with indefinite cost functional. Let (A, B) be controllable.
We already saw that the optimal cost is finite if we have I'_# J. Assume this to be
the case. Then Theorem 6.3 states that if the ARE has at least one positive semidefinite
solution, then the optimal cost is given by the smallest of these solutions! The case that
the cost functional is positive semidefinite, i.e., w(x, u) =0, for all (x, u), is in fact a
special case of this general principle. Indeed, if (A, B) is controllable and if v =0
thenI', # J (see [5]). Moreover, applying the latter to the controllable system (— A, —B)
and the same form w =0, we can also see that I'_# J. Thus we have reobtained
Theorem 4.2(i).

Our next result shows that the fact that for the case w =0 optimal controls exist
for all initial conditions is also a special case of a more general principle.

PrOPOSITION 6.4. Assume (A, B) is controllable, R>0,T_# &, and T'. # . Then
kerAcker K.
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Proof. T_# & is equivalentto K~ =0 and I', # J is equivalent to K "= 0. Assume
xekerA. Then 0=x"K"'x=x"K x=0. Thus x"K "x=0, and hence K x=0. 0

By combining this with the above remarks and by applying Theorem 5.1(iii) and
(iv) we reobtain Theorem 4.2(ii).

To conclude this section, we will briefly discuss what statements can be obtained
from Theorem 6.1 for the case that our cost functional is positive semidefinite. In the
rest of this section, assume that w(x, u) =0 for all (x, u). We claim that in this case

(6.1) N =(ker (Q—STR™'S)|A-BR'S)N X" (A—BR'S).

First we claim that ker K~ is (A— BR™'S)-invariant. Indeed, if w=0 then Q-
STR™'S=0. Also it is straightforward to verify that

(62) (A-BR'S)'K +K (A—BR'S)+Q-S"R'S—K BR 'B"K =0.

Let x,€ ker K. Then from (6.2), x, (Q — S"R™'S)x,=0,and hence (Q —S"R'S)x,=0.
Thus, again from (6.2), K (A—BR'S)x,=0 so (A— BR'S)x,eker K. It follows
that (ker K |A—BR'S)=ker K~. Now, by using the interpretation of K~ as the
optimal cost for a fixed-endpoint LQ problem in “reversed time” (see [21, Thm. 7])
it can be proved that

ker K~ =(ker (Q—S'R™'S)|A—BR'S)
N(X"(A-BR'S)®X°(A—BR™'S)).

Thus (6.1) follows immediately from (5.2). We have now shown that if @ =0, then K/
is in fact supported by the undetectable subspace of the pair (Q—S"R™'S, A— BR™'S)
with respect to C~UC°. (See also [3, Thm. 1].) By applying Theorem 6.1(i) we may
then conclude that K; = K" if and only if (Q—S"R™'S, A— BR™'S) is detectable with
respect to C~ U C° (see also [12, Cor., p. 356]).

Finally, we will re-establish the well-known fact that o(A;)< C~ if and only if
(Q—S"R7'S, A—BR™'S) is detectable with respect to C~ (see [6], [20], and [12]).
Assume that o = 0. We claim that if (K, A— BR™'S) is detectable with respect to C~
then A> 0. Indeed, if (K, A— BR™'S) is detectable with respect to C~ then (K, A7)
is detectable with respect to C~. The latter is equivalent to

(6.4) (ker K |[ADHYN(XT(A)®X(A7))=0.

By Theorem 3.1, X°(A~) =ker A. Also, since w =0, ker Ac ker K. Hence, by (6.4),
ker A+ ({ker K" |A"YNX"(A7))=0, whence kerA=0. It follows that A>0. We
may now conclude from Theorem 6.1(ii) that o(A;)< C™ if and only if the pair (K,
A—BR7'S) is detectable with respect to C~. From the fact that ker K~ is (A—
BR'S)-invariant and from (6.3), the latter condition is, however, equivalent to the
statement that the pair (Q—S"R™'S, A— BR'S) is detectable with respect to C".

(6.3)

7. Concluding remarks. In this paper we have studied just one of the many open
basic questions that still exist in the context of linear quadratic optimal control. To
name but a few of these open problems, we mention, for example, the question about
the relationship between the finite-horizon free-endpoint problem and the infinite-
horizon free-endpoint problem. It is well known that if the cost functional is positive
semidefinite, then the finite-horizon optimal cost converges to the infinite-horizon
optimal cost [1], [2], [9]. It would be interesting to investigate whether this is also
true for the indefinite case. Another open problem is the singular LQ problem with
indefinite cost functional, that is, the problem studied here without the assumption
that R is positive definite. Recently [19] this problem was treated for the case that the
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cost-functional is positive semidefinite. However, for both the free-endpoint case as
well as the fixed-endpoint case, the indefinite version of this problem still remains to
be solved.

Acknowledgments. I thank Dr. Jacob van der Woude and Professor Malo Hautus
for some very useful discussions while the research leading to this paper was carried out.
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SUBSPACE INVARIANCE OF BROYDEN’S #-CLASS AND ITS
APPLICATION TO NONLINEAR CONSTRAINED OPTIMIZATION*

RODRIGO FONTECILLAY

Abstract. Broyden’s 6-class of updating formulae has the following property. If the current approxima-
tion matrix is symmetric and positive definite, then the updated matrix maintains those same properties
under certain conditions. It is shown that if the current approximation matrix is symmetric and positive
definite on a subspace of R", then the updated matrix is symmetric and positive definite along the same
subspace. An application of this result to the implementation of a quasi-Newton method for solving nonlinear
constrained optimization problems is presented.

Key words. unconstrained minimization, constrained minimization, quasi-Newton methods, Broyden’s
0-class

AMS(MOS) subject classifications. 65K05, 65K10

1. Introduction. Consider the unconstrained minimization problem

(1.1) minig}izef(x),

with solution x,, for a twice continuously differentiable function f: R" - R with gradient
Vf(x) and Hessian V>f(x). This problem is often solved by a class of quasi-Newton
methods that generate points {x} and n X n matrices {B} such that

(1.2) x.=x—ad, d =B 'Vf(x).

The stepsize a >0 is chosen such that f(x,) <f(x). In order to ensure that —d is a
descent direction for f at x, we require that all B be symmetric and positive definite.
In addition, we ask that the secant equation

(1.3) B,s=y
be satisfied, where
1.4) s=x,—x and y=Vf(x,)-Vf(x).

A general class of methods for computing a symmetric, positive definite B,
satisfying (1.3) from a symmetric and positive definite B is Broyden’s bounded 6-class
of methods, which is given by an update formula depending on a constant # which
may even vary throughout the process. The matrices B approximating the Hessian
V*f(x,) are given by

B TB T
(1.5a) B.=U(s,y,B,0)=B— sTs +“—v—};—-+ oww,
s Bs
with
—— ¥ Bs
(1.5b) w=+/s"Bs [EMSTBS].

Any U(s, y, B, 8) with 6€[0, 1] belongs to the ‘“convex hull” of the differentiable
function problem (DFP) and BFGS formulae, which are obtained as special cases,
namely, 6 =1 for the DFP, and #=0 for the BFGS. Standard conditions are the

* Received by the editors July 21, 1986; accepted for publication (in revised form) April 4, 1988.
T Department of Computer Science and Institute for Advanced Computer Studies, University of
Maryland, College Park, Maryland 20742.
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following:
(A1) The functional fe C*(D), with D an open convex subset of R".

(A2) The point x,, is in D, and is a local minimizer of f with Vf(x,) =0 and V2f(xy)
positive definite.

(A3) The Hessian V>f(x) is Lipschitz continuous on D.

It has been shown [2], [3], [10] that under conditions (A1)-(A3), for any x,€ D
sufficiently close to x,, and any positive definite matrix B, close to V’f(x,), these
methods generate a sequence of points {x,} and positive definite matrices { B} with

(1.6) sup || Byl <o, sup || By '|| <o,

(1.7) fim P =%l o Ly
koo [ x = Xy |

This means that the sequence {x,} converges g-superlinearly to x,.. This convergence
result rests heavily on the fact that if B is positive definite and s’y >0, then B, is also
positive definite. However, this property does not necessarily hold if B is positive
definite only on a subspace of R". Such a situation arises in solving nonlinear constrained
optimization problems; that is, the Hessian we approximate is symmetric and positive
definite only on a subspace of R". Since the Hessian is known to have such properties,
we want to maintain the same properties for the approximating matrices B. We shall
give conditions to guarantee that the matrices B are positive definite on a subspace
of R".

We present our work in the following fashion. In § 2, we present our main result.
We prove that methods in Broyden’s bounded 6-class satisfy the following property.
If the current approximation matrix B is positive definite in the current subspace
SeR", if the step s is in S, and if y"s>0, then the updated matrix B, is positive
definite in S. In § 3, we show that the matrices B still satisfy a bounded deterioration
relation. In § 4, we apply this result to solving nonlinear constrained optimization
problems with some numerical experiments on a set of 10 test problems.

2. Hereditary positive definiteness. In this section we show that if the matrix B is
positive definite on a subspace S of R", and if s€ S and y"s>0, then B, generated
by (1.5) is positive definite in S, even when y, s are not necessarily given by (1.4).

In the following, we want the subspace S(x) and the n x m full rank matrix N(x)
to be related by

(2.1) S(x)={yeR": N(x)y =0},

(2.2) S(x)*={N(x)z: ze R™}.

Thus, the orthogonal projection onto S(x) is given by

(2.3) P(x)=I-N@)[Nx)"Nx)]'N(x)"

In the following, to ease the notation, arguments for S, N, and P will be deleted, so
S(x), N(x), and P(x) become S, N, and P, respectively.

LEMMA 2.1. Let A be an n x n symmetric matrix. Then A is positive definite on S
if and only if PAP+ NN is positive definite on all of R". Moreover, if A is positive
definite on S, then the matrix PA+ NN is nonsingular.
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Proof. (i) Let A be a positive definite matrix on S, and let xe R", x #0. Then
x=y+w for some ye S and w= N, ze S*. At least one of w and y must be nonzero.
Since Py =y, Pw=0, and N"y =0, we get

x"(PAP+ NN )x=y"Ay+|[N"w|3=y Ay +||N"Nz|3.

Thus, the right-hand side is strictly positive unless y =0 and z =0, but if y =0 then
w#0, so z#0. It follows that PAP+ NN is positive definite.
(ii) Now let PAP+ NN be positive definite and x € S, x # 0; then

x"TAx=x"(PAP+ NN")x>0,

so A is positive definite on S.
To prove the second part, suppose that x € R", x # 0, and

(PA+NNT)x=0.

Then PAx=—NN'x, and since PAxe S, this implies that NN"'x =0 and PAx =0.
Hence, N'x=0, so xe S and Px=x. But PAx=0, so 0=x"(PAx)=x'Ax, which
implies that A is not positive definite on S. 0

LEMMA 2.2. Let A be an n X n symmetric matrix and positive definite along S. Then,
there exists a positive constant ¢ such that the matrix A+ cNNT is positive definite for
all c>¢.

Proof. The proof can be found in [1, Lemma 1.25]. 0

The following result relies heavily on the hereditary positive definite property of
the methods (1.5a) and (1.5b).

THEOREM 2.3. Let the matrix Be R"™" and vectors y, s be such that B is symmetric
and positive definite on a subspace S of R", y's>0, and s€ S. Then, the matrix B,
generated by the update formula (1.5) is well defined and is symmetric and positive definite
on S.

Proof. If we multiply both sides of (1.5) by P, and since s € S, we get

(2.4) PB.P=U(s, Py, PBP, 6),
(2.5) PB,P+NNT=U(s, Py, PBP+ NN, 6).

Since PBP+ NN is positive definite and s (Py) = s "y >0, we have that PB,P+ NN "
is positive definite, and from Lemma 2.1 we get that B, is positive definite on S. 0O

3. Preserving bounded deterioration. In this section we show that the matrices B
generated by the update formula (1.5) preserve a bounded deterioration property even
when they are not positive definite. This result is fundamental to proving any local
convergence result related to the use of these matrices and the update formula (1.5)
(see [2] and [3]).

It is necessary to exhibit a bounded deterioration property for the matrices B in
order to show that these matrices, which are approximating a Hessian although they
do not converge to it, tend not to go too far away from it. In other words, the
approximation to the Hessian deteriorates, but in a bounded fashion.

For the remainder of this section let x,, be a point in R" and let H(x,)= H, be
a symmetric matrix that is positive definite along S(x,)=S,. Let o be defined by

o =max {||x+s—x.], |x = x|}

Hereafter, we will assume that y and s are nonzero vectors. To be able to use Theorem
2.3 we need conditions that will ensure y’s > 0. The following result shows when this
is possible.
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THEOREM 3.1. Assume o, the vectors y and s, and the matrices N and H, satisfy

Iy = Hys|l
sl
(3.2) INyN4—NN"| = 0(0),

(3.1) =0(0o),

and s € S. Then there exists a positive constant € such that if o<, then y s> 0.
Proof. Since H, is positive definite along S, from Lemma 2.2 there exists a positive
constant ¢ such that the matrix H, +cN, N is positive definite for all ¢> ¢ Consider

M™7?=H,+cN,Ny forc>é
If se S then N's=0, so
IMy—M""s|=|M]||ly - Ms||
(3.3) =|M|[[lly - Hysll+c| Ny N = NNT|||s]]]
=0(0)|M™'s|.
Consider
yTs=(My)T (M 's)=(My—M""'s)T (M 's)+ (M 's)T(M's).
Taking norms and using the Cauchy-Schwartz inequality, we get

-1 T, -1
| My 5\1’1 sl ys 2§1+”My _1‘14 s
[M~s|] IM~'s]| 1M~
Hence, by using (3.3) we can now choose ¢ sufficiently small and obtain our desired
result. 0
In general, it is not difficult to satisfy (3.1) or (3.2). It is usually true that N(x)
is twice continuously differentiable and therefore (3.2) holds.

The following is a technical lemma used later in the section.
LeEmMMA 3.2. Let the matrices B' and B, be defined by

B'=U(z,z,B,0) and B,=U(zy, B, 9),

and assume the vectors y and z satisfy z' Bz #0 and

1-

(3.4) ly=zll 0(v).
Izl

Then there exists € >0 such that if o=,
(3.5) | B+ =Bl =[|B]+0O(1)]O(0).
Proof. Consider
yz=(y—2)"z+z"z
Taking norms and using the Cauchy-Schwartz inequality, we obtain

_ly=zl_ yTzzéHlly-ZII
Iz~ =l Il

We now choose ¢ sufficiently small so that (3.4) implies

1

T
Y IZZ§1+O(0)

1-0(o)= 2]
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and y"z>0. We can restrict ¢ further so that }=1— O(o) and therefore y 'z = ||z||*/2.
Now consider

B.—B'=E,+0(E,+E;)+6z"BzE,,

where
o
1— T T e
y'z z'z
y Z
E2=[ TZ“;};](B )7
ny ZZT

3=

(y7z)? (z72)*
Rewrite E, as

_ T+ RN b _ T,
o202 =) +er[ (z=y)z ]
y'z (y'z)(z 2)
Recall that y"z= || z||°/2 and that (3.4) yields ||| =(1+ O(0))||z||. Taking norms, and
using the triangle inequality and (3.4), we obtain

Iyl ly=z0, ,ly=z|

IEl-=2""
A ERN 1l

=0(o).

By a similar argument we obtain
ly=z|
Ilz]1*

|27B2| | Esl = 12 B ”" ‘””I—ano< )

IE:ll s =4~ —5" | Bz = | B]| O(0),

Therefore, we get
B+ —B'| = O(c)+26| B| O(c) + 6|| B O(c)

which yields (3.5). 0
The following result was given by Griewank and Toint [7] for the positive definite
case. We now show that the matrices B still satisfy a bounded deterioration relation.
THEOREM 3.3. Let the assumptions of Theorem 3.1 hold and the matrix B be
symmetric and positive definite on S. Then there exist ¢ >0 such that if o = ¢, the matrix
B.. given by (1.5) satisfies

(3.6) B+ — Hyllm =[1+O0(0)]|| B~ Hyllm + O(0),

with ||Q|lm = || MQM || ¢ and M as defined in the proof of Theorem 3.1.

Proof. First note that using Theorem 3.1 we can choose ¢ sufficiently small so
that y"s > 0. Thus, by Theorem 2.3 we obtain that B, is positive definite on S. Since
H, is positive definite on S, there exists a positive constant ¢, such that H, + ¢, N, N
is positive definite; since the matrices B, and B are positive definite on S, there exist
positive constants ¢, and ¢, such that B+ ¢, NN and B, + ¢; NN are positive definite.
Now choose ¢ =max {c,, ¢,, ¢;}, define M as in Theorem 3.1, i.e.,

M7?=H,+cN,Ni=Hj,
and consider the positive definite matrices
(3.7) B.,=B+cNN" and B=B.+cNN'.
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Since s € S, we have
ly=M7s|=|y—Hys—c(N Ni—NNT)s].
The triangle inequality, (3.1), and (3.2) yield
(3.8) M* O(o),
izl
with z=M 5. Let B be given by (1.5) with z instead of y:
§= U(s’ z’ B} 0)’

and let B.= B+ cNN" = U(s, z, B., 9).
For any nonsingular symmetric matrix M, (1.5) yields

(3.9) MB'M = U(M's, Mz, MB.M, 8) = U(M's, M"'s, MB.M, 6),
(3.10) MBSM = U(M™'s, My, MB.M, 9).

Now use Lemma 3.2 with M ~'s, My, MB.M, and MB,M in place of z, y, B', and B,
respectively. Note that (3.4) holds because of (3.8) and (M 's)" (MB.M)(M's)#0
because s € S. Thus, using Lemma 3.2 and further restricting ¢ if necessary, we obtain

IMBSM — MB,M||;-=[|| MB.M | - + O(1)10(o)
=[IMB.M = I|| -+ O(1)]0(o).
Therefore, we have
(3.11) IBS = Billm =[|| B. — Hyllm + O(1)]O(0).

When we use the fact that ||Q|:=tr (Q"Q) and z= M s a tedious but elementary
calculation using (3.9) yields

IB.=HillM =B~ Hill\
=|MB.M I~ ||MB.M - I|%

s"B.M*B.s\> s"B.M*B.M?B,s (s B.M’B.s\>
=—(1-0){(1-——) +2 . - ~
s B.s K »B‘.s s'B.s

o {(1 sT.BL.s>2+20 [STB‘.MzB(,s_ <sTBL.s>2]}
s's sTs sTs
—o(1-0) {<STB(.MZBCS)2_ <sTB(.s)2}
s"B.s sTs )

Now, using the Schwartz inequality, we can easily show that all three brackets are
nonnegative and since 6 €[0, 1] we get
(3.12) | B~ Hll = 1B~ Hilw-
Now (3.11), (3.12), and the triangle inequality give
IBS = Hillm = | BS = Bellm + | Be— Hllu
(3.13) =[|B.— Hillm + O(1)]O(o) +||B. — Hillm
=[1+0(a)]|B.— Hillm + O(0).

Finally, using (3.7), (3.2), and the triangle inequality, we obtain our desired result
(3.6). 0
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4. An application to nonlinear constrained optimization. Consider the following
nonlinear constrained optimization problem (NLCOP):
minimize f(x)
(4.1) ]
subjectto gi(x)=0, i=1,--- m,

where f and g; are functionals defined on an open convex subset D of R”", twice
continuously differentiable with second derivatives that are Lipschitz continuous in a
neighborhood of the solution x,. The solution of (4.1) is based on the use of the
Lagrangian function defined as

(4.2) 10x, 1) = f(x)+g(x)"A,

with g =(g.," -+, &) and A € R™ being the Lagrange multipliers. The second-order
sufficiency conditions state that if x, is a regular point (i.e., Vg(x,) full rank), with
g(x,) =0 and Lagrange multipliers A, such that V,I(x,, A,) =0 and for all ze R" with
Vgiz=0, z'Vil(x,, A,)z>0, then x, is a minimizer of (4.1).

Hence, our problem can be restated as follows. Find (x,, A, ) suchthat VI(x,, A,) =
0 with the Hessian V3I(x,, A,) being positive definite on a subspace of R" given by

(4.3) S(xy)=S,={zeR": Vg(x,)z=0}

A method initially proposed by Tapia [11] and more recently studied by Fontecilla
[5] is based on solution of the following nonlinear problem;

(4.4) h(x) = P(x)Vf(x)+Vg(x)g(x)=0,

with P(x)=1I-Vg(x)[Vg(x)"Vg(x)]"'Vg(x)". It is easily seen that h(x,)=0 if and
only if VI(x,, A,) =0with A, =—(VgiVg,) 'VgiVf,. The Jacobian of h at the solution
X, i8 PR Vil(xy, Ay)+Vg,Vgy, which by Lemma 2.1 is nonsingular. We define a
Newton-like method for solving (4.4) as follows.

ALGORITHM 4.5.
Step 1. Given Xx,
(4.5a) Step 2. Set Ay =—(Vg{Vg) 'VgiVf
(4.5b)  Step 3. Solve [P.VII(xi, Axs1) + V2 VgL s =—hy
(4.5¢) Step 4. Set Xj., = X, + 5,
Step 5. Set k =k+1. Go to Step 2.

If second-order information is unavailable or too expensive to evaluate, the Hessian
H,=V3l(x,,A,) can be approximated using matrices generated with the update
formula (1.5). The algorithm follows.

ALGORITHM 4.6.
Step 1. Given x,, B,
(4.6a) Step 2. Set Ay =—(VgiVeg) 'VeiVfi
(4.6b)  Step 3. Solve (PB,+Vg,Vgr)s.=—(P.Vf+Vgig)
(4.6¢) Step 4. Set w, = P.si
(4.6d) Step 5. Set yi = V. I(xi + Wi, i) = Vil (X, Arrr)
(4.6e) Step 6. Set By, = U(wy, yi, By, 0;)
(4.6f) Step 7. Set x4 = X+ Si
Step 8. Set k= k+1. Go to Step 2.
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Note that if B, is positive definite on S, the linear system (4.6b) has a unique
solution. Further, note that the step used to update the matrices By is wy € S, and that
s, is the step taken from x, to get x,.,. In [6] we showed that Algorithm 4.6 generates
a sequence {x,} converging to x, two-step g-superlinearly.

Algorithm 4.6 with the BFGS update in (4.6¢) was run on a set of 10 test problems.
The program was written using MATLAB, an interactive computer program for linear
algebra computations developed by Cleve Moler. The double-precision version of
MATLAB was run on a VAX 11/780 running UNIX™/4.2. The test problems were
taken from Hock and Schittkowski [8] and Nocedal and Overton [9]. On all of them,
the Hessian of the Lagrangian (V2I(x,, A,)) is not positive definite.

We were interested in studying the behavior of the eigenvalues of the matrices B
and P,B.P,+Vg,Vgi at each iteration, and comparing them with the eigenvalues of
the matrices H, =V3l(x,,A,) and P,H,P,+Vg, Vgl respectively. We ran the test
problems with two different initial matrices B,. We first tried a finite-difference (FD)
approximation of V2I(x,, Ao) Wwith a stepsize h;=max (107%,107°|x{§”|) for the jth
column and where x{’ is the jth component of x,. We then checked that B, was
positive definite along S, by verifying that the eigenvalues of PyByP,+Vg,Vgs were
all positive. The second choice for B, was the identity.

We stopped the algorithm when ||h(x,)| = || P.Vfi + Vgig« || and when | g, || became
less than 107, We also stopped if either the maximum number of iterations (50) was
reached or the condition number of P,B,+Vg, Vg, became greater than 10°.

The results are summarized in Tables 1.1 and 1.2 for B,= FD[V2I(x,, )] and
in Tables 2.1 and 2.2 for B,= I The first row of the tables gives the triplet (TP, n, m)
where TP is the number of the test problem as given in Hock and Schittkowski [8]; if
TP is P1 or P2 they correspond to those given by Nocedal and Overton [9]. The number
of variables is n, and m is the number of constraints. The first column in Table 1.1 is
read as follows:

eig (H,) the eigenvalues of H,;

eig (P H,) the eigenvalues of P,H,P,+Vg, Vg,

eig (By) the eigenvalues of By,

eig (PyB,)  the eigenvalues of P,B,Py+Vg,Vgq;

eig (By) the eigenvalues of B, at the last iteration;

eig (P By) the eigenvalues of P.B,P,+Vg.Vgr at the last iteration.

The results in the tables are given as follows. We give a triplet (neg, zero, pos),

TABLE 1.1
B, using finite differences.
(TP, n, m) (6,2,1) (26,3,1) (39,4,2) (46,5,2) (47,5,3)
eig (H,) 0,1,1) 0,2, 1) 0,1,3) 0,1,4) 0,1,4)
eig (P, H,) (0,0,2) 0,1,2) (0,0,4) (0,0, 5) (0,0, 5)
eig (Bo) 0,1, 1) (0,2,1) (0,1,3) 0,1,4) (0,0,5)
eig (PyB,) 0,0,2) 0,1,2) (0,0, 4) (0,0, 5) (0,0, 5)
eig (By) 0,1,1) * 0,1,3) (0,1,4) (0,0, 5)
eig (P.B,) (0,0,2) * (0,0,4) 0,0,5) (0,0,5)
id 0.9899 0.4379 0.3873 0.4472 0.2236
fh 1.5x1077 * 42x1077 3.8x1078 13x1078
fg 6.9x107° * 3x1071° 2.7x10713 1.5%x10712
iter 7 * 12 6 5

* No convergence. P, H, P, +Vg, Vgl singular to machine precision.
& * g Dy *¥ 8%
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TABLE 1.2
B, using finite differences.
(TP, n, m) (56,7,4) (78,5, 3) (104, 8, 4) (P1,2,1) (P2,3,2)
eig (H,) (2,0,5) (1,0,4) (2,0,6) (1,0, 1) (2,0,1)
eig (P H,) (0,0,7) (0,0,5) (0,0,8) (0,0,2) (0,0,3)
eig (B,) (2,0,5) (1,0,4) (2,0,6) (1,0, 1) (2,0, 1)
eig (PyBo) (0,0,7) (0,0,5) (0,0,8) (0,0,2) (0,0,3)
eig (By) (2,0,5) (1,0,4) (2,0,6) (1,0, 1) (2,0, 1)
eig (PyBy) (0,0,7) (0,0,5) (0,0,8) 0,0,2) (0,0, 3)
id 1.1736 0.3965 0.1439 0.24 0.7533
fth 4.4%x1077 6.2x1071° 6.3x1077 4.5%x1077 7.1x107!
fg 8x107% 43x107" 2.4%x107° 23%x1078 7x107"2
iter 10 6 6 5 5
TABLE 2.1
By, using the identity.
(TP, n, m) (6,2,1) (26,3,1) (39,4,2) (46,5,2) (47,5,3)
eig (Bo) 0,0,2) (0,0,3) (0,0,4) (0,0,5) 0,0,5)
eig (PyBy) (0,0,2) (0,0,3) (0,0,4) (0,0,5) (0,0,5)
eig (By) (0,0,2) (0,0,3) (0,0,4) (0,0,5) (0,0,5)
eig (PyBy) (0,0,2) (0,0,2) (0,0,4) (0,0,5) 0,0,5)
fh 1.5x1078 8.9x1077 58x107% 2.4x1078 1.3%1077
fg 6.8x107"! 1.4%x1077 1.3x107 ! 1.7x10713 1.9%10712
iter 7 20 10 10 7
TABLE 2.2
By, using the identity.
(TP, n, m) (56,7, 4) (78,5,3) (104, 8, 4) (P1,2,1) (P2,3,2)
eig (Bo) 0,0,7) (0,0,5) (0,0,8) (0,0,2) (0,0,3)
eig (PyBo) (0,0,7) (0,0,5) (0,0,8) (0,0,2) (0,0,3)
eig (By) (0,0,7) (0,0,5) (0,0,8) (0,0,2) (0,0,3)
eig (PBy) (0,0,7) (0,0,5) (0,0,8) (0,0,2) (0,0,3)
fh 1.7x1077 8.4x1071° 4.6x1077 13x1078 7.4x107"
fg 7.4%x1077 5x10713 6.6x107! 1.1x1071° 2x10712
iter 12 6 12 7 5

meaning the number of negative, zero, and positive eigenvalues of the corresponding
matrix. For instance, if the eigenvalues of H,, are (2,1,0, —1, =3, —4), then in the row
corresponding to eig (H,) we will have the triplet (3, 1, 2). An eigenvalue is set to zero
if it is less than 107'° in absolute value.

The last four rows in Table 1.1 are used to give more information about the

performance of the algorithm:

id  distance from x, to x,;

fh  the final value of || h(x)||;
fg  the final value of | g(x:)];
iter the number of iterations.
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The eigenvalues of the matrices P,B, P, +Vg,Vg/ are given to check the positive
definiteness of B, along the subspace S;. Let us now comment on the results. The
finite difference approximation maintains the same structure on the eigenvalues. Noth-
ing extra was needed for B, to be positive definite along S,. The eigenvalues of B
and P,B, P, + Vg, Vg, for all k, although not given here, were computed and no changes
were reported. The eigenvalue structure remained the same during the process, as was
expected due to the results of §§ 2 and 3.

Test problem 26 is interesting in itself. It is the only one for which the method
failed to converge. The reason is that the Hessian H,, is not positive definite along S,
numerically; that is, one of the eigenvalues of the matrix P, H, P, +Vg, Vg is 0.7x
107", The finite difference approximation P,B,P,+Vg,Vg, shows this eigenvalue to
be 3.8x107"3, and therefore the method diverges.

In test problem 47 (Table 1.1), B, is positive definite and so are the remainder of
the B,. However, we still have convergence even though the Hessian H, that the B,
is approximating is only positive definite on S,.

Tables 2.1 and 2.2 indicate that the method is quite robust with respect to the
initial guess B,. In fact, we even have convergence for test problem 26. We think this
is partly because the matrices B, remain positive definite throughout the process
although H_ is positive definite only on S,. This is predictable, since yawe >0 for all
k and B, is positive definite.

Acknowledgments. The author thanks J. E. Dennis for the fruitful discussion that
led to Theorem 2.3, and Jorge Moré for his helpful comments that led to Lemma 3.2
and made the paper more readable.
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LOCAL TIME-OPTIMAL FEEDBACK CONTROL
OF STRICTLY NORMAL TWO-INPUT LINEAR SYSTEMS*

L. DAVID MEEKERfY

Abstract. This paper introduces a new technique for the analysis of time-optimal control of linear
systems. A family of easily calculated invariants is developed and, for an important class of two-input
systems, is shown to provide a complete description of the time-optimal flow near the origin. The two
switching surfaces are described analytically and qualitatively in topological terms. The time-optimal feedback
function is defined and analyzed with respect to its complexity and sensitivity to errors in state variable
measurement. The results lead to the first explicit construction of a local regular synthesis for multi-input
systems of arbitrary order.

Key words. time-optimal feedback, closed-loop, stability
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1. Introduction. This paper is concerned with the description, synthesis, and
classification of time-optimal control systems that can be modeled by equations of the
following form:

(1.1a) %= Ax+Bu,
(1.1b) xeR", ue ¢"={ueR"|ul=1,i=1,2,---,r},
(1.1¢) B=[b',---,b"], b'eR", rank(B)=r.

Time-optimal control has been the subject of considerable research effort during
the past 25 years. As a result of these investigations the optimal control functions have
been identified and shown to be conceptually simple—piecewise constant with each
control component either +1 or —1—with switching surfaces Q,, - - -, Q, (Q; is the
set of points of R" where the ith control component changes sign) shown to be
homeomorphic to a relatively open convex subset of an (n —1)-dimensional hyperplane
and to divide the controllable set K (the set of points of R" controllable to 0) into two
relatively open sets corresponding to the two values u; =1 and u; = —1 (thus showing
that K\{; is the union of two disjoint components) [25].

These results provide an essentially complete qualitative picture of the time-optimal
flow (the time-optimal trajectories) in the case of scalar control (when r =1). However,
this is far from the case for multidimensional controls (#>1). The presence of two,
or more, control dimensions greatly complicates the problem. In this instance several
interesting and important questions arise:

(1) How do the switching surfaces interact? What is ;N Q; topologically?

(2) Can Q,;=Q; if i#j?

(3) What is the topological structure of 2=U;?

(4) How complicated or how simple can the piecewise constant optimal feedback
function be? That is, how many “pieces” can there be, or “what is the
connectivity of K\Q?

(5) How sensitive is the time-optimal feedback function to measurement errors
or time lags in the feedback loop? In particular, is the time-optimal feedback
control system stable with respect to measurement as defined by Hermes [12]?

(6) How are the answers to these questions encoded in the two matrices A and B?

* Received by the editors September 19, 1979; accepted for publication (in revised form) April 5, 1988.
1 Department of Mathematics, University of New Hampshire, Durham, New Hampshire 03824.
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In general, the answers to these questions are unknown. With > 1 only the case
n=r=2is fully understood [3], [4]. Other investigations have been directed toward
the local analogues of the questions. That is, procedures for the analysis of the
time-optimal flow on K(T), the T-controllable set composed of those points of R"
controllable to 0 in time T, in terms of the corresponding relativized switching surfaces
Q(T)=Q,NK(T), i=1,---,r,and Q(T)=QNK(T), for sufficiently small T [9],
[17]1-[19], [21], [22], [26], [27], and [29]. The answers to the local versions of questions
(1)-(6) for the minimally controllable systems (a generic class discussed in § 2 herein)
appear in [20] and [21] for the case n =3, r=2, and all but question (5) are answered
for the n=4, r=2 case in [22]. The general n, r case is discussed in a preliminary
fashion in [19]. In this paper the answers to the local versions of questions (1)-(4)
and (6) are answered for the class of strictly normal systems (see [9], [29], and § 2
herein) for systems with arbitrary n and r = 2. Sufficient conditions for measurement
stability (H-stability) are also developed for this class of systems.

The analysis and description of the time-optimal flow for these systems is simplified
by the introduction of two mathematical structures that as yet have not become familiar
in control theory literature. The first of these, the theory of cell complexes or, more
properly, the theory of CW-complexes (see [16]) is necessary to describe the collection
of points in K(T) controlled to 0 by all control functions having the same specific
sequence of control values. Below we show that K(T) can be decomposed into a
collection of well-defined cell complexes each associated with known switching sequen-
ces. The description and analysis of the time-optimal flow on each component cell
complex are facilitated by the concepts and results of the theory of semidynamical
systems (see [1]) whose characterization of attracting and invariant sets is critical to
the results that follow. The following discussion of the known results for the cases
n=2 and 3, r=2 is intended to illustrate the value of these two mathematical systems
for the study and description of time-optimal or, more generally, bang-bang control
systems.

In the well-known case where n = r =2 the time-optimal flow on K(T) occurs, for
sufficiently small T, in only the two distinct forms shown in Fig. 1. The relative structure
of the switching curves Q,(T) and £,(T) is very different in the two cases. For systems
of the type shown in Fig. 1(a), such as

1 0
5= [0 1]’

0 -
S
1 0

the two curves intersect only at 0, while for systems of the type shown in Fig. 1(b),

such as
0 1 1 0
A: =
[1 0]’ [0 1]’

the two curves coincide and Q,(T) =Q,(T) =Q(T). K(T)\Q(T) has four components
for systems such as those of Fig. 1(a) but only two components for those of Fig. 1(b).

The time-optimal trajectories can be described on the component ABOA of Fig.
1(a) by “use control u' until you reach curve BO, then switch to u” and use it until
arrival at 0” (assuming the proper “naming” of the control vectors). This sequence
“u' switch to u*” defines what we will call an optimal control (switching) policy
p = <u', u®), or, when there is no chance of confusion, simply p= {1, 2). The component
ABOA is composed of those points of K(T) controlled to 0 by control functions
following the policy {1, 2) and is, accordingly, denoted by D{1,2). If we define the
other two vertices of the control domain %> by u’=—u' and u*=—w’ the other
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QM =0, (M

FIG. 1. The two possible types of time-optimal flow near 0 for n=r=2.

components of K(T) in Fig. 1(a), BCOB, CDOC, and DAOD, are associated with the
control policies {2,3), {3,4), and {4,1) and denoted by D{2,3), D(3,4), and
D(4, 1), respectively. Similarly, K(T) of Fig. 1(b) can be described as the union of
the four components D{1, 2), D{3,2), D{3, 4>, and D(1, 4).

Each set D{i, j) is homeomorphic to the standard 2-cell o = {se R*: 0=s,=s5,= T}
(this is discussed in detail in § 4). For example, D1, 2) is the image of o under the map

(1.2) X(s;, 8,) = —[(u1 —u?) in e A" Bdr+u? jsz e B d’r:l

0 0

and is, therefore, a 2-cell (see [16]) composed of its interior open 2-cell and its three
boundary 1-cells—the two constant control trajectories D{1) and D{2) (AO and BO)
and the portion of the boundary T-isochrone (AB). Thus for each system type, as in
Figs. 1(a) and 1(b), K(T) can be described as a cell complex consisting of the union
(actually, in the language of CW-complexes, cellular adjunction) of four 2-cells each
associated with a unique time-optimal switching policy (switching sequence). This is
an example of the cellular decomposition proved for the general strictly normal system
in § 6. However, we shall see that for general n, the maps corresponding to (1.2) of
the standard n-cell into K(T) need not be injective except on the interior of the standard
cell—certain boundary cells may coalesce or “lose dimension” under some maps. In
such cases it is necessary to consider K(T) as a CW-complex rather than simply a cell
complex.

The difference in the time-optimal flow pattern and the switching curve structure
in Figs. 1(a) and 1(b) can be described by noting that the time-optimal trajectories
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define a local semidynamical system on K(T)\{0} (a semidynamical system is a general-
ized dynamical system that permits intersecting trajectories; a local semidynamical
system is a semidynamical system that has a finite escape time—provided, in this
instance, by the optimal response time—for each point of the state space; see [1]).

The switching curve BO (or D{2)) of ABOA (or D{1,2)) is the image of the
1-cell {(0, s,): 0< s, = T} of o under (1.2) and is an attracting set of the flow while the
curve AO (or D{1)), the image of the 1-cell {(s,, 5,): 0<s,= T} under (1.2), is an
invariant set of the flow. Note that D{2) is an attracting set of D{1, 2), but an invariant
set of the adjoining cell D<2, 3). Indeed, the difference in the time-optimal flows of
the two system types stems precisely from the fact that in systems such as those in Fig.
1(a), attracting cells always adjoin invariant cells and vice versa, while in systems such
as those in Fig. 1(b), attracting cells always adjoin attracting cells and invariant cells
always adjoin invariant cells. The structure theorem of § 9 extends these results to the
general system (1.1) with r=2.

As a consequence of the difference in their optimal flow patterns, the character
of the time-optimal feedback function differs substantially between the two system
types. In Fig. 1(b) the value it assumes on the switching curves OB and OD differ
from the values assumed on either side of the curves. Obviously, implementation of
such a closed-loop system would require infinitely precise measurement of the state
variables, since the curves are sets of planar measure zero. On the other hand, the
feedback function of systems of the type in Fig. 1(a) are much more tolerant of
measurement errors, since small errors in state measurement yield either the correct
control or a control value that drives the system across the switching curve and, thereby,
increases the probability of determining the proper control. In § 7, where such matters
are fully discussed, the feedback function of a system of the type in Fig. 1(a) is said
to be realizable, while that of a system of the type in Fig. 1(b) is nonrealizable on the
curve BOD.

As is to be expected, the closed-loop time-optimal systems of the two types differ
in their response to measurement errors or time-lags in the control loop. As shown in
Fig. 2(a) the realizable feedback control leads to a (small) “overshoot” in the trajectory,
while in Fig. 2(b) the nonrealizable controller leads to “chatter” or a “‘sliding” motion
back and forth across the time-optimal trajectory.

The system of Fig. 1(a) is dactually “stable with respect to measurement’” or H-stable
in the sense of Hermes [12]. This concept will be discussed in § 11 herein.

Time-optimal control for the case n=3, r=2 is less well known. As shown in
[20], strictly normal systems (to be defined below) occur in precisely three canonical
and topologically distinct forms. Figure 3 provides sketches of typical switching surface
structures (near the target point 0) for each possible type.

In every case the switching surfaces ©,(7T) and ©,(T) are composed of four
two-dimensional cells. In Fig. 3(a) the surfaces have no 2-cell in common and intersect
only in the 1-cells corresponding to constant control trajectories. This leads to the most
complex structure with K(T)\Q(T) consisting of six disjoint components (i.e., having
connectivity equal to 6). It happens that for such systems the time-optimal feedback
function is realizable on K(T) for sufficiently small T.

In Fig. 3(b), ©,(T) and Q,(T) contain two 2-cells in common. As a result
K(T)\Q(T) has connectivity equal to 4, and the feedback function is nonrealizable
on the two common 2-cells where the closed-loop time-optimal system is “‘chatter-
prone.”

In the last case, Fig. 3(c), the two switching surfaces coincide and K(T)\Q(T)
has connectivity equal to 2. This situation is the three-dimensional analogue of the
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(b)

FiG. 2. Typical responses of the systems of Fig. 1 to time lags or errors in state variable measurement in
the time-optimal feedback loop.

F1G. 3. Qualitative description of switching surface structures for third-order two-input strictly normal
systems. (a) The case y(1) =v(2)=1. (b) The case y(1) = —v(2). (c) The case y(1) =vy(2)=—1.
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two-dimensional structure of Fig. 1(b) and the closed-loop feedback function is
nonrealizable at each point of Q(T).

In the sections to follow the analysis that has led to these results is extended to
the class of strictly normal nth-order systems having two-dimensional controls. This
analysis will show that the structure of the time-optimal flow near the origin is
determined completely by geometric relationships among the 2n vectors b', Ab', - - -
A"7'b', b%, Ab%, - - -, A" 'b? as expressed by the values of the n+ 1 determinants:

(1.3) d(j)=det[b',Ab", -+ A/7'B' b’ Ab* -+ A"77B’], j=0,1,---,n
(which, for strictly normal systems, are all nonzero [9], [29]); their signs:
(1.4) 8(j)=sgn[d(j)];

and the structure invariants:

(1.5) Y()=v0i; A, B)=8(j~1) - 8(j+1), j=1,+,n~1,
(1.6) N(A,B)= z (1-v(j; A, B)/2,
(1.7) M(A, B)= z (1-v(j; A, B))(}‘:f).

The vital role these invariants play in the theory is evident from the following
theorem describing the local switching surface structure for two-input systems (the
concepts of feedback function “‘realizability”” and “Filippov type” are formally defined
in §7).
THeOREM 1.8. Let system (1.1) be strictly normal, let r =2, and let T be sufficiently
small and positive. Then
(a) K(T)\Q(T) has connectivity 2(n— N(A, B));
(b) Q,(T)NKQ,(T) is the union of M(A, B) (n—1)-dimensional cells,
(c) Q(T)=Q,(T) if and only if N(A,B)=n—1 (that is, y(1,A,B)=---=
y(n—1; A, B)=-1);

(d) The time-optimal feedback function is realizable on K(T) if and only if
N(A,B)=0 (that is, y(1; A,B)=---=vy(n—1; A,B)=1);

(e) The feedback function is of Filippov type on the relative interior of some
(n—1)-dimensional cell of Q(T) if and only if N(A,B)=n—2.

These results, which are consequences of the cellular decomposition theorem
proved in § 6, imply that in the case n =2, only the single invariant y(1) =8(0) - 8(2)
is defined and the structures of Figs. 1(a) and 1(b) occur when (1) equals 1 and —1,
respectively. When n =3, two invariants, y(1) =8(0) - 8(2) and y(2) =8(1) - 8(3), are
defined. The switching surfaces have the structure of Fig. 3(a) when y(1) =v(2) =1,
the structure of Fig. 3(b) when y(1)=—v(2), and the structure of Fig. 3(c) when
v(1) =v(2)=-1.

While complex approximations and combinatorial analysis of §§ 3-6 underlie the
proof of Theorem 1.8, the final result is a powerful and simple tool for the design and
analysis of time-optimal control systems. As the following examples illustrate, the
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theorem provides a series of easily calculated invariants which provide a complete
qualitative description of the local switching surface structure and of the time-optimal
feedback function.

Example A. The system

00 1 1 0
A={1 0 -2}, B={0 0
01 0 0 1

has d(0)=d(1)=d(3) =1, d(2) =2, and y(1) =y(2) =1, which implies the switching
surface structure of Fig. 3(a) with K(T)\Q(T) having maximal connectivity of 6 and
Q,(T)NQ,(T) consisting only of 1-cells. In addition, as will be shown in § 11, this
system is locally measurement stable.

Example B. The system

010 1 0
A=|1 0 1], B=|0 0
010 0 1

has d(0) =d(1) =1, d(2) =d(3) =—1, and y(1) =y(2) = —1. This configuration implies
the switching surface structure of Fig. 3(c) with K(T)\Q(T) having minimal con-
nectivity of 2 and Q,(T) = Q,(T). In this situation the closed-loop system is ““chatter-
prone” (see Fig. 2(b)) at each point of Q(T).

Example C. The small angle roll-yaw motions of a satellite in circular orbit about
a spherical earth in normalized time are of the form (1.1) with

0 1 0 0 00
-0 0 0 l_a] 1 0
A= =
0 0 0 1|’ B 0o ol
0 (12—1 _40L2 0 01

with the two parameters «, and a, constrained by the conditions 0 < a, <a, <1 [22].
For this fourth-order system d(4) =4a,(1—a,)>, d3)=1-a,, d(2) =1, d(1)=1—@a,,
and d(0) = a,(1 — a,)? so, under the constraints above, y(1) =y(2) =y(3) = 1. Thus, by
Theorem 1.8, since N(A, B)= M(A,B)=0, K(T)\Q(T) has connectivity equal to 8,
its (three-dimensional) switching surfaces intersect only in cells of dimensions 1 and
2, and its time-optimal feedback function is realizable on all of K(T) (i.e., Fig. 2(a))
and, therefore, tolerant of errors in the feedback loop.

2. Strictly normal and minimally controllable systems. The method of analysis
described in this paper is applicable to a generic class of time-optimal control systems
which have been termed “minimally controllable” [21].

DEerFINITION 2.1. System (1.1) is said to be minimally controllable if there exists
a neighborhood U of 0 R" such that for each x€ U there exists an extremal control
function v(-, x) that controls x to the origin in minimum time and has no more than
n —1 switches.

Remark 2.2. Since a system is controllable if K(T) contains a neighborhood of 0
[14], minimally controllable systems are controllable, but need not be normal (i.e.,
have unique time-optimal control functions [14]). For instance, the linearized rendez-
vous problem [18] presents an example of a minimally controllable but nonnormal
system.
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Remark 2.3. In the scalar control case (r=1) or the case n=2, a system is
minimally controllable if and only if it is controllable. Sufficient conditions for minimal
controllability have appeared in [17], [19], and [20].

Héjek [9] has called the general system (1.1) with r-dimensional controls strictly
normal if, for any collection of integers, j, =0, - - -, j, = 0 satisfying j, + - - - +j, = n, the
n vectors A”b’, 0=m=j,_,, i=1,2,---,r, are linearly independent. For example,
when r =2, the case of interest here, a system is strictly normal if and only if all the
determinants d(0),d(1), - - -, d(n) of (1.3) are nonzero.

Yeung [29] has shown that normal systems are strictly normal if and only if they
are minimally controllable. He has also shown that for such systems and for small T,
K(T) is the union of 2r""" sets, which Hajek [9] called “terminal manifolds,”” each of
which has a nonempty interior and is ussociated with a distinct control-switching
sequence. In the following sections these control sequences are identified for the case
r =2 and the corresponding 2" terminal manifolds shown to form natural groups whose
interiors form the components of K(T)\€2(T).

3. Identification of time-optimal control functions. In this section we identify, for
strictly normal two-input systems, all time-optimal control functions having small
response times. These controls are shown to be naturally grouped: first, by the number
of first coordinate switches and, second, by the actual sequence of control values
assumed by the functions.

Our primary tool in this investigation is, of course, the minimum principle of
Pontryagin [14] which, in this instance, implies that a control function v is extremal
for a point x (i.e., controls x to 0 in the shortest possible time) if and only if it satisfies

(3.1) N e “Bv(t)=min {\ e *'Bu: uec €’}

almost everywhere on 0=t = T, where T is the optimal response time for x. The vector
A eR" is an outernormal of a supporting hyperplane of K(T) at x [14]. Such a vector
A will be said to generate control functions v and —v over the interval [0, T] if N and v
satisfy (3.1). (It should be noted that, with this definition, —\ also generates v and —v
over [0, T].)

If N\ generates v=(v,, v,) (we identify points in R™ with m X 1 vectors) then (3.1)
implies
(3.2) v;(t)=—sgn [N ¢ *'b'], i=1,2,

whenever N\’ e *'b’ # 0. Since the functions t+—>\'e *'b’, i=1, 2, are analytic, they
either vanish identically or have isolated zeros. In the latter instance such zeros, where
v; or v, may change sign, correspond to possible switching points of v. If neither of
the two functions vanishes identically, v is uniquely defined by (3.2) and the additional
requirement of continuity from the right. The assumption of right continuity will be
implicit below.

Because of (3.1) each extremal control function is generated by some vector on
the unit sphere in R". Moroz [25] and others have studied the set of extremal functions
using parametrizations of the sphere. Unfortunately, while these global parametriz-
ations yield a description of the switching behavior of the control functions, they do
so in an obscure and complicated fashion.

An alternate method of parametrization is developed here. While it is not global
in scope—n parametric families are required to describe the extremal control functions
on [0, T] for small T—it has the virtue of being intimately related to the switching
behavior of the control functions themselves. This description is based on the fact that
the control function generated by the vecior N switches in component i (i=1 or 2) at
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time s if and only if A is orthogonal to the vector
E'(s)=e"*Db".

With this observation it is clear that v (in (3.1)) switches in components a, 8, v, - * -
(where o, B,7v,---=1 or 2) at times s,,S,,s;,- -+ only if N is orthogonal to
E“(s,), E?(s,), E”(s;), - - - . The notation of exterior algebra [7] is useful in expressing
such relationships. For example, if x', - - -, x""" are linearly independent vectors, the
(n—1)-vectorx' A - - - Ax" "' may be identified with the unique vector A € R” that satisfies

1 -1 1 -1
Nx=x A aAXx" 'Ax=det[x, -, x" ,x],

n

for all x in R". Clearly X\ is orthogonal to x', - - -, x
the span of x', - -+, x""'

The relationships among the outernormals of K(T) (the N’s), the switching times
s;, and the vectors E'(s;) permit (in the case of strict normality) the identification of
all the time-optimal control functions over a sufficiently small interval [0, T]. For
example, in the three-dimensional case, any N generating a control function having a
switch on the first coordinate when t = 5,, and a switch on the second coordinate when
t=s,, must be orthogonal to E'(s,) and E*(s,) and thus must be a multiple of
N (s, 5)=E'(s)) nE*(s,).

The control function v=(v,, v,) generated by N'(s,, s,) is determined (via (3.2))
by the signs of

—A\'(sy, $2)E' (1) =—(b'—Ab's,+- - -) A (b>—Ab%s,+- - -)A(b' —Ab't+- - +)
=(s,—t)[b' AAb' Ab?+- - -]1=(s,—t)[det [b', Ab', b* ]+ - -]
=(s;—)[d2)+- -]

~!and N'x =0 only for those x in

and
—N'(s,, 52)E* (1) =—(b'—Ab's,+- - -) A (b*—Ab’s,+ - - *) A (B>~ Ab%t+- - +)
=(s5,—t)[-b' Ab* A AD +- - -] =(s,— 1)[-d(1) +- - -].
Therefore, the optimal control functions generated by N'(s,, s,) (which, we recall,
are the only functions with a single switch on each coordinate) switch when ¢t = s, and
s, and, over a sufficiently small interval, 0= t = T, describe the control sequences (recall
8(i) =sgn [d(i)])
(=8(2),8(1)) > (8(2), 8(1)) > (8(2), —8(1)),

or

(8(2), —8(1)) > (—8(2), —-8(1)) > (-8(2), 8(1)),
if 0<s, <s,<T, and the sequences

(=8(2), 8(1)) > (=8(2), —8(1)) > (8(2), =8(1)),

or
(8(2), =8(1)) > (8(2), 8(1)) > (~8(2), 8(1)),

if 0<s,<s,<T. Thus, of the eight possible control sequences having a switch in each
coordinate, only these four are time-optimal. Note that the controls always begin with
+(—8(2),8(1)) and end with £(8(2), —8(1)). Obviously control functions with other
switching patterns (e.g., two switches on coordinate 1) can be identified in the same
way. Their sequences of control values will be completely determined by
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8(1), 8(2), 8(0) =sgn [b> A Ab> A A’b’] and 3(3)=sgn[b' A Ab' A A’']. This analysis
underlies the results of [17], [20], and [21]. The same approach will now be used to
identify optimal control switching sequences for the general nth-order two-input strictly
normal system.

Any control function that switches in the first coordinate at times s,,- -+, s; and
in the second coordinate at times s;,,," * *, s,., must be generated by a multlple of
the vector
(33) As; )=E'(s) A" nE'(5) AE* (s00) n - - - AE(s,-y),

fors=(s;, - -,s,) eR".

The sequence of control values assumed by a control function generated by A(s, j)
is determined by the signs of A (s, j)'E'(t), i =1, 2, for small values of . From (3.3) it
can be seen that these functions depend on k-vector factors of the form

k Ambram)

k
(3.4) ~/=\, E'(a)= A ( L (="

Jj=1

This function is clearly analytic (even entire) in each a; and vanishes when any
two a’s are equal. It therefore has the Vandermonde function

k k
vdm (a,, -+, a; k)=11 Tl (am~aj)
Jj=1 m=j+1

as a factor. The leading k-vector term in the expansion is easily seen to be b’ A Ab' A
A% A- A AKTTD

With these two facts in mind it is easy to see that
(__l)k(k~l)/2

1121 (k—1)!

k .
(3.5) A E'(a)) = vdm (a,, -, a ) (b’ AAb A~ - - AA*TID - - 0).
i=1

Now, in order to determine the sign sequences of A(s, j)'E'(¢) and A(s, j)'E*(t),
which determine the extremal controls generated by A(s, j), we assume that the switching
times satisfy

3.6 0<s; < <s5;,<5,<T and 0<s;,, < -<5,,<s,<T.
1 J J

Then, using (3.5), we have

A(s, )E' () =(=1)"""E'(£) A /\ E'(s,) A /\ E’(sp)

m=j+1
=(_1)p. a‘Vdm(t’sla'. .asi;j+1).Vdm(sj+l"' 'asn-—l;n——j_l)

(3.7) : .
“[b'A- - AAD AD A AA"TTIHP4+O(T)]

~ (-1 @ Vs ) 11 (0= [4(+1)+O(T)]

where
p=n—1+j(j+1)/2+(n—j—-1)(n—j-2)/2,
a=1/[11:20 ol 20 o (n—j—=2)1],

V(s;j)=vdm (s, -, 85;5)) - vdm (8§41, -+, Spmi3n—j—1).
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Similarly, we find

NG JVE()= (-1 A E's,) nEX (08 A EXs)
(38) m=1 . m=j+1
=B V(5,0 TI (sn=10)-[d()+O(T)]
where

g=n—j-1+j(Gj-1)/2+(n—j)(n-j-1)/2==-2j+p+n—j—1,
B=ajl/(n=j-1).
From (3.7) and (3.8) we see, after canceling common sign factors, that if d(j) and
d(j+1) are both nonzero and T is sufficiently small (so that sgn [d(j)+O(T)]=8(j)

andsgn [d(j+1)+O(T)]=8(j+1)), (s, j) generates a unique pair of control functions
over the interval 0=t=s,= T which begin with the controls

(3.92) +u(1, /)= =@ +1), (=1)"77'8()))

and, after j changes of sign on the first coordinate (at t=s,,---,s;) and n—j—1
changes on the second coordinate (at t=s,.,, - -, s,-,), terminate with the controls

(3.9b) +u(n, j)=+((-1Y8(j +1), 8(j)).

The requirement (3.6) is not, in fact, necessary. Indeed, (3.5), (3.7), and (3.8)
show that

(3'10) R*(S,J)EA(S,])/[Vdm (sh T, S,;J) * Vdm (Si-ﬂ-l, T, sn~l; n _J_l)]

has removable singularities and is well defined at each point of the boundary of the
n-dimensional cell complex

(3.11) A(j, T)={seR": 0=5,=---=5,=5,=T,0=5.,=--=5,=T}

and generates the same control functions as A(s, j) for points of its interior (that satisfy
(3.6)).

These results are summarized in the following lemma.

LEmmMmaA 3.12. If

(a) The two determinants d(j) and d(j+1) (see (1.3)) are both nonzero and have
signs 8(j) and 8(j+1);

(b) T is sufficiently small,

(c) seA(j, T)={seR":0=5,="-=5;=5,=T,0=5,,,= - =5,=T},
then the vector N*(s, j) (see (3.10)) generates two time-optimal control functions, v(+; s, j)
and —v(-;s, j), over the interval 0=t =s,. For those points s in the interior of A(j, T)
these functions satisfy the following:

(1) ¥(t;8,/)=u(1,j)= (B +1),(=1)"77'8(j)), 0<t<min (s, 5:);

(2) v(-;s,j) changes sign in the first coordinate when t=s5,,s,,* " -, s; and in the
second coordinate when t = 5.1, Sj4n," " * , Sp_1;

(3) ¥(t;8,j)=u(n, j)=((=1Y8(j+1),8(j)) when max (s, s,_,) <t<s,.

By Lemma 3.12, each point of the interior, A(j, T)°, of A(j, T) corresponds to a
unique pair of time-optimal control functions satisfying the conclusions (1)-(3). If
s€ A(j, T)° has distinct coordinates, these control functions have n—1 switches and
take on n values from among the extreme points of €>. In this case a typical control
sequence for v(-;s,j) is of the form u(1,j ), u? ---,u""' u(n,j) with the values of
u’,- -+, u""! determined by the relative order of s,,---,s; and s;4;, -, S,_,. For
example, if s,<s., wW=(-8(j+1),(-1)"77'8(j)); while if s.,<s;, W=
(8(j+1), (—=1)"78(j)). If some s, =55, | =@ =j<B=n-—1, then switches will occur
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simultaneously on both coordinates, and one or more of the u'’s will be missing from
the sequence of control values.

To be more precise, suppose that se A(j, T)° has distinct coordinates, and let
Sa(1)s Sw(2)> " * » Sz(n—1) D€ the first n — 1 coordinates of s arranged in order of increasing
magnitude. (Note that s, must equal the smaller of s, and s;,, while s,(,_;) must
equal the larger of s; and s,_,.) The control function v(-;s, j) is then given by

V(t, s’j):u(laj)9 O§t<srr(l)a

2
=u’, Say=1t<58,02),
(3.13) _ .
=u, Sa(i-1) = 1<Sx(),
=n" =t<
=u, S.,,(nﬁl)ztzs,,.

The process of ordering the coordinates of those s in A(j, T)° whose coordinates
are distinct defines permutations of {1,2, - - -, n — 1} that are characterized by the fact
that their inverses are order-preserving on the subsets {1,2,---,j} and {j+1, - -,
n—1}. There are precisely ("_,7') =(n-1)1/(j!(n—=1-})!) such j-permissible permuta-
tions. From (3.13), it is clear that if s' and s’ are two different points of A(j, T)° which
define the same j-permissible permutation, 7, then the relative order of all coordinates
s, and sg, with o =j < B, are the same, and thus the corresponding control functions
v(-,s',j) and v(-,s’, j) assume the same sequence of control values but differ in at
least one switching time. Let

(3.14) A(, T; 7)°={s€A(j, T)" s, #s5,1=a,B=n—1,and 7 orders s,, - * -, 5, _,}
and let A(j, T; m) be its closure. The mapping

S'__)(s-rr(l)9 T, s‘;r(n*l); Sn)

is a cellular homeomorphism [16] (under their natural topologies) of A(j, T; )’
(A(j, T; 7)) and the open n-cell

o(n, T)'={yeR": 0<y,<---<y,<T}

(closed n-cell o(n, T)).

In this way the interior of A(j, T) is seen to be the disjoint union of the (";')
open cells, {A(j, T; )% m j-permissible}, and their common boundary (n—1)-cells
defined by equalities of the form s, = 53, where 1 =a =j < = n—1. The time-optimal
controls, v( -, s, j), assume, for all se A(j, T; 7)°, the same sequence of n control values,
p(m, j)=<u(1,j), v’ - -, u"" " u(n j)>. Such sequences need to be formally identified
if we are to understand the time-optimal flow.

DEFINITION 3.15. A sequence of control values, (u', w’, - - -, u*), which describes
the sequential values assumed (each on a set of positive measure) by a time-optimal
control function v, and which satisfies the additional “policy condition” that u’ #u'"",
i=1,---,k—1 (ie., that it be such a sequence having minimal length), is called the
(time-optimal) switching policy of order k or k-policy (or, simply, switching policy)
of v.

With this notation, for each s in A(j, T; 7)°, v(+;s, j) has the optimal n-policy,
p(j, m), and —v(-; s, j) the optimal n-policy —p(j, @) ={—u(1,j), - - -, —u(n,j)>. When
s lies in the boundary of A(j, T; 7) (where one or more equalities of the form s,.,,=0,
S2(i) = Sa(i+1)> Sm(n—1)= S, hold), examination of (3.7) and (3.8) shows that the time-
optimal control functions +v( -; s, j), generated by A*(s, j) are also described by (3.13)
and have switching policies that are subpolicies of £p(j, ) in the obvious sense.
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Of particular importance are the subpolicies of order n—1 of the n-policies
+p(Jj, ), of which there are always at least two (unless n=1). Namely, in the case of
p(j, ™), pU, 5 A)=C, -+, u(n,j)> and p(j, w3 D= Cu(l, j),w, -+, u""">, where
“A” and “I” indicate the attracting (A) and invariant (I) character of the associated
cells in K(T) to be defined and discussed in §§ 5 and 6.

These two subpolicies may be the only ones of order n —1. For example, suppose
n=4 and j=0. Then, for s in the interior of A(0, T)={s:0=s5,=s,=s;=5,= T},
A(s, 0) will generate controls that switch only in the second coordinate and v(-;s, 0)
will have a switching policy of the form p={u',u’ u',v’) with u'=u(1,0)=
(8(1), —8(0)) and u’=(8(1), 8(0)). Since the identity is the only zero permissible
permutation, p and —p are the only time-optimal switching policies of order 4 when j = 0.

The policy p has the two subpolicies of order 3: p(A)={u’ u', u®), associated
with the 3-cell of A(0, T) having s,=0, and p(I)={u',u* u'), associated with the
3-cell defined by s; = s,. Since a subpolicy must satisfy the “policy condition” of (3.15),
these are the only subpolicies of order 3. Points of other boundary cells of A(0, T)
generate, through A*(-,0), controls with policies of order 1 or 2. For example, the
policy associated with the 3-cell of A(0, T) defined by s, =s, and the 2-cell defined
by s, = s, = s; is the order-2 policy, {u', u>). Clearly, the controls generated by A*(-, 0)
(or N*(-, n—1)) will exhibit similar behavior for any value of n> 2.

The results derived above concerning the time-optimal control functions for strictly
normal systems are summarized in the following proposition.

ProposITION 3.16. Let r =2 and system (1.1) be strictly normal so that the deter-
minants d(j)#0, j=0,1,---,n Then there exists a T>0 such that, for each j=
0,1, --,n—1, the vectors N*(s,j), s€ A(j, T) (see (3.3) and (3.10)) generate time-
optimal control functions, £v(-; s, j), over the interval [0, T with the following properties:

(1) If s is in the interior of A(j, T), v(-;s,j) is unique and if, in addition, s has
distinct coordinates, then v(-; s, j) defines one of the precisely

(n—l) _ (n=1)!
J jtn=j—=1!
distinct switching policies of order n, p(1;j), and
(a) has initial control vector u(1,j)=(3(j+1),(=1)"77'8(j));
(b) switches in the first coordinate when t=s,, - - -, s; and in the second coordi-
nate when t=1s;.\, ", S,_1;
(c) terminates with the control u(n,j)=((—1)’8(j+1), 8(j)).

(2) The subset A(j, T; m)° (see (3.14)) of A(j, T) consists of all points generating
controls with policy p(j, 7) and is, topologically, an open n-cell and its closure A(j, T; )
is a closed n-cell.

(3) If p(j,m)=<u(l,j),u’ --- u" " u(nj)) and s is in a boundary cell of
A(j, T; ), then N*(s, j) generates control functions whose switching policies are sub-
policies of p(j, m), in particular:

(a) If s isin the (n—1)-cell {s€ A(j, T; m): s,(1)=0}, then N*(s, j) generates
a control function with switching policy p(j, m; A)=<u* -+ u(n,j)) of
order n—1,

(b) Ifsisinthe (n—1)-cell {s€ A(j, T; 7): Sy(n-1)= Sa}, then N*(s, j) generates
a control function with switching policy p(j, m; 1) =<u(1,j), - -, u""") of
order n—1.

These results will now be used to determine the time-optimal switching policies
for small response times of the three example systems introduced in § 1. To simplify
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the description we use the notation u'=(1, 1), u’=(-1,1), w’=(-1, -1), and u*=
(1, —1) for the extreme points of €°. This permits, for example, the description of the
policy (u'’, W', u*) by, simply, (i, j, k).

Example A (continued). For this system, 8(0)=8(1)=8(2)=38(3)=1 and the
optimal policies of order 3 are as follows:

j=0: u(1,0)=u' and the two optimal policies are p-{1, 4, 1) and —p=(3, 2, 3).

j=1: u(1,1)=u" and the optimal policies corresponding to the two permissible

permutations are p, =<4, 1,2)>,p,=<4,3,2) and —p,=¢2,3,4) and —p, =
{2,1,4).

j=2: u(1,2)=u' and the optimal policies are {1,2,1) and (3,4, 3).

Example B (continued). For this system 8(0) =8(1) =1and 8(2) =8(3) = — 1. This
situation leads to the following optimal policies of order 3:

j=0: u(1,0)=u' and the optimal policies are (1,4, 1) and {3, 2, 3).

j=1: u(1,1)=u’ leading to the optimal policies {3, 4, 1) and {3, 2, 1) and their

negatives {1, 2,3) and {1, 4,3).

j=2: u(1,2)=u® with {3,4,3) and {1, 2, 1) as optimal policies.

Example C (continued). For the attitude control of the satellite we find 8(0) =
8(1)=8(2) =8(3) =8(4) =1 and the time-optimal switching policies of order four are
as follows:

j=0: u(1,0)=u" and the optimal policies are {2,3,2,3) and {4, 1,4, 1).

j=1: u(1, 1) =u' with the optimal policies corresponding to the three 1-permissible

permutations being {1,2,3,2), {(1,4,3,2), and (1,4, 1,2) and the nega-
tives {3,4,1,4), {3,2,1,4), and (3, 2,3,4).

j=2: u(1,2)=u’ with {2,1,2,3), €2,1,4,3), and ¢2,3,4,3) and {(4,3,4,1),

<4,3,2,1), and {4, 1,2, 1) as optimal policies.

j=3: u(2,1)=u" with the optimal policies {1,2,1,2) and 3,4, 3,4).

Remark 3.17. Note that the notation employed to represent the switching policies
is such that if two cells have common boundary cells, the associated switching policies
have corresponding common subpolicies. For example (Example C, j=1),<1,2,3,2)
and (1, 4, 3, 2) associated with cells {s, <s,<sy<s,} and {s, <s,; <s;<s,} (using an
obvious notation), respectively, share the subpolicy {1, 3,2) which is the switching
policy of control functions associated with the points of the 3-cell {s, =5, <s;<s,}.
As a result, knowledge of the optimal control functions and their switching policies
can be used to analyze the geometry of K(T) and its switching surfaces.

4. The time-optimal policy complex. In the previous section we identified, for each
j=0,---,n and each s in A(j, T), a time-optimal control function, v(-;s, j), defined
over the interval 0=t=s,=T. Because the system (1.1) is normal, v(-;s,j) is the
unique time-optimal control function for a point, x(s, j), in K(T). We can identify
x(s, j) by constructing the solution ¢ to (1.1) with the unknown x(s, j) as initial data,
noting that ¢(s,) =0, and solving for x(s, j) to find

s

(4.1) x(s, j) = —-J ’ e *Bv(t;s, j) dt.

V]
If the time-optimal switching policy of v(-;s, j) is p(j, 7) =Cu',u? - - -, u") (or
a subpolicy of p(j, 7)), then

S,

Sa(1) w(2) Sn
x(s,j)=—J' e B dt-u'—J e MBdt-u—-- ~—J' e *Bdt-u"
0

(4 2) Sa(1) Sa(n—1)
n—1 Sa(k) Sy
=-Y J e MBdt- (u"—-u"“)-—J e MBdt-u".

k=1J0 0
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The relationship is simplified by defining

(4.3) g'(r)= —~j e b dt, i=1,2

0
and noting that for 1= m(k)=j, the switch from u* to u**' at time t=s,,,, involves
the first coordinate and, from Lemma 3.12(1),

ok gkt = [i2ﬁ(j+ 1)]
0

(“+”ifm(k)=1,“="if w(k)=2, - ), while if j+1= w(k) = n — 1, the switch involves
the second coordinate and

k_ k+1 _ 0
o ‘L(—l)"*f“zs(j)]

(“+”if (k) =j+1, =" if m(k)=j+2, - -). Then, in terms of

(—'l)jg‘(sn)

(4.4) G'(s;j)=g'(s)—g'(s)+ - -+ (=1)'g'(s)+ 2

and

(=1D"7"'g’(sn)

G(8; /) = (5541 — & (s02) - -+ (=1)" 7 g (s, 0) +
2

we have

(4.5) x(s, j) =28(j+ 1G'(s; /) +(=1)"7"'28(j)G(s; ),

which is independent of 7, valid for all s in A(j, T') and defines a C* mapping s—> x(s, j)
of A(j, T) onto a subset, D(j, T), of K(T). D(j, T), being the continuous image of a
compact set, is compact and consists of all points x in K(T) which are time-optimally
controlled to 0 by control functions v(-;s,j) with se€ A(j, T). Because of its cell
structure, which is developed below, D(j, T) is called a time-optimal policy complex.

The map (4.5) is the composition s—>v(-;s,j)—>x(s,j) and, while the latter is
injective because of the normality of the system, the former is necessarily injective
only on the interior of A(j, T). In fact, it will not be injective on the boundary of
A(j, T) if either j or n—j —1 is greater than 1. Because of the central role these issues
play in the sections to follow, it will be beneficial to explore an example in detail.
Toward that end we turn to the case “‘j=1" for the fourth-order system, Example C,
which provides a representative example.

For Example Cand j=1,A(1, T)={scR* 0=s5,=5,=T,0=5,=5,=s5,= T} and
(recall that all 8(i) =1 for all i)

(4.6) x(s, 1) =2[g"(s1) —g'(54)/2]+ 2[g°(52) —£°(s5) +£(54)/2]

maps A(1, T)—D(1, T) < K(T) = R*. The interior of A(1, T) is composed of the three
open 4-cells (using obvious notation) A(1, T; m,)° ={0< 5, <5, <5;<8,<T} (m,is the
identity permutation), A(1, T; 7,)°={0<s,<s5,<s;<s,<T}, and A(l,¢t; m,)°=
{0<s,<53<s,<s5,< T} and their shared open 3-cell boundaries {0 <s, =5, <s; <8, <
T} and {0<s,<s,=85;<s,<T}.

Remark 4.7. In this context “open 3-cell (open 2-cell, etc.)” indicates a cellular
homeomorphic image of the standard open 3-cell (open 2-cell, etc.) not necessarily,
an open set in the topology of the space (see [16]).
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Through the outer normal vectors A(-, 1) (see (3.3)), the points of these cells are
associated with time-optimal control functions having the 4-policies (recall the notation
from the previous section) {1,2,3,2), {1,4,3,2), and (1,4, 1,2) and the 3-policies
{1,3,2) and {1, 4, 2), respectively.

The boundary of A(1, T) contains the set {s€ A(1, T): s,= T}, which x(-, 1) maps
into the T-isochrone, and the following cell complexes each composed of one or two
open 3-cells:

Cell complex Optimal policy
{0=5,,0<s,<s;<8,<T} {2,3,2)>
{$1=5,<T,0<s,<5:<s5,<T} (1,4,1)>
{0<s8, <85, <T,0=5,<s5;<5,<T} {4,3,2> and {4,1,2)
{0<8, <85, <T,0<s,<s7,=5,<T} {1,2,3) and {1, 4,3)
{0<5, <85, <T,0<s,=5;<5,<T} {1,2)

The last three complexes of this list each contain two open 3-cells (e.g., correspond-
ing to s; <s3 and s;<s, in the first instance) which, in the first two cases, determine
two optimal 3-policies. In the last instance the points of the two open 3-cells determine
asingle 2-policy which is also the policy associated with the open 2-cell {0 < s, < s, =53 =
54 < T}. Other boundary cells of A(1, T) determine additional 2- and 1-policies. For
example:

Cell complex Optimal policy
{0=5,<s5,<s$;=5,<T} {2,3)
{0=s5,=5,<s3<s5,<T} <{3,2>
{0=15,<s5<s3=5,<T} {4,3>
{0=S2<S1=S3=S4<T} <4>

The connection between shared boundary cells of lower dimension and shared
subpolicies (see Remark 3.17) is clearly evident from these examples. Furthermore,
the “shared subpolicies” become, via (4.5), shared boundary cells of the policy
complexes. This illustrates the geometric insight provided by the concept of “switching
policy.”

Now, as noted above, there is a one-to-one correspondence between control
functions and points of K(T) because of the assumed normality of the system. However,
as the examples above clearly demonstrate, the correspondence s—x(s, 1) is, in general,
many to one when s lies on the boundary of A(1, T). Before specifically addressing
the many-to-one feature, let us consider the mapping in more detail. From (4.4) and
(4.5), the Jacobian matrix of (4.6) (in column form) is

9x(s, 1)

(4.8) P

= [”2E1(51), "2E2(52), 2E2(S3), EI(S4) _E2(54)]
with the determinant

ax(s, 1
det [(a—s)] =8[A(s, 1) AE'(54) —A(s, 1) A E*(5,)]
(4.9)
=8[[A(s, 1) AE'(sa)[+N(s, 1) A E*(54)]],

given the signs assumed by the determinants A(s, 1) A E'(¢) for t>max (s,, s;) (shown
in (3.9b)). This result confirms the local injectivity of the mapping on the interior of
A(1, T) as long as both determinants, A(s, 1) AE'(¢), i =1, 2, do not vanish identically.
More important, it leads to a proof that on the relative interior of a boundary k-cell,
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that is, an open k-cell (in this case k =1, 2, or 3) corresponding to an optimal k-policy,
the Jacobian matrix has rank k, and therefore, the image of this open k-cell in D(1, T)
is also an open k-cell (note Remark (4.7)).

This example is typical of the general case. Calculations similar to those of (4.8)
and (4.9) lead to the same conclusions concerning the Jacobian of (4.5) and show that
this C™ mapping is injective on the interior of A(j, T) and on any open k-cell associated
with a time-optimal k-policy. However, the mapping is not injective on some cells
defined by equalities of the form s;=s,,, where 1=i, m=j, or j+1=i m=n—1.
Examination of (4.5) shows that such a cell of dimension, say, m is associated with
the same optimal k-policy, with k <m, as some open k-cell. Thus the two cells are,
insofar as time-optimal controls are concerned, equivalent, since their points s map
into the same open k-cell in D(j, T). The following proposition, proven in [23], uses
the concepts and results of [16] to formalize these relationships.

ProProsITION 4.10. The equivalence relation on A(j, T) defined by

R(j)={(s',s°):s",s*€ A(j, T),v(+;s", j) =v(-; 5, j)}

is a cellular equivalence relation. Also,

(1) With the usual topology on the cell complex A(j,t), the quotient space
A(j, T)/R(j) is a normal CW-complex;

(2) The map x*: A(j, T)/R(j)—D(j, T) < K(T) based on (4.5) is a cellular homeo-
morphism, and therefore, the time-optimal policy complex D(j, T) is also a normal
CW-complex.

This proposition provides a clear picture of the policy complex D(j, T). Its interior
is, essentially, that of A(j, T) while its boundary contains homeomorphic images of
some of the (n—1)-dimensional boundary cells of A(j, T). Other houndary cells of
the latter cell complex are mapped by x(-,j) into a single cell of lower dimension.
This situation is especially clear in the third-order Examples A and B for j=0 or 3.
It is obvious that the face of the tetrahedron A(0, T) defined by s, =s, is mapped by
x(s, 0) = 8(1)g'(s;) +28(0)[g(s,) —g°(s,) +g>(s3)/2] into a curve which is the homeo-
morphic image of the cell {s€ A(0, T): 0=s,=5,=5;=T}.

This qualitative view is, however, not sufficient; we need considerably more
detail in order to reconstruct the time-optimal flow on K(T). Much of the necessary
information is provided by identification of the cells of D(j, T) having dimension n
and n—1.

The only open n-cells of the complex D(j, T) are the images of the (";') cells
A(j, T; m)°, defined by the j-permissible permutations 7. Images of open (n —1)-cells
oftheform{scA(j, T)": s;=s,1=i=j<k=n—1,s5,# Sg, @, B # i, j} lie in the interior
of D(j, T) and form the joint boundaries of the open n-cells. These cells play no
particular role in the following. That is far from the case for the open (n—1)-cells
forming the boundary of D(j, T) relative to K(T) (that is, ignoring the portion of the
boundary contained in the T-isochrone). These cells occur in four groups and are the
images under (4.5) of the cell complexes of A(j, T) defined by s,=0, by s;=s,, by
si+1 =0, and by s,_, = s,. These complexes will be denoted by D(j|s, =0), D(j|s; =s,),
etc. The first two of these complexes correspond to those permutations in which the
first, or last, switch occurs in the first coordinate; the latter two complexes corresponding
to those permutations in which the first or last switch occurs in the second coordinate.

D(j|s,=0) and D(j|s;=s,) each contain (}_7) open (n—1)-cells corresponding
to each j-permissible permutation with 7(1) =1 (so that s, <s;.,) for the first complex
and to the permutations with (n—1) = (so that s,_, <s;) for the second. D(jj|s;,, = 0)
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and D(jls,_,=s,) each contain (";’) open (n—1)-cells corresponding to those
satisfying 7(1) =j+1 in the first instance, or w(n—1)=n—1 in the second.
These relationships can be made clearer by defining

(4.11) D(j, T; 7) =clos [x(A(j, T; ), j)],

which is a closed n-cell and consists of all points of K(T) whose time-optimal control
functions have switching policies that are subpolicies of p(j, 7) (see 3.16). In particular,
the open (n—1)-cell corresponding to the subpolicy defined as p(j, m, A) is a cell of
the complex D(j|s,=0) if w(1)=1, and of the complex D(j|s;,;=0) if 7(1)=j+1.
Similarly, the open (n —1)-cell associated with the subpolicy p(j, 7, I) is in D( j|sj =5,)
or D(j|s,_,=s,) if w(n—1)=j or n—1, respectively.

5. The time-optimal flow as a local semidynamical system. In this section we
examine the time-optimal trajectories on the policy cell complexes +D(j, T), j=
0,---,n, of the previous sections from the perspective provided by the theory of
semidynamical systems (see [1]). In the process we show that the policies p(j, 7, A)
and p(j, m, I) of order n —1 correspond, indeed, to attracting and invariant cells of the
local semidynamical system defined by the time-optimal trajectories on D(j, T)\{0}.

A point x(s, j) in the interior of D(j, T) lies either in the interior of a unique
closed n-cell D(j, T, ) or, if its optimal control function has a policy of order <n, in
the boundary of two or more such n-cells. For the moment let us assume the former
(i.e., that the coordinates of s are distinct) so that the time-optimal control for this
point has the n-policy p(j, 7)=<u',w’, - -, u""" u") with switches occurring in the
sequence f = S,(1), Sx2), " * » Sm(n-1)- Define

(51) y(s-rr(l)9 Sx(2)s " " s Sa(n—1)> Sn)EX(Sl, 82, ", Sn—1, sn9j)-

Then, since x(s,j) was found by “backing out from 0” in (4.1), the time-optimal
trajectory from x(s, j) to 0 is easily seen (using (4.2)) to be described by

‘P(t) =Y(Sn(|)“t, SW(Z)_' t’ T, s-n'(n—l)* t’ Sp— t), O§t<sﬂ(l)’
=y(0, S1r(2)— t’ tety, S’ﬂ(”—‘)_ t’ Sp— t)’ s‘rr(l)é 1< S1r(2)’
=y(0,0, Sp3y— 6, * *, Swn-1y— L, Sy — 1), S, =t<S.03),

(5.2) ) :
=Y(O, 0’ Y Os s‘rr(k)_ t9 T, srr(n«l)—. t9 Sp— t)s S#(k—l)§t<s1r(k)’
=Y(0,0,"',0, S,,'—t), sw(n—1)§t<sn,
=0, s,=t=T.

This representation of the time-optimal trajectories can be extended to all of
D(j, T) and is easily seen to define a semidynamical system [1] on this complex. It is
clear that each point of the T-isochrone (s, = T) is a “start-point” of the flow (i.e., is
not “downstream” from another point of the complex). Furthermore, as the following
proposition shows, the semidynamical system is strongly related to the cell structure
of the policy complex.

ProPOSITION 5.3. Let X’ =x(s, j) be a point of D(j, T) and suppose that the switching
policy of the time-optimal control function for x°, v(-;s, j), is p(j, ) or a subpolicy of
p(j, 7). Let (1), 0=t <s, describe the time-optimal trajectory from x° to 0 (see (5.2))
and D(j, w, a) be the image under X( -, j) of the (n — a)-dimensional cell of A(j, T; )
defined by s,.(\y= Sp(5)=* " * = S3(a)=0. Then

(1) D(j, m, ) is a closed cell of D(j, T) of dimension n— «;
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(2) If $,(1)>0, @(1) lies in the interior of D(j, T) for 0=t <s,1);

(3) If Su(a) < Sn(a+1), ©(t) lies in the relative interior of D(j, m, &) for s, <t<
Sa(a+1)s

(4) If s has distinct coordinates, then ¢(t) successively traverses the relative interior
of each cell of the sequence D(j, T),D(j, w, 1), D(j, m,2), - - -, D(j, m, n—1) as t traverses
the interval [0, s,].

Proof. The first result follows from continuity of the mapping x(-, j) and calcula-
tions based on its Jacobian analogous to (4.8) and (4.9). The other assertions follow
directly from (5.2). 0

A subset M is an attracting set of a semidynamical system on a set X if the set
of points of X that are attracted to M form a neighborhood of M (the notion of
“attraction” is clear for the time-optimal flow considered here; see [1] for precise
technical considerations). Thus, in considering the time-optimal flow on D(j, T), it is
clear that any set containing 0 will be an attractor of the flow. This is, obviously, of
little use in studying the time-optimal system. The notion of attraction, however,
becomes much more discriminating when we consider the local semidynamical system
defined on D(j, T)\{0} by the time-optimal flow. In this instance (5.2) and (5.3) show
that the cells D(j, w, 1) and their subcells are attractors of the flow restricted to
D(j, T; m). When all j-permissible permutations are considered, these cells form the
attracting cell complexes denoted by =D(j|s, =0) and £D( jlsis1=0) in § 4.

A subset N is a positively invariant set of a semidynamical system on a set X if
the trajectories starting in N remain in N. It is called negatively invariant if its
complement is positively invariant, and invariant if it is both positively and negatively
invariant. In applying these notions to the time-optimal flow on D(j, T), we note that
the cellular nature of the flow makes each closed cell of the nested sequences D(j, m, 1),
D(j, m, 2), - - -, D(j, m, n—1) positively invariant, but not invariant, cells. However, as
(5.2) shows, the cells defined by s,,(,,—;, = s, are both positively and negatively invariant.
These (n —1)-dimensional cells form the invariant cell complexes previously denoted
by £D( j|s,- =s5,) and £D(j|s,_, =s,). These results are summarized in Proposition 5.4.

ProprosITION 5.4. The local semidynamical system defined on D(j, T)\{0} by the
time-optimal flow characterizes the boundary cells of this policy complex as follows:

(1) The portion of the T-isochrone contained in the policy complex consists of “start
points” of the time-optimal flow,

(2) The (n—1)-dimensional cell complexes D(jls,=0) and D(j|s;.,=0) are
attracting sets of the time-optimal flow,

(3) The (n—1)-dimensional cell complexes D(j|s;=s,) and D(jls,_,=s,) are
invariant sets of the time-optimal flow.

6. The assembly of K(T). In the previous section we identified the n+1 policy
complexes D(j, T), j=0,1,---,n and the complexes composed of their (n—1)-
dimensional boundary cells D(j|s; =0), - - -, D(j|s,_,=s5,),j=0,1, - -, n. Due to the
symmetry of the system——v(-;s, j) is a time-optimal control function if v(-;s,j) is a
time-optimal control function—we also have their negatives —D(j, T), etc. In this
section we show how this ““n-dimensional jigsaw puzzle” assembles to form K(T'). The
basic step in the assembly process involves showing that each boundary (n—1)-cell
of, for example, D(j, T) is also a boundary cell for precisely one of the four complexes
+D(j—1, T) or £D(j+1, T). This we accomplish by direct calculation. The remainder
of the construction relies on a technical lemma that shows the union of all the policy
complexes to be K(T). In this process we are providing another proof of Yeung’s
result on the minimal controllability of strictly normal systems of the type (1.1) [29]
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and providing a great deal more information on the time-optimal flow which will be
of use in later sections.

LeEMMA 6.1 (Structure lemma). Let r=2 and system (1.1) be strictly normal and
define

(6.2) v(k)=8(k—-1)-8(k+1), k=1,---

Then, for 1=j=n—1:
(1) IFy(j)=1
1) D(jlsi=0)==8(j) 8(j—1) - D(j 15,1 =s,),
2) D(jls;=s.)=8(j) - 8(j—1) - D(j—1]s;=0);
(2) If v(j)=-1
1) D(jls,=0)=8(j) - 8(j—1) - D(j —1|s5;=0),
2) D(jls;=s.)==8(j) - 8(j=1) - D(j~1|s, 1 =s5.);
For0=sj=n-2:
3) Ifv(j+1=1
1) D(jls;s1=0)=8(j+1)-8(j) - D(j+1]s;s,=5,),
2) D(jls,—1=s5,)==8(j+1)-8(j) - D(j+1|s;=0);
4 If y(j+1)=-1
1) D(jls;+1=0)=8(j+1) - 8(j) - D(j +1|s,=0),
2) D(jls,—i=5,)==8(j+1)-8(j) - D(j+1|s;:,=s,).
Proof. As noted above, the proofs of these relationships are computational.
Because, from (4.4), G'(s; j) depends only on s,, - - -, s;, 5, and G’(s; j) depends only
ON Sj41, " " *,S.—1, Sa, We have the relationships

n—1.

>

GI(O, SZ’ T, Sj, Sn;j)-:*Gl(SZ, t ,‘Si, sn;j_‘l),

Gl(sl5 e 5Si—l,sna sn;j):Gl(Sl, e ,sjfl,sn;j_l)

and
GZ(O’ si+25 t  Sh—1s sn;j) = —G2(Si+27 C Su-as Sn;j+ 1),
Gz(s,‘+l, Ty Sh-25 Sh, sn;j) :G2(5i+], ot Sha, sn;j+1)~
Now, using the first two of these equations and (4.5), we find that
(6 3 ) 8(]—1) : x(s;j)l.\‘|=()= _2Y(j)Gl(52, Y Sj5 Sr“.]_l)
3a )
+(_1)“ “1*128(1') : 8(.]_ 1)G2(5i+17 T, Sn;j),
83— 1) x(8; )s-s, =2¥(NG (51, -+, 8521, 8037 — 1)
(6.3b) e =27 o g .
+(=D""28() -8 — DG (8551, ", Su3 J)s
8(j) - x(s5 =D —0=2G" (51, "+, -1, 3 j— 1)
(6.4a) o ' L 1 . 2
+(_1) ! 28(.])'8(.]—-1)(; (sj+l,...9sn;j)7
8(.}) ) x(s;j—l)lx,,q:.",, =2GI(S s T, Sj— ] Sn;.]_l)
(6.4b) ' !

+(=1)"728()) - 8~ DG (85, " * *, Su2s Su3 J)-

Now, if y(j)=1, we see that the image of the (n—1)-cells making up the set
(s€eA(j, T): s, =0} under the map (6.3a) is exactly the same as the image of the
(n—1)-cells of the set {s€ A(j—1, T): s,., = s,} under the negative of the map (6.4b).
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Similarly, the image of {s€A(j, T): 5;=s5,} under the map of (6.3b) is equal to
the image of {s€ A(j—1, T): 5; =0} under the map of (6.4a). Thus, when vy(j)=1,
8(j—1) - D(jls;=0)=-8(j) - D(j—1|s,.,=s,), and &(j—1) D(jls;=s,)=38(j)-
D(j— 1|sj =0}. This proves (1(1)) and (1(2)) of the lemma. The assertions (2(1)) and
(2(2)) also follow from (6.3) and (6.4) under the assumption that y(j) = —1.

In the same fashion we can prove the remaining assertions of the lemma by
considering the mappings &(j+1)-x(-,/) and 8(j)-x(-,j+1) restricted to the
appropriate cells of A(j, T) and A(j+1, T). 0

Now let

n—1
Ki= U [D(i, T)U(-D(j, )],
-

K, is a closed cell complex contained in K(T) and, from (6.1), since D(0, T)
shares an (n—1)-cell with D(1, T) and —D(1, T),:--,D(n—1, T) shares an (n—1)-
cell with D(n, T) and —D(n, T), it is clear that K, is a connected complex which is
symmetric with respect to 0. Furthermore, its interior K is also connected. To see this,
let x” be a point of the relative interior of one of the boundary (n —1)-cells of, say,
D(j, T). Then the map (4.5) is locally a smooth homeomorphism and so, near x°,
D(j, T) is a smooth n-dimensional manifold with boundary which contains a half-
neighborhood of x” intersecting the boundary (n —1)-cell in a relatively open set. The
same result is true for the other complex, say, D(j—1, T), which shares the cell
containing x’ with D(j, T). The union of the two half-neighborhoods forms a neighbor-
hood of x° contained in D(j, T)UD(j—1, T') which, clearly, has a connected interior.
This, given the relationships of Lemma 6.1, proves that K, is a closed symmetric cell
complex with nonempty connected interior.

THEOREM 6.5 (Cellular Decompositiors Theorem). Let r=2 and system (1.1) be
strictly normal and let T be sufficiently small and positive. Then

K(T)='U [D(, T)U (=D T

Proof. K(T) is a connected convex set with nonempty interior, K(T)°. Thus
K(T)°\K, is either empty or contains a point x'. In the first case the result is proved.
In the second instance, let x> be a point of the interior of K,. Since both x' and x” lie
in the interior of the connected set K(T), there exists a curve lying in K(T)" that
connects them. The cells of K, of dimension n —2 or less (the cells of the (n —2)-skeleton
of K;; see [16]) are a relatively negligible part of the complex (and of K(T)) and it is
reasonable to suspect that the curve connecting these two points can be chosen to
avoid all such cells. This is, in fact, possible by a general position argument [8], [28].
Thus, if z is the “last” point of the connecting curve lying in the closed set K, it must
lie in the relative interior of some cell of dimmension n — 1. This, however, is impossible,
since we have just shown that the points of the relative interiors of all such (n —1)-cells
are in the interior of K,. This contradiction proves the proposition. O

This result shows that the control functions £v(-; j,s),s€A(j, T),j=0,---,n—1,
we have identified are sufficient to control all points of K(T), for sufficiently small T,
to 0 time-optimally. In the sections to follow we shall use this result to explore the
time-optimal flow, the switching surface structure and the character of the time-optimal
feedback function.

7. Time-optimal feedback control and regular synthesis. In the previous section we
proved that K(T) is the union of the policy cell complexes +D(j, T), j=0,---,n—1.
By the normality of the system, time-optimal controls are unique. It is clear, therefore,
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that the unique control function for a point lying in the intersection of two, or more,
policy complexes has a policy that is a subpolicy of one or more of the n-policies
associated with the original complexes. Thus, if we define the time-optimal feedback
control function on each of the component n-complexes, £D(j, T), j=0,---,n—1,
it is uniquely defined on all of K(T).

Accordingly, let xe K(T) and suppose x=xX(8;, " * *, S,_1, Sx, j) € D(j, T) and the
unique control function for x has p(j, w) =(u',u?, - - -, u") (or a subpolicy of p(j, 7))
as its switching policy and switches consecutively at times s,,(1), * * * , Sz(n—1) (O @ subset
of these times). Then define

. 1 .
F[x(s;, ", 8., J)]=u" if0<s,),
2 .
=u 1f0=s,,(”<s,,(2),

—ud 00— _

(7.1) j“ if 0=15,01)= S22 <Sr(3)»
=u" f0=s5,)=" " =S,-n<=T,
=0 if0=s,,(|)=' = San-1)= Sne

ProrosiTION 7.2. The time-optimal feedback function, F, satisfies the following:
(1) F is piecewise constant and:
(a) F(x)=u(1,j)=(8(j+1),(=1)"""78(})) if x lies in the interior of D(j, T)
or in the relative interior of an (n —1)-cell belonging to either of the (n—1)-
dimensional invariant cell complexes D(j|s;=s,) and D(jl|s,_, = s,).
(b) F(x)=(=8(j+1),(—1)"77'8(j)) if x lies in the relative interior of an
(n—1)-cell belonging to the (n—1)-dimensional attracting cell complex
D(jls, =0). _
(c) F(x)=(d(j+1),(—1)"78(j)) if x lies in the relative interior of an (n—1)-
cell belonging to the (n — 1) -dimensional attracting cell complex D( j|sj+1 =0).
(2) The time-optimal trajectories of (1.1) on K(T) are solutions of

(7.3) x = Ax + BF(x), x(0)=x"eK(T).

(3) If x lies in the relative interior of the (n—a)-cell D(j, w, ) (defined in (5.3))
fora=1,---,n—1, the vector Ax+BF(x) lies in the tangent space of D(j, m, a) at x
and the vector field x— Ax+BF(x) is transversal to the (n —a —1)-cell, D(j, =, a +1).

Proof. The proof of these assertions follows directly from the definition of F,
(5.1)-(5.3), and the fact that the “jump” in the tangent vector to an optimal trajectory
traversing D(j, 7, @) at a point of D(j, 7, @ +1) is (from (5.2))

¢(sw(a+1)+0) - ¢(S.,,(a+‘) -—0) == B(ua'H _u“)

=+b' or b’

depending on the coordinate in which the a +1 switch occurs. 0

COROLLARY 7.4. The collection of cells composed of the following:

(1) The interiors, £D(j, T)°, j=0, - - -, n—1, of the policy complexes;

(2) Thecells D(j, m, a), a=1,---,n—1, (see (5.3)) for all j-permissible permuta-

tions  and for all j=0,-- -, n—1,

(3) The cell {0}
with the time-optimal feedback function, ¥, of (7.1) form a regular synthesis on K(T)
in which every cell is of type 1 (see [5], [27]).

Proof. This result follows directly from (7.2) and (5.3). 0
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Since the cells of (7.4) are fully constructable using the maps of (4.5), this result
provides the first explicit construction of a regular synthesis for systems of the generality
considered here.

Equation (7.3) provides an example of a differential equation ‘“with discontinuous
right-hand side” as studied by Filippov [6], Hermes [12], and Hajek [10], [11]. For
our purposes the most useful concept of “solution” for such systems is the one proposed
by Filippov.

DEeFINITION 7.5. Let f be suitably defined on a subset of R" (see [6], [10], and
[11]), then an absolutely continuous function ¢ is said to be a solution to

x=f(x), x(0)=x°

on the interval 0=t=T, in the sense of Filippov (an F-solution) if ¢(0)=x" and
¢(t) e F(f, x(t)) almost everywhere on [0, T], where F(f, x) is the closed convex set
(7.6) F(,x)=N N col[f(B(sx)\E)],

>0 u(E)=0
where B(8,x) is the intersection of a 8-ball about x with the domain of f, u is
n-dimensional Lebesgue measure and co denotes the closed convex hull of its argument
set.

Clearly, if f is continuous at x, #(f, x) = {f(x)}. At the other extreme, values of f
taken on near x only on sets of measure zero play no role in the determination of
F(f, x) or for F-solutions through x.

DeriNiTION 7.7. A feedback function F: K— % is of Filippov type at xe K if
F(x) e (F, x). F is realizable on a subset S of K if it is of Filippov type at each point
of S.

Remark 7.8. A practical feedback function should not require “infinitely precise”
measurements for its implementation. The determination of function values taken only
on sets of measure zero would require such extreme measurement precision. This
observation motivates the definition of ‘‘realizable” feedback function.

The following proposition generalizes the results concerning the measurement
requirements of the feedback function discussed earlier for the n =2 and n =3 cases
pictured in Figs. 1-3.

ProprosITION 7.9. Let F be the time-optimal feedback function defined in (7.1), F
is of Filippov type at each point x of K(T) that lies

(1) In the interior of a policy cell complex +D(j, T);

(2) In the relative interior of an (n—1)-cell of the invariant cell complex D(j|s; =

Sn) U D(j]sn—l = Sn) U (—D(.}lsj = sn)) U (_D(jlsn—l = S,,));

(3) Intherelative interior of an (n — 1)-cell of the attracting cell complex +D(j|s, = 0)

if and only if v(j)=1;

(4) In the relative interior of an (n —1)-cell of the attracting cell complex D (j|s;,, =

0) if and only if y(j+1)=1
forj=0,--- n—1.

Proof. If X° lies in the interior or in the relative interior of an (n—1)-cell of an
invariant cell complex of D(j, T), Proposition 7.2(1)(a) shows that F(x®) =u(1, j). In
either case, this value is assumed in a neighborhood or a half-neighborhood of x° and
therefore is assumed on a set of positive measure in every B(8, x°). This proves assertions
(1) and (2) of Proposition 7.9.

If x° lies in the relative interior of an attracting (n—1)-cell of D(j|s, =0), then,
from the structure Lemma 6.1, it also lies in an invariant cell complex, —8(j) - 8(j —
1) - D(j — 1|5,y = s,), or an attracting cell complex, 8(j) - 8(j—1) - D(j —1|s;+, =0), of
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+D(j—1, T), when y(j)=+1 or —1, respectively. In the first case, F is realizable at
x" by the previously proven assertion (2). In the second case, the value F(x°) differs
fromu(1, j) in the first coordinate and from 8(j) - 8(j —1) - u(1, j — 1), the value assumed
by Fin the interior of 8(j) - 8(j—1) - D(j —1, T), in the second coordinate. This implies
that this latter value is, in fact, —u(1, j). Consequently, in any sufficiently small ball,
B(8,x°), F takes on only three values: u(1,j) on points of the interior of D(j, T);
—u(1,j) on points of the interior of 8(j) - 8(j—1) - D(j—1, T); and F(x’) on points
of the (n —1)-cell D(j|s, =0). Since the set of points x where F(x) =F(x’) is a set of
measure zero and F(x") is not a convex combination of +u(1, j), F is not realizable at
x’. This proves (3), and (4) follows from similar arguments. 0O

8. The time-optimal switching surfaces. The time-optimal feedback function F is
conceptually simple. Its two components F; and F, assume only the values £1. As a
result the controllable set K is decomposed, for each i =1, 2, into two sets F; '(+1).
The ith switching surface, ;, forms the boundary of these two sets. Moroz [25] has
shown that Q; has a one-to-one projection on the subspace orthogonal to b'.

While examples show that switching surfaces can, in general, be very complicated,
the analysis presented above permits a complete description and study of the switching
surfaces within the controllable set K(7T), where the results developed in the previous
sections apply. The switching surfaces are, in fact, precisely the attracting cell complexes
described in (5.4).

ProposITION 8.1. Let system (1.1) be strictly normal and r =2. Then

@ N=00KMD)=U [-Dls =0 UD(ls =0,
(b)  Q(T)=Q,NK(T)= L;JO [=D(jlsj+1 =0) UD(jls;1 = 0)].

J

Proof. The proof follows by construction and Proposition 7.2. O

ProrosiTiON 8.2. Foreachj=1,2,---,n—1, the (n—1)-dimensional cell complex
D(j|s,=0) liesin Q,(T)NQ,(T) if and only if y(j) = —1; and, foreachj=0,1,- - -, n—
2, the (n—1)-dimensional cell complex D(j|s;,=0) lies in Q,(T)NQ,(T) if and only
ify(j+1)=-1

Proof. This result follows directly from Lemma 6.1 (the structure lemma) and
Proposition 8.1 (e.g., if y(j) = —1, D(j|s; =0), which lies in Q,, is equal to 8(j) - 8(j —
1) - D(j —1]s; =0), which lies in Q,). O

This description of the switching surfaces coupled with the analytic mappings of
(4.5) permit a complete analysis and construction of the switching surfaces for small
response times. Such results formed the basis for construction of closed-loop time-
optimal controllers for the third- and fourth-order systems reported in [17] and [18].
The switching policies describing the switching surfaces of our example systems are
the following.

Example A.

Q.0 (1,4),42,1),¢3,2), and <4,3),
Q: <4,1),4<1,2),4<2,3), and (3, 4.
Example B.
Q= Q0 (4,1),42,3),¢2,1), and <4, 3).
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Example C.
Ql: (27 39 2>7 <17 27 3>7 <1, 47 3)’ <2’ 1’ 2)’ <4’ 17 4>’ <39 49 1>, <39 2’ 1)9 and<49 374>9
Q> (1,4,15,4€2,1,4>,€2,3,4>,€1,2,1>,43,2,3>,4¢4,3,2>,44,1,2),and {3, 4, 3).

9. Canonical structures: proof of Theorem 1.8. In this section we present the proof
of Theorem 1.8, which, for convenience, we restate below. Recall that

v()=v(; A B)=8(j-1-8(+1), j=1,---,n—1,
n—1

N(AB)= T (1-y(j: A B)/2,

J=

n—1 —
Ma =T (=104 B)(" 7).
= J-1

THEOREM 1.8. Let system (1.1) be strictly normal, let r =2, and let T be sufficiently
small and positive. Then the following apply:

(a) K(T)\Q(T) has connectivity 2(n— N(A, B));

(b) Q,(T)NQ,(T) is the union of M(A, B) (n—1)-dimensional cells;

(c) Q(T)=Q,(T) if and only if N(A,B)=n—-1, (that is, y(1;A,B)=-- .=

y(n—1;A,B)=-1);

(d) The time-optimal feedback function is realizable on K(T) if and only if N(A, B) =

0 (that is, y(1; A,B)=---=~y(n—1;, A,B)=1); and
(e) The feedback function is of Filippov type on the relative interior of some
(n —1)-dimensional cell of Q(T) if and only if N(A,B)=n-2.

Proof. (a) We have seen that K(T) is the union of the cell complexes £D(j, T),
for j=0,---,n—1. From Lemma 6.1 it is clear that D(j, T) adjoins +8&(j) - 8(j—
1)-D(j—1, T) and +8(j) - 8(j+1)-D(j+1, T) (when 0<j<n—1,if j=0 or n—1,
only one such relationship exists). Its intersection with the former pair consists of the
cell complexes D(j|s, =0) and D(j|s, =5,). If y(j) =1, these complexes lie in £, and
Q,, respectively (from (8.2)); each intersection is of the attracting/invariant type; and
D(j, T) and 8(j) - 8(j—1) - D(j—1, T) lie in distinct components of K(T)\(¢) as, of
course, is also true of =D(j, T) and —8(j) - 8(j—1) - D(j—1, T). Similarly, if y(j+1) =
1, the intersections of D(j, T) and —8(j) - 8(j+1) - D(j+1, T) are of attracting/in-
variant type and the two n-complexes also lie in distinct components. Thus, if all
v(k)=1 and therefore N(A, B) =0, each of the 2n policy complexes lies in a distinct
component of K(T)\Q(T). Consequently, K(T)\Q(T) has connectivity 2n when
N(A,B)=0.

On the other hand, if y(j)=—1, the intersection of D(j, T) with &(j)-d
(j—1)-D(j—1, T) is of attracting/attracting type and its intersection with —8(j) - &
(j—1)-D(j—1, T) is of invariant/invariant type. The first implies that D(j, T) and
8(j)-8(j—1)-D(j—1, T) are separated by (n—1)-cells which lie in £, N, and
therefore lie in distinct components of K(T)\Q(T). The invariant/invariant intersec-
tion, however, obviously implies that the feedback function is continuous on the interior
of D(j, T)U(—-8(j) -8(j—1)-D(j—1, T)) and that these two policy complexes lie in
the same component. The same is true of —D(j, T) and &(j)-8(j—1) - D(j—1, T).
Thus, for each y(j) = —1, the connectivity of K(T)\Q(T) decreases by 2 and N(A, B)
increases by 1. Clearly, this is the relationship presented in assertion (a).

(b) If all y(j)=1, all'intersections of the policy complexes are of the attracting/
invariant type, Q,(T) N Q,(T) contains no cells of dimension n—1 and M (A, B)=0.
However, if v(j)=—1, the attracting/attracting intersection of D(j, T) with
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8(j)-8(j—1)D(j—1,T) in the (n—1)-dimensional cell complex D(j|s,=0)=
8(j) - 8(j—1) - D(j—1|s;=0) implies that the

G-

j—1

(n—1)-dimensional cells of D(j|s, =0) lie in both switching surfaces. Then, by sym-
metry, the minimum number of (n—1)-cells in Q,(T) N Q,(T) increases by

(30
j—1
if y(j) = —1. This proves (b).

(c) Ifall y(j) =—1, all policy complexes intersect in attracting/attracting combina-
tions, each attracting cell lies in the intersection of the two switching surfaces and,
since lower-dimensional cells all lie in each surface, ,(T) = Q,(T).

(d) If N(A, B) is positive, there exists at least one y(j)=—1 and at least two
(n—1)-cells in ,(T)NNQ,(T). In this case the time-optimal feedback function F is
not realizable on these cells by Proposition 7.9(4). However, if N(A, B) =0, all policy
complex intersections are of the attracting/invariant type. As a result each time-optimal
attracting subpolicy of one complex is simultaneously an invariant subpolicy of an
adjacent policy complex. It is this property that permits us to show that F is of Filippov
type at each point of K(T) and, therefore, realizable.

Now let x’e K(T). If x° lies in the interior of a policy complex or in the relative
interior of an (n —1)-dimensional boundary complex, then F is of Filippov type at x°
by (7.9). Therefore, suppose x° lies in some lower-dimensional boundary cell of
D(j, m, T) and that the time-optimal control function for x° has a switching policy that
is a subpolicy of p(j, 7)=<(u',u? - - -, u"). Specifically, suppose F(x’) =u* and that
the policy describing the control function for x° is (a subpolicy of ){u*, u**', - - - u").
Thus x° lies in the (n — k+1)-dimensional cell D(j, 7, k—1) (see (5.3)) corresponding
to this control policy.

To show that F is of Filippov type at x, it is sufficient to show that F takes on
the value u* on a set of positive measure inside any neighborhood of x°. To do this it
is sufficient to show that x° lies in a boundary cell of some policy complex, say D(j’, T),
with F(x) =u(1, j') =u* on points, x, in its interior.

The attracting subpolicy {u’, - - -, u") of p(j, m) is also an invariant policy of an
n-policy <w? - --,u", w') of an adjacent policy complex. In turn, the attracting sub-
policy of this n-policy is an invariant subpolicy of another n-policy {u’, - - -, u", w', w?).
Clearly this process continues until we identify a time-optimal policy p(j’, 7') =
Qub, - uw' - - - whTY), where j’ denotes the number of switches in the first control
coordinate implied by the policy. Because the control policy of x° is a subpolicy of
p(j’, 7'), x’ is a point of the boundary of D(j’, T). It is clear that points of the boundary
lie in the closure of the interior of D(j', T). Hence there exist interior points arbitrarily
close to x°. Since each such interior point has a neighborhood in which F=u", F is of
Filippov type at x° and (d) is proven.

(e) If N(A,B)=n—1 then Q,(T)=Q,(T) and F is not realizable at any point
of the relative interior of an (n—1)-dimensional cell of (T). On the other hand,
if N(A,B)=n-2, there exists at least one “attracting/invariant” intersection of
(n—1)-cells. As has been previously shown, F is of Filippov type on the relative interior
of each such cell. This completes the proof of Theorem 1.8. 0

COROLLARY 9.1. Under the hypotheses of Theorem 1.8 all time-optimal trajectories
on K(T) are Filippov trajectories if and only if y(1, A,B)="---=y(n—1;A,B)=1.
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Proof. A time-optimal trajectory through a point x° is a Filippov trajectory if and
only if F is of Filippov type at x°. O

Theorem 1.8 shows that the time-optimal flow and switching surface structure
near 0 is completely determined, qualitatively, by the structure constants
v(1), - - -, y(n—1). These integers, unlike the determinants d(0), - - - , d(n) are invariant
under linear transformations and provide a canonical classification of strictly normal
systems. Since the system is strictly normal it is possible to use the columns of any
d(j) as a basis to transform the system into its equivalent Luenberger canonical form
A, B[15]. Thatis, if 0 <j < n, and T denotes the matrix corresponding to the determinant
d(j),

A=T'AT=[e’, - -,& a,e™ --- e"¢c], B=T'B=[e,e¢""]

where e* denotes the kth column of the nxn identity matrix, a=T 'A’b' and c¢=
T 'A"b.

With the system in canonical form, it can be shown that for the low-dimensional
systems of primary interest, n =6, y(1), - - -, y(n—1) constitute a system of independent
invariants and provide a complete canonical categorization of linear time-optimal
control systems. This result, however, remains to be proven for general n.

10. L*-systems. Olsder [26] introduced a class of systems he called L*-systems.
In the case of two-dimensional controls of interest here, system (1.1) is L* if for n = 2k,
d(k—1), d(k), and d(k+1) are nonzero, or if for n=2k+1, d(k) and d(k+1) are
nonzero.

For such systems Olsder shows that, for almost all x of the unit sphere in R",
there exists an ¢, > 0 such that &,x is time-optimally controlled to 0 by a unique control
function having k switches in each coordinate when n=2k+1 and k switches in one
coordinate and k —1 switches in the other coordinate when n =2k. Furthermore, the
switching times and response times are analytic functions of a power of &,.

In terms of the results developed in this paper, Olsder’s work implies that in the
n=2k+1 case, for example, almost every ray from the origin intersects ~D(k, T)U
D(k, T) in an interval containing 0 in its interior. Interpreted geometrically, this implies
that the switching surfaces separating these complexes from the others meet tangentially
at the origin. Furthermore, as T - 0 the relative contribution of all other complexes
(xD(j, T), j # k) to K(T) becomes negligible.

The two complexes +D(k, T) lie “above™ and ‘“‘below” both switching surfaces
and contain the major portion of K(T). This is illustrated in Fig. 3 and evident in
Examples A and B and the general analysis of [17], [20].

11. Stability with respect to measurement. Hermes [12] has introduced the concept
of “stability with respect to measurement” to characterize those feedback systems

(11.1) x = Ax+BF(x),

that are tolerant of measurement error. Hermes’ original formulation has been shown
by Héjek [10], [11] to be equivalent to “stability with respect to inner perturbations”
(an inner perturbation of x =f(x) is of the form x=f(x+p(x)) where p is essentially
bounded). This formulation has proved to be more tractable than the original used by
Hermes.

There are necessary conditions for measurement stability and sufficient conditions
for measurement stability, but necessary and sufficient conditions only for the case of
scalar controls, arbitrary n (see [11]), two-dimensional controls with n=2 (see [3],
[4]), and two-dimensional controls with n =3 (see [21]). Furthermore, only [3] and
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[4] deal with the global case; the other results consider only “local measurement
stability” in a neighborhood of the origin.

ProrosiTiION 11.2. A necessary condition for a closed-loop time-optimal control
system of the form (11.1) to be locally stable with respect to measurement is that F be
realizable on some K(T), T>0.

Proof. In his original paper [12] Hermes showed that if a system is measurement
stable, every Carathéodory solution of (11.1) is also a Filippov solution (%-solution).
If F is not realizable, there exist Carathéodory solutions on every K(T) that are not
%-solutions. On the other hand, if F is realizable, every Carathéodory solution is an
F-solution. O

CoROLLARY 11.3. Let system (1.1) be strictly normal and r =2; then the condition

v(1;A,B)="--=y(n—-1;A,B)=1

is necessary for the existence of a locally measurement stable time-optimal feedback
Sfunction.

Proof. The proof follows directly from Theorem 1.8(d). 0

ProrosiTiION 11.4. A closed-loop time-optimal control system of the form (11.1)
with r-dimensional controls, 1 = r = n, and a realizable time-optimal feedback function on
some K(T), T> 0, is locally measurement stable if and only if Filippov solutions to (11.1)
are unique for all xX’c K(T).

Proof. If F is realizable on K(T), the classes of Filippov solutions, Krasovsky
solutions, and Hermes solutions to (11.1) (see [10], [11]) coincide. The result then
follows from [11, Lemma 9.1], which states that (11.1) is stable with respect to
measurement if and only if Hermes solutions are unique. 0

Unfortunately, existence of a realizable feedback function is not sufficient to imply
uniqueness of Filippov solutions. The following result from [21] exhibits an additional
requirement.

THEOREM 11.5. A strictly normal system of the form (1.1) with n=3 and r=2 is
locally stable with respect to measurement if and only if

(a) y(1; A,B)=v(2; A,B)=1, and

(b) det[b',b>, 8(2)E'(¢)+8(1)E*(1)]#0.

Remark 11.6. In[21] the determinants d(j) are indexed by the number of b>-based
columns rather than b'-based columns. As a consequence, the roles of 8(1) and 3(2)
are reversed in the original paper.

The system of Example A is locally measurement stable.

In general, switching surfaces (T) will contain Boltyanskii ““cells of the second
kind” (see [2], [5]) for sufficiently large T. However, it is unlikely that such cells could
introduce measurement instability. Indeed, with the proper cellular decomposition
these cells should occur as attracting sets for some n-cell and “‘start-points” (see [1])
for another n-cell complex. If this turns out to be an accurate view of the switching
surface structure, then Filippov solutions would be locally unique in a neighborhood
of cells of the second kind. This analysis implies the following conjecture.

Conjecture 11.7. A time-optimal feedback system of the form (11.1) with r-
dimensional controls, 1 =r = n, is stable with respect to measurement if and only if it
is locally stable with respect to measurement.

12. Analysis of more general systems. The techniques employed here to analyze
strictly normal two-input systems may be extended to general minimally controllable
r-input systems. This work is in progress and will be reported later. In addition, the
total information concerning the local regular synthesis gained from this analysis sheds
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considerable light on the total switching surface structure for large T. It is expected
that this information will permit a resolution of (11.7). '

13. Summary. This paper has extended the analytical techniques of [20] to the
general nth-order strictly normal two-input system. In this extension:

(1) A cellular decomposition of K(T), for sufficiently small T, has been described
and shown to provide the first explicit construction of a local regular synthesis for
multi-input systems of arbitrary order.

(2) A system of linear invariants has been identified and been shown to completely
characterize the time-optimal flow and switching surface structure for small response
times.

(3) New necessary, and necessary and sufficient, conditions for local measurement
stability have been proven.
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CONSISTENT APPROXIMATIONS OF LINEAR STOCHASTIC MODELS*

ANDREA GOMBANIY

Abstract. This paper considers the problem of approximating a stochastic process {y(f)} with state
space X. The desired process {y,()} has state space X, of dimension as small as possible, such that, in
mean square norm,

ly()-y(Dl=e

for a given £ Z 0. The solution given here has the inclusion property, i.e., X, < X and is consistent, that is, it
reduces to the problem of finding a minimal realization of y(t) when ¢ is set equal to zero.

Key words. stochastic realization, approximate model, splitting subspaces, e-observability
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1. Introduction. In this paper we consider the problem of stochastic model reduc-
tion. This consists of finding, for a given process {y(#)}, a process {y,(¢)} admitting a
Markovian representation of lowest possible dimension that approximates {y(¢)} in
some norm. This problem has received considerable attention in recent years [5], [7],
[13], [14], especially in connection with the Hankel-norm approximation of a spectral
factor of y. However, in this paper we investigate a different approach to the problem,
one which exploits the geometric framework of stochastic realization theory [9], [10],
[11]. The basic idea of this approach is to start with a state space X of y (not necessarily
minimal) and build the reduced model within this space. This is done by cutting off
the parts of X that are almost unobservable or almost unconstructible (in a sense to
be described below).

There are several reasons for considering this approach. One is that the reduced
model will have its state space included in the original one, which means that, in a
suitable basis, the new model is a subsystem of the original in the sense explained
below. A more important reason is that in this way our algorithm is consistent, that is,
the procedure we propose solves as a special case the problem of finding a minimal
realization of {y(#)}, given a nonminimal one.

The Hankel-norm approximation is generally not consistent; this implies that
some care must be taken in the choice of the state space X we want to reduce. (In
fact, it is shown in [16] that the best results are achieved with this method when the
minimum-phase spectral factor is approximated.) So, for the problem of reducing any
given state space X, the Hankel-norm is not very suitable.

On the other hand, our procedure might not perform any better than the Hankel-
norm method in the finite-dimensional case (even if, in the given example, it yields a
much better bound and there seems to be an advantage in infinite dimension).

Since we work with approximation of stochastic systems, we will use the mean
square norm

Il = (Bx?).
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This is the natural norm for this setting, and is unitarily equivalent to the L* norm.
As we recall, the Hankel-norm approximation in stochastic model reduction is generally
used to achieve an upper bound on the L>-norm [14],[16], and it is this context in
which this paper refers to Hankel-norm approximation.

It could be argued that the problem, posed in a deterministic setting, could be
better solved with H*-methods (with respect, for instance, to robustness) (see, e.g.,
[15]). However, these methods are not very suitable when a variable phase factor is
built into the model. This situation is illustrated by the following example (due to
J. C. Willems, and pointed to us by C. I. Byrnes).

Suppose we want to record a symphony. Then the different distances between the
instruments and the recording apparatus will introduce a phase shift in the signal. This
phase shift is not strongly continuous under the H™-norm. Therefore, any attempt to
filter out noise, eliminate redundancy, etc., will encounter difficulty, since even slightly
shifted versions of the same input will be very distant from each other in H™, and will
have to be treated as different signals. The L® norm does not have this disadvantage.

2. Preliminaries. We review here some basic facts about stochastic realization (we
refer the reader to [9]-[11] and references therein for the full story).

Let y(t) be areal-valued discrete-time, stationary, centered, purely nondeterminis-
tic (p.n.d.), Gaussian process on the probability space {Q, %, P}. Consider the Hilbert
space generated by the process

H =span {y(1); te Z}

where the closure is taken with respect to the inner product (x, z) = Exz, E denoting
expected value.

The space H comes naturally endowed with a bilateral shift U, defined by

Uy(1)=y(t+1)

and extended by linearity to the whole space.
The basic realization problem is the following: find all representations of the form

(2.1) x(t+1)=Ax(t)+ Bu(t), y(t) = Cx(t)+ Du(t)

where u(t) is a white noise process in H (i.e., for each t, se Z, Eu(t)u(s)=38,,), and
A, B, C, D are constant matrices. It is of particular interest to characterize all minimal
representations of form (1) (minimal in the sense that the vector x(¢) has smallest
possible dimension). This problem can be posed as a geometric problem in the Hilbert
space H, namely, the problem of finding all subspaces X of H that are Markovian
and splitting for y, in the following sense. A nonzero subspace X of H is said to be
Markovian if it splits its own past and future, i.e., defining X" =span{U"X; n= 0}
and X =span {U"X; n =0}, thus we have that

(2.2a) EX X" =EXX™,
(2.2b) EX'X =EXX~
with E* denoting the orthogonal projection on A.

The space X is splitting for y if it splits the past and future of y, i.e., if H =
span {y(n); n=0} and H™ =span {y(n); n <0} the following holds:

(2.3a) E""YYH*=EXH",
or equivalently,

(2.3b) EM'YXH =EXH".
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For short, in the sequel we use the concept of state space to denote a Markovian
splitting subspace (for y).

A state space X for y is minimal if any other state space X, < X is necessarily
equal to X. Minimality can be characterized geometrically, introducing the concepts
of observability and constructibility. We say that a state space X is observable if

(2.4a) EXH =X
and constructible if
(2.4b) EXH =X.

It is then consistent with these definitions to say that a subspace X;< X is
unobservable if X, < (H")", and that X,< X is unconstructible if X, (H™)".

Markovianness can also be characterized in a more convenient way. We say that
a subspace Z < H is invariant for the shift U if UZ < Z and invariant for the adjoint
shift U* if U*Z < Z. We say that Z,, Z,< H intersect perpendicularly if one of the
following equivalent conditions holds:

(2.5a) (i) (Z))* < Z, (L denoting orthogonal complement in H);
(2.5b) (i) EAZ,=E*Z,.
Then it can be shown [11] that any splitting subspace X can be represented as

the intersection of a unique pair (S, S) of perpendicularly intersecting subspaces of
H,i.e.,

X=5N§
such that
(2.6a) So>H™
and
(2.6b) SoH".

The space X is Markovian if and only if U*S< S (i.e., S is invariant for the
backward shift and US< S) and US< S (i.e., S is invariant for the forward shift).
Hence we have characterizations of all state spaces of y in H in terms of invariant
perpendicularly intersecting subspaces satisfying (2.6). This correspondence will be
denoted by X = (S, S). It can be shown [11] that the following decomposition holds:

2.7 H=§5'®X®S"

In particular, S=X®S"*, and §=X@®S". Now the question is how to get a
minimal state space from a given X = (S, S). The answer is provided by the following
theorem and is the guideline of our model reduction scheme.

THEOREM 2.1 [11]. Let X =(S, S) be a Markovian splitting subspace. Let S,= H" v
S*and S,:=H v S;. Then X,=(S,, S,) is a minimal Markovian splitting subspace such
that X, < X.

The importance of this theorem is that the construction of a minimal Markovian
splitting subspace from a nonminimal one is a model reduction problem, in which the
Markovian and splitting properties are both preserved.

To analyze this geometry in an efficient way, a functions model is needed.
Therefore, as is customary, we shall work in the isomorphic setting of the Hardy spaces
H? and H>.

We recall that L*(T) is the Hilbert space of square integrable complex-valued
function on the unit circle.
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Every fe L*(T) has a representation (unique)

f(eiw) — —E: f;, eiwn'
We write H*(H?) for the subspace of L’ whose elements have positive (negative)
vanishing Fourier coefficients. The symbol H*(H®™) denotes the subspace of H*(H?)
whose elements are essentially bounded functions. An outer function f in H” is an

element with the property that fH>:=5pan {fg; g€ H*}= H? and an inner function
he H? is an element subject to |h(e™”)|=1 almost everywhere.

The symmetric concepts in H? will be called conjugate outer and conjugate inner.
It can be shown that any function ge H>(H?) can be factored as g=fh with f
(conjugate) outer and h (conjugate) inner.

Remark. The notation used here is not conventional (the standard mathematical
notation being exactly the opposite). This choice has been adopted to be in agreement
with most engineering literature.

One of the reasons Hardy spaces have become an indispensable tool in realization
theory is illustrated by the next theorem. We recall that an R-valued p.n.d., mean
square continuous, stationary process {y(t)} has the representation

v

{y(0)} =J e dj(w),

-

dj(w) being an orthogonal random measure such that there exists a finite, positive,
absolutely continuous measure dF(e™) with density ¢(e*), for which

Eldj(0)]’=¢(e™) do.

We also recall that the spectral measure of a white noise is an orthogonal random
measure dii(w) subject to

E|dii(w)|* = dw.

It can be shown that if u(¢) is a white noise in H (i.e., Eu(t)u(s)=38,,), then the
spectral measure defined by

(2.8) u(t)=jﬂ e dii(w)

induces an isometric isomorphism I, from H onto L* defined via the trigonometric
polynomials p(z) as
Lp(u)u(0):=p(e™)
and extended to the whole of H by continujty. (See [12] for details.)
Let K be an inner function. By H(K) we denote the subspace (invariant for the

left shift)
H(K)= H’OKH>,
Analogously, by H*(K*) we denote the subspace H*© K*H">.

THEOREM 2.2 [9]-[11]. Let X =(S, S) be Markovian splitting. Then there exists a
unique pair of white noises (u, i) such that

(2.9a) I,S=z"'H?
(2.9b) I,S=KH?,
(2.9¢) I.S=z"'K*H?

(2.9d) 1,5=H*
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where K is an inner function in H*, The process y(t) has the representation

(2.10a) y(t)= Jﬂ e“'W(e) dit(w)

-

with We H?, ie., Iy(0)=W. Analogously, 1,y(0)= W e H> and the following rep-
resentation holds:

(2.10b) y(t)= J e“'W(e™) dii(w).
Moreover,
K=ww

The correspondence between state spaces X and pairs (W, W) and (u, it) is one to
one. It will be denoted by X = (W, W)= (u, ii). The functions W(z) and W(z) are real
for real z. The space X has the representations

(2.11) X=J%dﬁ=f&"ﬂdﬁ
where

(2.12a) Z=z"'H(K)=z""(H*©KH?
and

(2.12b) Z=H*K*)=H*©K*H

The functions W and W are called, respectively, stable and strictly unstable spectral
factors of y associated to X. Consequently, in the spectral domain, we represent the
pair (S, S) by the pair (W, W), or equivalently by (u, ).

Let X be a Markovian splitting subspace for y. How are the pairs (X, X ") and
(8,5) related? Clearly, X~ <= S, and X "< § but it is not a priori clear if equality holds.
The next theorem shows this.

THEOREM 2.3. Let X =(u, i1)=(S, S) be a state space for y. Then, X =S and
X*t=8S

Proof. Since it can be shown [11] that S= H (u), we need to show only that
u(—1)e X, because then the inclusion follows from the invariance of X . To this
end, represent y(t) as in [12]:

(2.13) y(t)= E wau(—n+t)

where Zfzo w,z "= W(z), the forward spectral factor associated to X. Let k>0 be
the index of the first coefficient in (2.11) which is different from zero. Then

EXp(k=1)=ES 3 wy(u)(—n+k—1)

=Y wu(-n+k-1)
n=k
because u(t) L S for t=0, and u(t)€ S for ¢t <0. Similarly,

E*y(k)=E® Y w,au(-n+k)
n=0

= § wu(—n+k).

n=k+1
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But EXy(k—1) and U*E*y(k) both belong to X ~. Therefore
1
u(—1)=w—[EXy(k—1)— U*EXy(k)]
k

is also in X . The same is true for X' (use the representation induced by i for y(t)
instead of (2.13)).
Let We L™. Then the Hankel operator with symbol W is

IIW = EHZLMleZ.
The singular value o (A) of an operator A is defined as
o (A) =inf{||]A— C||; rank C = u}.

Denote by %, the set of strictly proper stable rational functions of degree less than
or equal to k. Then there exists the following result due to Adamjan, Arov, and Krein

[1]:

}Telg: ||HW‘“Hf | = o (Hyw).

Now let ge H**. It is not difficult to see that

gl = | H

defines a norm on Hj called the Hankel-norm. Then the result of [1] says that the
Hankel-norm approximation error of a function W with a function fe %, is exactly
o (Hw). _

Finally, let y be given and let X = (W, W) be splitting for y. By Hankel-norm
approximation of y (given X) we mean the Hankel-norm approximation of W. 0

3. The problem. This section is devoted to the problem formulation, a discussion
of the consistency and inclusion properties, and the illustration of how methods already
developed in the literature (such as Hankel-norm approximation) behave with respect
to these properties.

We are considering, for the time being, the geometric structure of H, and therefore
a coordinate-free approach is appropriate. Hence, given a process z(#), and a Markovian
splitting subspace Z for z, it is reasonable to use the word model to denote the pair
(z, Z). We define the degree of the model to be the dimension of Z.

DerINITION. We say that the model (y,, X;) is a submodel of the model (y, X)
if X>X,.

This definition is more restrictive than it might seem at first sight, and X, cannot
be just any subspace of X. In fact, since (y,, X;) is a model, X, is Markovian, and if
X is finite-dimensional, the number of its Markovian subspaces is also finite. Under
the assumption X~ = X this is equivalent to saying that there exists a basis x(0) in
X such that the Markov process

x(t+1)=Ax(t)+ Bu(t)
(u is A white noise) can be split into
[xl(t+ 1)] _ [An AIZ] [xl(t):l + Bu(y)
x(t+1) Ay Anllx(t)
with x, basis for X; and A,,=0 (which yields Markovianness of the process x,(t)).

We consider two equivalent formulations of the model reduction problem. First
define, for € =0, the class Z, to be the class of models (z, Z) satisfying

(3.1) lz(®)=y(Dl=e
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and, for k€N, the class &, to be the set of models (z, Z) such that dim Z = k. Finally,
the set of admissible models, which will depend on the approximation procedure, will
be denoted by Z.

ProBLEM 1. Given a model (y, X) and ¢ =0, find in N %,, a model (y,, X,) of
minimal degree. If there exists more than one solution with the same degree, find one
whose error

(32) ly(&) =y (D]
is minimal.

ProOBLEM 2. Given a model (y, X), and k=0, find an ZN %, a model (y,, X5)
such that the quantity

(3.3) lz() = y(0)]

is minimized. If there exist more than one solution with the same error find one whose
degree is minimal.

At first sight, it may seem reasonable to choose the class Z to be &, (or %,). This
choice can certainly be made, but in this case we have to deal with a nonlinear
minimization problem in L? over a set of rational functions (which is not even convex),
and therefore this is quite a difficult problem to solve. We can then restrict the set of
our candidates & to some smaller and nicer class for which an explicit solution can
be determined (as for the procedure proposed in this paper), or for which at least an
approximate solution and an error bound can be computed (as for the Hankel-norm).
In both cases we obtain an overall bound on the error of the actual solution. It is then
clear that the performance of these algorithms will depend on the properties of the
underlying set %.

DerFINITION. We say that an approximation algorithm is consistent if, whenever
the smallest class &, containing the solution (y;, X;) also contains a minimal realization
of y, then y, = y almost everywhere, and (y, X,) is also a minimal realization of y.

In other words, our algorithm should select a minimal exact model whenever there
exists one of the same degree as in the solution.

In the Hankel-norm approximation scheme described in § 2, the set & is, given
(y, X) and k,

Zn={(z,2)e%;Z =X"}.

The following example shows that this is not always a satisfactory choice.

Example 3.1. Let X =(u, 1) be any Markovian splitting subspace such that u is
not equal to # and apply the Hankel-norm approximation to the model (i, X). Observe
first that there exists a zero-dimensional exact realization of @, namely (i, 0). Clearly
we can obtain a zero-dimensional model using the Hankel norm, but this would not
be exact. In fact, Hankel-norm approximation amounts to approximating the spectral
factor of 1 (note that @ is a white noise) corresponding to u, namely the structural
function K/z (of degree, say, n) which is inner. The Hankel operator with symbol
K /z has all its singular values equal to 1, and therefore the Hankel-norm approximant
of K/z of degree k < n will in fact be zero with error bound 1; then the corresponding
model is (0, 0), which clearly is not exact. Therefore we do not have consistency.

The example above shows that the choice of the original state space X is quite
relevant to the quality of the Hankel-norm approximation. In fact, it is shown in [16]
that the best behaviour is obtained by choosing the minimum-phase model. However,
the given physical model may be far away from the minimum-phase one, and in this
case a different approach is needed.
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DEerFiNiTION. We say that an algorithm has the inclusion property if for any
solution (y,, X,) the relation X; = X holds.

This property insures that in an appropriate basis the approximate model is a
subsystem of the given one, as we will see below. In addition, as we shall show in § 5,
imposing this property, namely choosing

(3.4) % ={(z,2); Z= X}

(where I stands for inclusion), will yield consistency. Therefore the Hankel-norm
approximation cannot have the inclusion property, which is also seen from Example
9 in [7].

Desai and Pal [5] have suggested an approach to model reduction that has the
inclusion and consistency properties and may, at first sight, seem very natural . However,
as we shall see below, it yields a “model” that is not necessarily Markovian, and hence
is not a model in our sense.

Let (y, X) be our given model. To simplify matters, we assume throughout the
rest of this section that X ¢ H™ (the argument can be extended to any X with some
slight modifications). Then X is splitting for y if

(3.5) EX¢—E" ¢=0, ¢eH",

i.e., the conditional angle between past and future given X is zero. It can be shown
that X_= E""H™ is the minimal subspace in H_ satisfying (3.5).

If a further reduction of X is needed, the splitting condition (3.5) must be waived.
The natural way to do it is to impose that the angle between past and future, if not
zero, is at least smaller than some given &. That is, find X, = H™ such that

(3.6) IEX¢-E" ¢|=elél, éeH

Mapping H onto z_'H” and H" onto H” via I,_and I,,, respectively, the projection
operator E" H" has, as spectral representator, the Hankel operator Hy, where T :=
z 'W_W?3!' is called phase function. Then the equivalent of (3.6) reads

(3.7) |E*iM; - E* """ M| =,

Z,< z 'H?. It can be shown (see, e.g., [3], [5]) that if £ = o.(Hy), and (&, n;) is the
Schmidt pair associated to o;(Hr), then

Zi=spani{éy, -, &1}

satisfies condition (3.7). In fact, with a little computation, it can also be seen that

(&, M) = o(Hr)

and (&, ;) =0 for i # j. In other words the value o, (Hy) represents the cosine of the
kth principal angle between H™ and H, and is called the kth canonical correlation
coefficient (see [2]). (The kth principal angle between two Hilbert spaces H, K is
defined as

arc cos inf sup <¢ mn;cod Hy=k Hyc H
éeHg,me K
flEN=lnl=1
and indicates roughly how near H and K are to being orthogonal, “given” HO H,.)
Mapping &, back to H via I,', we obtain an X, = H~ satisfying (3.6). This representa-
tion is, in fact, the one obtained by Akaike using canonical correlation analysis [2].
It is rather straightforward to check that the canonical correlation coefficients are the
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singular values of the Hankel operator Hy, and that the principal components of past
and future are the inverse images under I, of (&, 7, ) (see [2]). The reason the procedure
above looks interesting is that we can easily compute the approximate model from a
realization of the original one, since it is always possible to find a basis in X such
that the representation

x(t+1)= Ax(t)+ Bu(t), y(t) = Cx(t)+ Du(t)

of y induced by X has as its first k components exactly the images I,'n;, for
i=0,-,k—1, of the first k Schmidt pairs. In other words, we can write

x(t+1) x,(t) b,
x(t+1) | [An Ap|| x() by
X (E+1) —I:AZI Azz] X+ 1(1) * bt u(t),
x,(t+1) x,(t) b,
(3.8)
x,(t)
e ... xi (1)
y(t)=[c, > Ck Crt1s , Cn] Xenr(0)
X (1)

where x;(0)=I,'%,. Then an approximate model is naturally given by

x(1+1) _ x, (1) b,
[xk(t+1)] ‘A“[ka] +[bk]“(’)’

y(oy=le, - ,;Ck]I:Xl(t)]-

x(t)

This is the approach already suggested by Akaike in [2], and proposed by Desai
and Pal [5]. The main drawback, however, is that (3.9) is indeed a submodel of (3.8)
only if A,, is zero, and this generally cannot be achieved if we require the first k
components to be the images of the n;, i=0,--- k—1.

An equivalent statement is that X is, in general, not Markovian. In fact, we are
going to prove that X, cannot be Markovian if the singular values of Hr are distinct.

THEOREM 3.1. Let (&, mg), "+, (€x1, Mn_1) be the Schmidt pairs of Hy associated
to 0y>0,>">0,_,. Then X, =T, span{ng, * -+, Mx—.} is not Markovian, for k <
n—1.

The proof is quite technical and is given in the Appendix.

The basic reason this algorithm does not yield a Markovian model is that what
is reduced is simultaneously almost unobservable and almost unconstructible (this is
the meaning of (3.6)). By contrast, the reduction algorithm of Theorem 2.1 cuts off
the unobservable part of X. That is, letting S,:= S*v H" and SO §, = X,, easily shows
that E"" X, =0. But X, is certainly not unconstructible, because X, = (H,)" implies
EXH_=X,, since H v H" = H. So in fact X, is constructible.

We conclude that the philosophy of the solution to the model approximation
problem is to take observability and constructibility into account separately, not at the
same time. We will do this in the next two sections. It is easily seen that a procedure
for solving Problem 1 can be easily transformed into a solution to Problem 2. Hence,
in what follows, we will focus our attention on Problem 1.

(3.9)

4. The exact model. As we have said, we want a model reduction scheme that is
consistent. To this end, we reformulate the exact reduction algorithm of Theorem 2.1
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so that it can be easily generalized for approximation. This is the content of this section
and is, in particular, the meaning of Theorem 4.2 and Algorithm 4, as Example 4.1 shows.

There are basically three variations of the algorithm of Theorem 2.1 when X =
(S, S) is given.

ALGORITHM 1. Set §;=S*VvH"' S,=8S;vH".

We obtain the minimal state space contained in X that is closest to the future H*
in the sense that X, is the maximal element in the complete sublattice of minimal
splitting subspaces of X. In particular, if the backward predictor space X, = EM'H-
is contained in X, then X, = X, .

ALGORITHM 2. Set S;=S*vH", §;'=S*vH".

We get the subspace that is closest to the past in the above ordering. In particular,
if X>X_=E" H", the predictor space, then X, = X.

ALGORITHM 3. Take S, to be any invariant subspace with the property
H vS§tcS,cS.NS

and set S,:=S7v H". Then clearly S, and S intersect perpendicularly and it can be
shown that X, is minimal.

In the following we will focus our attention on the first two algorithms.
The frame space X" is defined as

X =X_vX,

where X_ and X, are the forward and backward predictor spaces. It can be shown
that any minimal splitting subspace is contained in X" [11]. Moreover, these subspaces
have a complete lattice structure under the partial ordering described below. It can be
shown [11] that if X is minimal splitting,

X = J Q*H(K) dii_

where Q is an inner function. The correspondence between X and Q is one to one.

Then given X, and X, minimal splitting and the corresponding inner function
Q., Q,, we say that X, <X, if Q,|Q,.

THEOREM 4.1. Suppose X Markovian splitting subspace for y and set X,= X n X".
Then the set of minimal subspaces of X, is a complete lattice with the ordering induced
by X" (i.e., it has a complete lattice structure). The maximal element is given by Algorithm
1 and the minimal element by Algorithm 2.

For the proof we need the following lemma.

LEMMA 4.1. Suppose Z< X" is a Markovian splitting space with a complete
lattice structure. Then R\ Z also has a complete lattice structure for any left invariant
subspace R.

Proof. Let Z_=(v_, _) be the minimal element in the lattice and Z, the maximal.
Then [11]

Zh=J‘H(K) dib_, Z+=JQfH(K) di_
and any minimal subspace of Z has the form

X=J Q*H(K) di_
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for some Q|Q*. Conversely, to any such Q there corresponds a minimal state space.
The space R will have the representation

R= j P*H? db_

for some P inner. Then set

Qm = (Q+’ P)'
Then

X,, :=J Q*H(K) db_

is the maximal element of our sublattice, since the inner divisors of an inner function
form a complete sublattice. The minimal element is clearly Z_, and the lemma is
proven. 0

Proof of Theorem 4.1. Since X = (S, S) we can apply the lemma above to X"'N S,
and then (after time reversal) to (X~ N S)N S, and the first part of the theorem is thus
proven.

To see that the minimal element is the one given by Algorithm 2, observe that
X, < X, in the lattice if and only if Q,|Q,, where

Xi=J Q:kH(K) du—’

and hence if S,< S,, since
S; =J Q*H? du_.

Since S; > S*v H™, clearly the minimal element is the one for which § = §* VH . This
is similar for the maximal element. O

We want to describe the reduction procedure of Theorem 2.1 in the spectral
domain. Therefore we introduce a basis in the spectral image & of the given state
space X, and hence also in X. Let I, denote the isomorphism mapping X~ onto z ™' H>.
Then (cf. (2.13), (2.14))

X =f :'H(K) dii

where K is inner. Let by, - - -, b, denote the poles of K. Then a basis for ¥ =z""H(K)
is

N,
vl(z)—z_bl’
N, 1-zb,
4.1 = it |
( ) Uz(Z) Z"‘bz Z—b1 ]
0.(2) = N, 1—25,,_1 ‘1—25,
b, z—b,_, z—b,

where N; is a normalizing factor given by N;=(1—|b]*)"? The basis v,,- - -, v, is
orthonormal. For short we can write

()= T BG),  B(2)=

i j=1 zZ—

zb,
.

J
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The basis vy, --,v, also has the property that span{v,, -, v,}=
z 'H(B,, - -, B;). This basis clearly depends on the ordering of the poles. If o is a
permutation of S,, then b, , - - -, b, will generate another basis, i.e.,

vi(z)=~ No H. B, (2).

0’]

The spectral factor W and the isomorphic image of y(0) under I, then have
different representations as o ranges over S, :

(4.2) W= Z a;(o)vy
i=0

where vg = 1. Let Res (v;, b;) denote the residue of the function v;(z) in b;. Then the
coeflicients «;(o) are the solution to the following system:

(4.3)
1 0 0 - 0 ay(o) W (o)
0 Res(vy;b,,) Res (v7; b,) -+ Res(vn;b,) a,(o) Res (W; b,,)
0 0 Res (v b,) -+ Res(vy;b,,) ay(o) | =]Res (W, b,,)
0 0 0 <+ Res(vy; b,,)| [a.(o) Res (W; b, )

and can be computed recursively (cf. [3]).

Among all possible choices of basis, there are some that are particularly interesting.

LEMMA 4.2. Let X =(W, W)= (u, @t). Then X is observable if and only if there
exists no permutation o € S, subject to a,(0) =0 in the representation (4.2) of W.

Proof (If). Suppose that, for some o, Res (W; b, )=0. This means a,(co)=0,
and hence the degree of W is at most n—1. It can be shown (cf.[11]) that, given
X = (W, W), there exist polynomials p and g such that W(z) = p(z)|q(z) and W(z) =
p(2)|4(2), where §(z) =z"q(z™"), n=deg q. Moreover, X =(W, W) is observable if
p and q are coprime (see [11]). In our case, deg g =n and deg W =n —1 imply that
p and g are not coprime, i.e., X is not observable. Reading the argument backward
proves the (Only if).

In other words Lemma 4.2 characterizes the observable subspaces of X in the
spectral domain. Clearly an analogous result holds for constructibility. To obtain it
we simply need to consider the map I, from X* onto H”. Then the conjugate basis
of vy fori=1,--- ,n+1,is

zN, n+1 1—zb,
4.4 —o' o B B. = j.
(44) @y T BNG), B=

(The (n+1)st component represents the constants. This is done to simplify notation
later.) The conjugate spectral factor of y will therefore have the representation

_ n+l
(4.5) W=73Y a(o)v;.
i=1
Then the constructible version of Lemma 4.2 reads as follows.

LEMMA 4.3. Let X =(W, W)= (u, it). Then X is constructible if and only if there
exists no permutation o € S, subject to &,(a) =0 in the representation (4.5) of W.
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The reason Lemmas 4.2 and 4.3 are interesting is that they provide the key to the
spectral version of Algorithm 2 (the reduction algorithm) as is shown in the next
theorem.

First define, for a given Markovian subspace X splitting for y,

(4.6) k, = mtsn {k; a;(0)=0,j> k},
(4.7) k.=max {k; a;(c)=0,j<k}.

geS,

Let o, and o, denote the minimizer and maximizer, respectively, in (4.6) and
(4.7). The letters o and c here stand for observable and constructible, respectively.
LEMMA 4.4, Let X =(u, ii). Then

(4.8) X,=1,"span{v{, - - -, v}s}
and
(4.9) X, =1;'z"" span{o}:, - - -, Oy}

are, respectively, observable and constructible Markovian splitting subspaces for y.
Before proving this lemma, we proceed to the main theorem of this section.
THEOREM 4.2. Let X =(S, §) be Markovian splitting for y, let X, and X be defined

as in Lemma 4.4, and set S,'=S*v H". Then

(S, S)=X,.
Analogously, let S;'= S*v H™. Then
(S,,9)=X..
The spectral version of Algorithm 1 is now clear.

ALGORITHM 4. Let X = (u, @) be given.
(1) Set X,:=1I,"span {vie, -+, v} )
(2) Consider X, =(W, W,) =(u, 4,), the basis I;'z {5/} in X,, where &,€ S, ,
and the representation
_ k,+1 _
W,= Y a(a)d.
i=1
(3) Set k,.:=max, s, {k:a;j(d,)=0,j<k} and let o, be the maximizer of this
expression. ’
(4) Define X,.:=1I7'z "span{v{=; i=ky, -, k,}.

Obviously, there is an analogous spectral domain version of Algorithm 2, yielding
a minimal Markovian splitting subspace X,.
CoROLLARY 4.1. Let S,, S,, as in Algorithm 1. Then

(410) XOCE(SI’S-I)‘
Analogously, if S,, S, are as in Algorithm 2, then
Xco = (SZa 52)'

With this corollary the spectral equivalents of Algorithms 1 and 2 are completely
characterized. Before we look at the proofs, we consider an example, trivial by itself
but useful for the understanding of the approximation procedure in the next chapter.
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Example 4.1. Consider X = (u, 4):

-1 1 =7J! 1 1
x=1 Span{z+(1/2)’z+(4/5)}_la Sp‘?‘“{w(z/z)’1+z(4/5>}
and
y(O):J W(e™) du(w)
with

_z+(1/3) 1+2z(4/5)
T 1+(z/2) z+(4/5)°

W(z)

Then W(z) can be written as
z+(1/3) 1+2z(4/5)
1+(2/2) 1+2(4/5)

It is easily seen that, whereas no reduction is possible on W, for W there are two
representations associated to two different bases:

W(z)=

_ 1.1z S5z z+(4/9)
WD) =3t 1@ T 12 15(2/2) 1+2(8/5)°
W(z)=-1-+5 z z z

3Ye 17 @ V25 14(2)2)

The second representation shows that, according to Lemma 4.3, X is not constructible,
because a, is zero, and hence it can be reduced in the second step of the algorithm.
Then X,= X and no reduction is made, whereas

1 1
Xoe=Ta {1+(z/2)}

is a one-dimensional minimal splitting subspace for y.

As we said, it is obvious that W can be represented by a rational function of first
degree. It is important to construct the reduced state space in a way that is generalizable
to approximation, as will be seen in the next chapter.

We turn now to the proofs. We consider only the observable case, the constructible
one being symmetric.

LeEMMA 4.5. Let X =(u, ii) be a Markovian subspace. If for some constant d

(4.11) y(0) = E*y(0) + du(0)

then X is splitting for y. Similarly, if Z and W are the spectral representations of X and
¥(0), X is splitting for y if for some constant d
Wed+y.

Proof. Let EXy(t)= Cx(t), where C is a convenient matrix and x(¢)= U'x(0),
x(0)e X. Since for t=0, u(t)L X", we have EX y(t)=EX Cx(t) because X is
Markovian. Similarly, for ¢ <0, since u(t) L(X )*=X"© X from Theorem 2.3, we
can write

EX'y(t)=E* Cx(t)+ EX u(t)= E*XCx(t)+ EXu(t) = EXy(1).

In other words, E" Y*H*= EXH" and E"""XH =EXH", ie., X is splitting. The
second part follows by mapping (4.11) in the spectral domain.
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Proof of Lemma 4.4. Let X, = (u,, ii,) and consider in H> the images &, and W
of X, and y(0) under the map I,,. Then Markovianness follows from the left invariance
of Z,. As for the splitting property, from (4.2) we see that We d + &, and we can
therefore apply Lemma 4.5. As for observability note first that, since X, is splitting,
the representation X, =(W,, W,) holds for a convenient choice of spectral factors
W,, W,. We need to prove that W, = W, or equivalently, that S= X,. This equality
becomes, in the spectral domain, under the map I,,,

span {z"%,; n=0}=z""H?

To prove this last equality we pick a cyclic element in &,. Consider the first element
of the basis of Z,, v, = N;(z—b,) "= N,z '(1—-z"'b,)". The function (1—-z"b,) " is
invertible in H?, and hence outer, i.e., v, H> =z 'H?, as wanted. That is, S = X, and
hence W, = W. But then we can apply Lemma 4.2, and X, is observable.

Proof of Theorem 4.2. Let X,=(S, S,), and S,:= H* v §*. We need to show only
that S, = §,. Since X, is splitting, we have H" = §,, and since also S, > S*, we obtain
S,>S,. That is, X, > X,=(S, S,). Since both X, and X, are observable subspaces,
the following holds:

(4.12) ESH*=E*H"=X,c X=EXH"'=ESH",
i.e., X; = X. A similar argument holds for X,.

5. Main results. We have seen that, if X is not minimal, there exists an algorithm
to cut out the unobservable and unconstructible parts of X. Suppose now that we are
in a situation where a minimal model is still too large for applications. Then some
further reduction leading to an approximate model must be performed. This is the
topic of this section.

The idea is to generalize the algorithm presented above by cutting off subspaces
of X that are “almost” unobservable or ““almost” unconstructible, in a specific sense
to be described below.

To this end, let us examine Algorithm 1 more closely.

LEMMA 5.1. Let X =(S,S) and S,=S*v H". Then X,=(S, S,) is characterized
by the following properties:

(a) X, is Markovian;

(b) X ©X, is unobservable;

() X =X,;

(d) X, is minimal with respect to the above properties (i.e., if X, < X, has

properties (a)-(c), then X, = X,).
Proof. X, is Markovian by construction, and since X~ =S = X7, then (¢) is also
satisfied. Since (X © X,) L(S,N S), butalso (X O X,) < S, it follows that (XO X,) L S,.
Since S, > H*, a fortiori (X© X,)LH", i.e., X© X, is unobservable, and this shows
(b). Suppose now that X, < X, has the same properties. Then (X © X,) N X, is also
unobservable. But this implies (X© X )N X, =0, i.e., X, =X, and hence (d) holds.

Conversely, if a subspace X, < X satisfies (a), (b), (c), (d), then it is splitting,
because for each £ H", the equality

EX§= EX1§+EX@X|§= EX'§
holds and, since X is splitting, we have
ES¢=EX¢=EX,
which is the splitting property for X,. Observability follows from (d). In conclusion,

X, is Markovian, observable, and splitting for y, and such that X, = S. But then, X, = X,
(because X; =S and X; > H" v S"). Using (4.12), we get X, = X,,.

(5.1)



98 ANDREA GOMBANI

For our approximation scheme, we need to replace the unobservability condition
(b) by a weaker one (which will not imply, as condition (b) did, that X, is splitting).

DEFINITION. Let ¢ >0 be given. Then we say that a subspace Z of H is e-
unobservable if

(5.2) sup |[E“y(1)| = e, tz0
and e-unconstructible if
(5.3) sup |E%y()| =&, t<0.

The reason for this definition is explained by the following proposition.

ProPOSITION 5.1. Z < X is unobservable if it is e-unobservable for all € > 0.

Proof. Z is unobservable if Z< X N(H"')*. But this implies that E“x=0 for
x€ H". In particular, E“y(t)=0 for all t. Conversely, e-unobservability of Z for all
£>0 implies E%y(t)=0 for t>0, and since any x€ H' has a representation x =
Y=o ay(t), EXy(t)=0 for t=0, we get E“x=0. 0

Condition (b) now becomes the following:

(b') X© X, is e-unobservable.

THEOREM 5.1. Suppose X, < X satisfies condition (a)-(c), and X =(u, éi). Then
there exists a process {y,(t)} such that

(5.4) y() -] <e

and X, is splitting for y,. If condition (d) is satisfied then X, is observable for y,.
Proof. Since X is splitting for y there exists a representation

y(0) = du(0)+ E*y(0)
where u is the forward process associated to X. Set
$1(0) := du(0) + E X1y(0).
Then,
»1(0) = du(0) + E*1y,(0).

So, from Lemma 4.5, X, is splitting for y,. Moreover, X © X, is e-unobservable, and
hence

ly(0) = :(0)|| = | EXy(0) = EX1y(0)]|
=||E*®%y(0)| <e.

Let us now assume that X, is not observable with respect to y,. We shall show
that condition (d) cannot then hold. If X,=(S, S,) is not observable, then X,=
(S, S*v H"(y,)) is a proper subspace of X, satisfying properties (a), (b’), and (c);
hence (d) cannot hold. 0

Now we exhibit a constructive way to obtain a reduced space satisfying properties
(a), (b"), (¢), and (d). First the following lemma is needed.

LEMMA 5.2. Let X,=(S,,S,)c X =(S,8). Then SOS, is e-unobservable if and
only if

(5.52) IESS%iy(0) < e.
Similarly, S© S, is e-unconstructible if and only if
(5.5b) | ES©®iy(0)] <e.
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_ f’roof. Suppose (5.5a) holds, and let y(0) = y,(0) + y,(0) with y,(0) € S, and y,(0) e
S©S,. Then E*®®y,(1)=0 and

[ ESSip(0)]| = [ ES5iya( )|
= | ES®5 Uy, (0)]| = | E*®y,(0)]| = [|y>(0) |
= | ES®5y(0)]

t=0

because U is unitary and the projection is contractive. Hence S© S, is e-unobservable.
The other direction is obvious. A similar argument holds for constructibility.
THEOREM 5.2. Let X =(u, i) be given, and let ¥ = I,X. Suppose there exists a
ogeS, such that ¥, ., |a:(o)>=¢&. Then X, =span{v}, - -, vy} satisfies conditions
(a), (b)), and (c). If ¥1_, |ei(o)?> & for each o € S,,, then condition (d) is also satisfied.
Proof. Clearly X, is Markovian. The space X~ is mapped under I, onto z 'H>.
Since v{=z"'(1—zb,) 'spansz 'H? (i.e., span{z "v,; n=0}=z'H?); also X, =
X". To prove that condition (b’) holds, we apply Lemma 5.2 to X and X,,. Concerning
condition (d), if X, = X,, for some o'e Sy, with k'<k, and X, also satisfies
conditions (a), (b'), and (c), then by definition ¥|_, 1., |e;(c")] = ¢°. But this contradicts
the hypothesis of the theorem.
The following algorithm concludes this story.

ALGORITHM 5a. Let the state space X =(u, &) and £ =0 be given. We set
(5.6) = min{k; Y |ai(o)’=¢’forsome o€ S,,}
i=k+1

and let o, be a minimizer of (5.6). (This minimizer does not need to be unique. In
this case we choose the one for which the above sum in parentheses is minimal.) We
set

X, = I;l span {v{", - - -, vz::}’
k()

2= [ ¥ aforer ai
i=0

Then, by Theorem 5.1, X, is Markovian, splitting, and observable for y,. Moreover,

y(0) =y, (0)|=e.

To complete the analogy with Algorithm 1, we need to cut out an e-unconstructible
part from the resulting space. This can be easily done by reversing time and using the
conjugate objects i, H?, etc. instead of u, H”. In the following example, we consider
the same state space as in Example 4.1 but use a slightly different process.

Example 5.1. Let X = (u, i) be given by

. 1 1
X =1 span {z+(1/2)’ z+(4/5)}’

y0)= " Wie®) aute)

where

_z+(1/3) z+(11/9)
T z4+(1/2) z+(4/5)°

W(z)
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The corresponding W is

z+(1/3) z+(11/9)

W(Z):1+(z/2) 1+(42/5)"

It is simple to see that X is now minimal. Therefore a one-dimensional model needs
to be an approximation with some error € > 0. Let £ =0.05. Then it is easily seen that
X has no e-unobservable part, and hence X, = X. On the other hand, W can be written
as

W(z) = ag+ a0, + a,b,

_£+ 164 z(\/’3'/2)+L1_ 5/3 z+(1/2)
27 813 1+(z/2) 243 1+(4z/5) 1+(z/2)

with 61 1 52 and " 5] IIL2 = “52"L2 = 1. Since

11
——=.045267489
243 > 8

we obtain that span I, ', is e-unconstructible and can be eliminated. Therefore

1
XOC = IEI 2
span {1+z/2}

T 11 164 zV372\ .
=| (=+—= i
Yoe(0) J_,, (27 81J§1+z/2> du

Now we compare our approximation with one obtained using Hankel-norm
techniques. The Hankel-norm approximation applied to the spectral factor W yields
the approximant

z—.986176

Alz)==388370 —es7631

with error bound
o, =.167481,

which is considerably larger than our bound. An objection might be that we did not
apply Hankel-norm approximation to the most favourable case, since W is not
minimum-phase (cf.[16]). The first answer to this objection is that we are interested
in an approximation of the original model, which includes the state space, and not in
that of the corresponding minimum-phase model.

Anyway, for sake of completeness, we approximate the outer factor of W:

11 z+1/3 z+9/11

Wi =3 )2 Zxa)s

The Hankel-norm approximation of W, yields an error of

40 7
== = 096022
72=%7 Tog 6922

which is still more than twice our bound. Moreover, again we stress that this is not
an approximant of the original spectral factor.
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However, Hankel-norm approximation provides, in general, an upper bound on
the L? norm of the error, which might a priori be smaller. This is not the case in the
above setting, since in both cases the difference between the function and the Hankel-
norm approximant is inner (cf. [7]), and therefore the errors in L?>-norm, Hankel-norm,
and H*-norm do coincide. Therefore the errors o, and o, are also real L*-errors.

There remain some questions to be answered relating to the minimality of the
final space. A first question is what the basis of the backward representation will look
like. The backward representation I; maps S onto H?, and

y(0) =j W dil.

Now we want to express W as the sum of a constant and something in X =1,UX
(see 2.11). The canonical basis for z¥ is thus given by

Ncr,- " Z- ba’j

-1
z _b051=i+1 l*Zbo.j

o

5,‘ =

and the conjugate spectral factor W will have the representation

n+1

(57) W=3 Bi(o)o]

where 0, , = 1. The forward and the backward basis are related via tl_le following lemma.
LEMMA 5.3. Let a;(0) and B;(o) be the coefficients of W and W in (4.2) and (5.7),

respectively, related to the same permutation of the poles o. Then
i—1

Bi(o) = a;(a)b,, +No’,< Zo ak(a)Nakpk,i(a-)>, i=1,---,n,

k=

Buii(o) = i ak(U')NakPk,n(U')

k=0
where
i—1
pila)=1TII (=b,)  (pi=1for 1=k+1)
j=k+1
and N, =1.
Proof. We drop the dependence on o in the proof, understanding that what holds
for 1,-- -, n, is also true for oy, -, o,. Let
C= Il Bf
j=i+1
Then, remembering that W= K*W (and K*= C,), we obtain
N;
uK* = Z—b. (Bi-y -+, B)K*
N.
=———(B%¥.... B*
1 _ Zb,‘ ( i+1 n)
(5.8) Nb
ZINib;
='1___"ZE(B?<+1 “++ BY)+ Ni(B¥y, - - - BY)

= b,‘ﬁ,‘ + N,‘C,‘.
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Next, Ci—l = Mﬁ, —‘b,«C,». In faCt,
Z_bi _I_Z—lb,‘
I_Zbi i—Z_l—b,»

Ci—l = Ci

1= bb,
= (Tu” bi) Ci= Nio,— b,C,
z —'b,‘

and therefore the following representation holds:

n i—1 n
= § va( T 8)+ 1 b
i=k+1 j=k+1 j=k+1

(5.9)
= X Nivipii+ Pin+1-

i=k+1
Hence, expressing W through (5.8) and (5.9) and setting N, =1, we get the following
chain of equalities:

W: WK * = Clkka*
k=0

=3 akbk5k+kz a N Cy
=0

k=1

=Y abt+ ¥ 0‘ka< > Mﬁipk,i-'_pk,n-i—l)

k=1 k=0 i=k+1

n n—1 n n
Y abti+ Y aka( > NiﬁiPk,i)"‘kZ akNePin+
1 k=0 =0

i= i=k+1

n i—1 n
abt+ ¥ Nﬁi( akapk,i> + ¥ axNiPin+
i=1 k=0 K=o

1 i=

n i—1 n
) <aibi+M<kZ akapk,i)) 5i+kZ NPt
i=1 =0 =0

Il
M s

Il

n
Z Biﬁi +Bo’
i=1
which completes the proof. O
It is now clear how to truncate an e-constructible part of a state space X.

ALGORITHM 5b. Let £ =0 be given. We set

k—

1
(5.10) kci=max{k; Y |Bi(0)’= ¢’ forsome o€ S,,}
i=1

i=

where the B;(o) are as in (5.7), and set o, to be the maximizer of (5.10) (with the
same precaution concerning nonuniqueness as in Algorithm 5a). Set

Xo=1I5" span{oy;, - -+, 07,
n+1 .
yc(O):J 2 Bi(o)v? du.
i=k,
Then X, is Markovian splitting and constructible for y.. Moreover,

ly(0)=y.(0)||=e.

To obtain an approximate model the general procedure is as follows.
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ALGORITHM 5. Let X =(u, ti) and £ =0 be given. From X, using Algorithm 5a,
derive the space X, = X, and the process {y,(¢)}. Next, apply Algorithm 5b to X, and
{yo(1)}, to get X,. < X,, and {y,.(t)}. Then,

An important question is whether the reduced model thus obtained is indeed
minimal for the process {y,.(0)}. We know that it is constructible (from the conjugate
version of Theorem 5.2), but observability could have been destroyed a priori after
the e-unconstructible part was cut. The next theorem shows that this is not the case.

THEOREM 5.3. Let y,. and X,  be, respectively, the process and the state space
(splitting for y,.) obtained through Algorithm 5. Then X,. is minimal splitting for y,..

Proof. All we need to show is the observability of X,., because constructibility
follows from Theorem 5.2. Let W, be the spectral factor of the forward representation
of Yoes i.e.,

y(O) = J WOC dﬁ()('

where X,. = (u,., ii,.). Let then X,=(u,, ;) be the observable space obtained with
the first step of the procedure. Then, for any o€ S, , the coefficient e, (o) in the
representation

(5.11) W, = kZ ai(o)vy

1=0
is different from zero. We claim that

k

(5.12) W,,c=y+B(,l---B(,k( Y. ai(a)v§’>

i=k,+1

where

k,. k,.
y=2 ( Il ("ba;)) a;N;N;,,

i=0 \j=i+1
and N, =1 for some o €S, . In fact, letting K,= W, W, we have

k

W, = W<,Kf=< Y ai(a)v?) K*

i=0

k

:(z a,»<a>u:~’)1<:*:+( ) a,-<a)u;')1<t

i=kyo+1

k,. K,
= Bi(o)v7 + ')’Ck,,(.+l+( 2 ai(U)U?>K?}<-
i=1 i=ky+1
Since the second and the third added in the last term are orthogonal to
span {07, - + -, 07}, when the e-constructible part is truncated, we obtain exactly

k

(513) Wocz‘yk,,(.+l+( i a,-(o)v;’) I<>0‘<

koet1

oc

i=

Multiplying (2.13) by C¥ ., we get precisely (5.12). But the coefficients of the v; are
the same as the last k, — k,. coefficients in (5.11), and observability then follows from
that X,.
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Now we have the following important result about the consistency of Algorithm
5. In fact, we can easily show that the inclusion property, i.e., the very choice & = %;
(cf. 3.4), implies consistency.

THEOREM 5.4. Suppose an algorithm solves Problem 1 with & =%,. Then this
algorithm is consistent.

Proof. Let (3, X) be a solution generated by our algorithm. Suppose there exists
a minimal realization of y of dimension k equal to dim X. Since there exists in any
state space X for y a minimal state space X contained in X, the minimal realization
(3, X;) of y belongs to %, and clearly with this choice the error (3.2) is minimized,
since it is zero. So the error of § must also be zero, i.e., y =y almost surely, and hence
(3, X) is also a realization of y. Since its dimension equals that of X, it is minimal.
Therefore the inclusion property implies consistency.

CoROLLARY. Algorithm 5 is consistent.

We conclude with a remark on the infinite-dimensional case. One advantage of
our procedure is that it extends very easily to the case when X has infinite dimension,
and the structural function K is not rational. In fact, if K is a Blascke product, then
the set (4.1) (which is now infinite-dimensional), forms a basis in H(K), and hence
W will have representation

W=3% aj(o)v]
i=0

with {a;(0)}20€ I°. (This is because {v7} is an orthonormal set.) That is, in the case
when K is a Blascke product, the coefficients a;(o) will eventually become small. This
does not happen with Hankel-norm approximation, where, to get a slower convergence
of the singular values, the assumption We H*+ C(T) is needed.

The general case, when K has a singular inner part, can be treated in a similar
fashion. In fact, by Frostman’s theorem [18], any inner function can be uniformly

approximated by a Blascke product. Then, for any £ > 0, there exists a Blascke product
B such that

[W—EF®W|<e,

and hence we can define the e-unobservable part of X, etc. Again, this is not possible
with Hankel-norm approximation.

Appendix: Proof of Theorem 3.1. A subspace X; of H™ is Markovian if and only
if its image %, under I, has the form &, = Q(H?© BH?) with B,, B, inner. Since zn,
is outer, all we need to show is that &, is not of the form H>© BH?, or equivalently
(from Beurling’s theorem), that &,;, which is equal to span{mng, - - -, M1}, is not
invariant for the left shift in z~'H? which is to say that span {zn,, - - -, znc_,} is not
left invariant in H”. To this end, we consider the Hankel operator #; from H* to H**:

%T = EHZJ-MT'HZ.
We also define T_:= E¥**T. It is well known that #Hr=Hr , and it is clear that
(Al) %$i= i(%T_)yi

where z; = zn,, ¥, = z£;,, and o0,(¥r ) = 0;(¥r). Hence what we need to prove is that
the space

H=span{z;;i=0,---,k—1}

is not left invariant in H>. To this end we need some technical lemmas.
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LeEMMA Al. Let B be a Blascke product, and let H(B):= H>© BH*. Then
(A2) S(B)= EH(B)Mz_llH(B)

has no reducing subspace.
(A subspace X is reducing for an operator A if AX c X and AX*c X*)
Proof. The adjoint of S(B) is easily seen to be E" MZ|H(B) Suppose Z, is reducing
for S(B). Then A*%¥,=E" *M.%, is contained in %,. So %, is invariant for the left
shift on H>. For the same reason, %, = X © %, is also invariant for the left shift U*.
But a subspace Z invariant for U* has the form Z = H*© BH” for some inner function
Q (again from Beurling’s theorem). Then

=H*©B,H*=H(B,), Z,=H*©B,H*=H(B,)

with B,, B, inner. We are going to show that Z, # 0 implies Z,=0. Since Z; and Z,
are orthogonal, Z, is contained in Z> = B,H”. Let B, = q,(z)/§,(z). Then, 1/§,(z) =
B, f(z) for some fe H? but 1/,(z) is outer, and hence B,=1, i.e., Z,=0.
From now on, B will denote the Blascke product obtained with the poles of T_.
LEMMA A2. Let B, be an inner divisor of Br_. Then the operator
_ [0 on H(By),
(A3) % {% on B,H?

is Hankel if and only if the “prediction error” operator based on H(B,),
E, = I- EH(BI))Mz_IIH(Bl),

has range contained in the kernel of H.

Proof. We recall that an operator H is Hankel if and only if #M,-+=E H* M_H.
In particular, since H*>= H*(B,)® B, H?, %, is Hankel if and only if

() &M, f=E""M lfforfeBHZ;

(ii) #,M,~f= OforfeH 2OB,H?,
condition (i) is always satisfied. In fact, from the invariance of B,H’ for M,-1, we
have that f€ B,H? implies M,-f e B,H?, and hence

M, f=%M -~ f=E"" " M,~%f=E"" "M~ %,f
As for condition (ii), since %, = HE®"’,
Mf = HEP M f = #(1— EMP)) M~ f.
Hence, condition (ii) is satisfied if and only if
#(I—EHB)YM,-1=0,

which is equivalent to R[(I—E"®)M,_Jcker ¥ O

LEMMA A3. There is no left invariant subspace H(B;)< H(B) such that ¥, is
Hankel (3, as in (A3)).

Proof. In view of Lemma A2, if %, is Hankel, then (I — EF®*))M,- H(B,) is in
the kernel BH? of . This means that E¥® (I — E¥®))M_ - H(B,) =0, which implies
S(B)H (B,)< H(B,;). But this means that H(B,;) is invariant for S(B). Since it is
already left invariant, it is reducing. But this contradicts Lemma Al.

We can now ﬁnish the proof of the theorem. Suppose that for some k, the space
Z,=span{x;;i=0, -, k—1} is invariant for the adjoint shift. That is to say, &, is
equal to (B,H?)"* for some inner function B, = q,(z)/§,(z) of degree k. The vector z;
admits in turn the representation =z, = B,(z), for some f € H” of degree n — k and outer
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(cf.[1]). Express T_(z) as a sum of two rational functions, one in (B,H?)" and the
other in B,H?*:

T ( )_pl(z) pZ(Z)—Tl(Z)+T2(Z)
9:(z)  gx(2)
Since
T@mte) - L5 e b

we get
(A4) E"'T\(z)=0.
Now consider the Hankel operator

H,=E"" M.

In view of (A4), 9w, coincides with ¥ on =, i.e.,
%@k = ?fzxk.

That is to say, # and %, coincide on the whole invariant subspace of H> generated
by i, which is B, H”. This space contains =; for i = k (because =; L &, for i= k), i.e.,
How; = 0(Hr )y, i=k Moreover, y; is divisible by Bf (cf.[1]) for i=k. Hence
H%yi=0 for i =k, and

%sz: %i‘;,yi=0'i(%r_)$i, = k,
which is to say that &, e ker #, (Lemma A2), or equivalently,

) {0 on H(B,),
%2 = 5
Hr onB/H".

But this, in view of Lemma A3, is a contradiction. |
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DISTURBANCE DECOUPLING, (f, g)-INVARIANT AND CONTROLLABILITY
SUBSPACES OF A CLASS OF HOMOGENEOUS POLYNOMIAL SYSTEMS*

WIJESURIYA P. DAYAWANSAtT AND CLYDE F. MARTINTY
Abstract. This paper discusses control systems of the type

m k
Xx=f(x)+ % bu; + Y djO)j, xeR"
i=1 j=1

i=

where f(x) is a homogeneous polynomial vector field, b; and d; are constant vectors, and the output function
is linear. It is shown that the well-known theory of disturbance decoupling of linear systems extends to this
class in a very natural way. The resulting theory is far simpler than the general nonlinear theory. More
important, all computations needed can be done using very simple algorithms, which require only a finite
number of computations and use only methods from linear algebra.

Key words. polynomial systems, Lie algebras, decoupling, disturbance decoupling, (f, g)-invariance
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1. Introduction. We consider a system on R" of the form

) $=f(0)+ 5 bu+ Y do,

(2) y==Cx

where f(x) is a vector field such that each entry is a homogeneous polynomial function
of common degree p, b; and d; are constant vectors and C is an nx m matrix. The
output is denoted by y, the inputs by u;, and the disturbances by w;. Our primary
purpose in this paper is to show that problems such as disturbance decoupling and
controlling the state while keeping the output at zero can be easily solved in this class.

Nonlinear control systems of the type x = f(x)+ g(x)u with f and g being poly-
nomial vector fields previously have been the object of study by several authors
(Brockett [3], Baillieul [1], [2], Jurdjevic and Kupka [10], and Bonnard and Tebbikh
[5], [6]). Examples of type (1) include the very important problem of controlling the
angular velocity of a rigid body. It is well known (see Baillieul [1] and Byrnes and
Isidori [7], for example) that such a system can be described by

Xy a,%,X3
3) X, | =| a»x;x; |+ Bu.
X3 a3 XX

Therefore our theory developed here will solve the problem of disturbance decoupling
of a rotating rigid body with linear output functions of angular velocities.

It was observed by Jurdjevic and Kupka [10] that, for systems of this type, the
set of points that can be reached along trajectories with zero initial state is a subspace
if the degree of f is odd. When the reachable subspace is R", the state can be controlled
from a given initial point to a desired final point in arbitrarily short time. This hints
at the possibility of extending the geometric theory of linear control (see Wonham [15])

* Received by the editors September 21, 1987; accepted for publication (in revised form) April 11, 1988.
T Department of Mathematics, Texas Tech University, Lubbock, Texas 79409.
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to this class without having to go through the complicated computations needed in
the local nonlinear geometric theory. In this paper we show that, indeed, the theory
of disturbance decoupling extends naturally. Moreover, we show that when the degree
of f is odd there exists a largest controllability subspace in a given subspace of R"
(see § 5 for definition). It is perhaps surprising that all computations can be done using
linear algebraic methods and we give algorithms for this.

Notation 1.1.
B The n X m matrix of which the columns are b, - - -, b,,.
D The n Xk matrix of which the columns are d,, - - -, d;.
B, P The column spans of B and D, respectively.
F The collection of vector fields {f, b,, - -, b,,.}.
F*  The collection of vector fields {f, b,, -, by, d;, "+ *, di}.
Let & be a given subset of vector fields on R” and x €R" be arbitrary.
Lie (Z) The Lie algebra of vector fields generated by .
Lie (#)(x) The subspace of R" obtained by evaluating Lie (¥) at x.
Lie, (£) The subset of constant vector fields in Lie ().
Let ¥ be a subset of Z.
CUZ;¥) Theset of q tuples {Y,, -, Y,} = & such that at least one Y;€ ¥; ¢
is an arbitrary positive integer.
F(Z; ¥) Lie ideal generated by % in Lie (¥).
$(Z; ¥)(x) Evaluation of $(Z, ¥) at x.
So(Z; ¥) The subset of constant vector fields in $(Z; ¥).

We will identify Lie, () and $(Z; %), etc. with subspaces of R" in a natural
way. Also, when & or ¥ ={d,, -+, d} or {b,, -+, b,,}, we will denote them simply
by D or B. We will not distinguish between constant vectors and constant vector fields
of R" unless the distinction is required to clarify the context.

The Lie algebraic computations needed in this paper can be done most conveniently
by using multilinear algebra. In this regard, note that if h:R" >R™ is a homogeneous
polynomial function of degree p, then it is well known that we can associate a unique
symmetric p-linear map

H: f[l R" > R"
having the following property:
h(x)=H(x,x,---,Xx).
For example, if h:R*>R is
h(x, x;) = x7+x,%,
then H:[[;_, R>>R is given by
H((x1, x2), (x1, ¥3)) = x1x7 + 3 (%13 + xx3).
Recall that the kth derivative at zero of h of degree p is a symmetric k-linear map

(D"h(O)):Hf=1 R">R™. The map H is defined in general by

H=L(Dh(0)).
p!
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Now by using the Taylor series of h we obtain

M) = § 2= (DO %+, x).
k !

But (D*h)(0) =0 if k < p. Hence,

h(x) =~ (D'h)(O))(x, % - - -, )
(4) 7

ZH(x’x’.'.’x)’

as desired.

The symmetric p-linear map associated to f will be denoted by F. The main
purpose of introducing F is the following identity. Let v', - - - | »” be arbitrary elements
of R". Since there is no ambiguity, we will denote the associated constant vector fields
by the same symbols. Now ad,: - - - ad,»(f) is a constant vector field on R" and an
easy calculation shows that

ad,'- - - ad, (f) =(DN)O)(¥', - - -, »")
=(pHF(', -+, v").

2. Accessibility and reachability subspaces. The key observation regarding the class
of systems (1) was made in Baillieul [2], Bonnard [6], and Jurdjevic and Kupka [10].

THeOREM 2.1 [2], [6], and [10]. Assume that no disturbances are present.

(i) The set of points reachable from the origin is contained in Lie, (%) and has
nonempty interior in Lie, (F).

(ii) If the degree p of f(x) is odd, then all points in Lie, (¥) are reachable from the
origin in arbitrarily short time.

Proof. For a complete proof we refer the reader to Jurdjevic and Kupka [10]. We
will give a proof of (i) to motivate the computations of the rest of the paper.

Since Lie (%) is obviously polynomial, it is also analytic and hence integrable
(Nagano [11], Sussmann [14]). Now by Sussmann and Jurdjevic’s results [13] on
controllability, it follows that the reachable set & from the origin is contained in the
leaf L of Lie (¥) through the origin and contains a nonempty open subset of L. We
only need to show that L = Lie, (%).

First, Lie, (%) is obviously contained in L and % < Lie, (¥). Consider the follow-
ing algorithm:

(5)

AT =span {F(¥', -, v")|{v', -+, »’}c A} + AL

Since F(v',---,v")=ad, - - - ad,»f, it follows that each A’ is contained in Lie, (F).
Since the A’ form an increasing sequence of subspaces, they converge to some subspace
A in a finite number of steps. Now Ac Lie, (¥). We claim that Lie, (¥)< A also.
Remembering that & contains a nonempty open subset of Lie, (%), it is enough to
prove that the vector field f is tangential to A at all points of A (for then the controlled
trajectories can never leave A showing that & < A). But by the construction of A, it
follows that if x € A, then f(x) = F(x, x, -+, x)€ A. Now

R<A=Lieg (F)= L

and 2 contains a nonempty open subset of Lie, (¥) and hence A= % = L. 0
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Definition 2.2. The algorithm,
A=,

(6) . . .
A =span{F(»', -, v")|{¥', -, v’} A'}+ A

will be referred to as the accessibility subspace algorithm.
Remark 2.3. Observe that (6) needs only finitely many computations. Let
{e', -+, e’} be a basis of A’ Then

A= A'+span{F(e'V, e'®, .- P 1=i(1) = -=i(p) =)}
Two equivalent ways to compute A'*" are:
A= A'+span {f(x)|x € A},
A = Al tspan {f(ze' Ve P+ 2P 1=i(1)=- - - =i(p)=j}.

These apparently different ways of looking at the accessibility subspace algorithm will
be useful in the sequel.
Assumption 2.4. For the rest of the paper we will assume that Lie, (%) =R".
Actually we do not need this assumption for any of our theorems, yet this
assumption simplifies the notation and ideas considerably. All of our results will be
valid for all trajectories of (1) (allowing disturbances) starting at the origin, for example,
and hence is particular when Lie, (") =R".

3. Conditions for the disturbance to not affect the output. For the moment let us
ignore feedback and find conditions for @ to not affect the output. The important
subspace needed here is $,(Lie (¥'); D) (see Notation 1.1 for the definition). For
convenience $ and %, stands for $(Lie (¥"); D) and $,(Lie (¥'); D), respectively.
The following lemma characterizes $,. Its proof was adapted from the proof of
Lemma 5 in [10].

LEMMA 3.1. %, is the smallest subspace V of R" that satisfies the property

DcV,
F(v,vy,- -, v,)eV forallvie V,allv,,- -, v,eR".

Proof. Remembering that Lie, (¥") =R" by Assumption 2.4, it follows easily that
V< $,. We need to prove the reverse inclusion.

Each element of # is a linear combination of elements in D along with vector
fields of the form ady, - - - ady, _ (Y,) forsome g and{Y,, - -, Y,}e C/(F", D). Since
Dc V and Bc Lie, (¥7), every element of £ is a linear combination of an element
belonging to V along with elements of the form ady, ---ady, (Y,), where
{Y,, -+, Y,}e CY(fUR"; V). Moreover, each such summand is a homogeneous vector
field. By induction we will prove that all constant vector fields of the form
ady, - - -ady,_ (Y,), where

{Y\, -, Y e C*(fUR"; V)

belong to V. Thereby we prove that $,c V. We abbreviate C/(fUR?; V) to C“.
Now let X =ady, - - - ady,_(Y,) be constant and {Y},- - -, Y,} € C% Let r be the
number of indices j such that Y;=f Define the notion of length of X, I(X), as the
smallest r among all such representations of X - (I(X)=0 if X e V). We will prove
our assertion by using induction on length.
If [(X) =0 or 1, by definition X € V. The induction hypothesis is: /(X ) = s implies
that I(X)=0-(seN).
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Assume that the hypothesis is true for some s. Let X =ady, - “ady, (Y,+1) be
such that the number of indices j with Y;=f is equal to s+1. There is a smallest
integer t, t=gq such that Y,,,;=f Hence X =ady, - - - ady,ad( Y), where Y=
ady,,, - ady (Yg4)- Using the Jacobi identity, we can rewrite X as a sum of terms

of the form [ady, ---ady (f),ady, ---ady, (¥)], where ,<---<y =t and
< <u_ =t We have only to con51der nonzero constant summands, which fall
into four types:

Type 1. i=p, ady . ady (Y) is linear and {Yyl, LY INVED

Type 2. i=p, ady . ady (Y) is linear, {y,,---,Y, }ﬂ V .

Type 3. i=p—1, ady . ady (Y) is constant, {Y, ,,l,“ Y, }NV=a.

Type 4. i=p—1, ady . ady (Y) is constant, {Y,,- - Y NV
It is easily seen that each of these types has length less than or equal to s, and hence
by the induction hypothesis has zero length. a

THEOREM 3.2. The following conditions are equivalent:

(1) For all bounded measurable disturbance inputs and all initial states, the disturb-
ance does not affect the output.

(2) So(Lie (F4); D) is contained in the kernel of C.

Proof. We abbreviate $(Lie (¥7); D) to %,.

(2=>1). Let W be a complimentary subspace to %, in R".

Let us write x(t) = £(t) + n(2), where £&(¢) e W, n(t) e S,.

Now (1) implies that

x(1) f(f(t))+Z F(&(t), -+, &(2),n(2), - - -, n(1))
——————

1
ri(p—n!
m K
+ X bui(t)+ ¥ djoy(t).

But by our characterization of $, in Lemma 3.1, it follows that

F(&(t), - -+, &), m(t),- -+, (1)) e S.

Since D < $, we can also write
£ =T(e)+ 3 bu(o)

where f~ and b; are the projections of f and b; onto W along %,. In particular, the
dynamics £(¢) are independent of the disturbances and, since y(t)= Cx(t) = C&(t),
the disturbance does not affect the output.

(1=2). Since # is spanned by

{ady, - - -ady, (Y)H{Y:, -, Y,}e CU(F"; D); geN},

it follows that %, is spanned by such vector fields that are constant. But it is well
known that if the disturbance does not affect the output, then ady, - - - ad yq_l( Y, )(x)e
Ker (C) for all x, for all {Y;, -, Y,}e C/(F"; D), and for all q. (See Theorem 3.2
of Isidori [9].) This can be proved rather directly using the Fliess series [8]. 0

Remark 3.3. Even the (=) part above can be proved using the Fliess series.

In view of the Theorem 3.2 we give the following definition.

Definition 3.4. The subspace $y(Lie (¥*); D) will be called the disturbance
confining subspace.

The disturbance confining subspace can be computed using the following algorithm
and its proof follows at once from Lemma 3.1.
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ALGORITHM 3.5. DISTURBANCE CONFINING SUBSPACE ALGORITHM.
V=9,
V= Vitspan {F(v,, v, -+, 0,)|v,€ V', v;€R" for j> 1}.

Since the subspaces V' are increasing, the algorithm converges in finitely many
steps. As was stated in Remark 2.3, all computations are finite.

4. Disturbance decoupling and ( f, B)-invariant subspaces. In this section we will
study the problem of constructing feedback such that the output functions will not be
affected by the disturbance inputs. The class of feedback functions considered is of
the form

(7) u;(t) = a;(x(1)) + vi(1)

where o;(x) is a homogeneous polynomial of degree p. Our reasons for selecting this
class of feedback laws are the following:

(1) This class of feedback laws preserves the structure of the system. The slightly
more general class u;(¢) = a;(x(t)) +Z;"=1 B;v;(t) with constant B;’s does not give more
freedom, since the disturbance confining subspace algorithm does not depend on B;’s.

(2) We will show later that if the disturbances can be decoupled from the output
with feedback of the form (7) with analytic functions a;(x), then there also exists a
homogeneous polynomial feedback a;(x), which solves the problem.

Remark 4.1. Presently we do not know whether reason (2) is valid for the class
of feedback of the form u;(t) = oz,~(x(t))+zj'"=1 Bi(x(1))v;(¢) with analytic functions «;
and Bj;.

Except in the proof of Theorem 4.9, «;(x) will denote a homogeneous polynomial
of degree p, and a(x) will denote an m-tuple of such functions.

Let #,={f+Ba,b,, - ,b,}and F.={f+Ba, b, -, b,,d,, -, d.}. Wewill
abbreviate $,(Lie (F1); D) to 4.

Now if there exists feedback « in (7) that decouples the disturbances w from
the output, then from Theorem 3.2, $5 < Ker (C). By the characterization of %, in
Lemma 3.1 we have

ad,, - - -ad, (f+Ba)c #5 forv,e $5andv,, -, v,eR"

Hence ad,, - - - ad,, (f) = $5 + %.
Definition 4.2. A subspace V of R" satisfying

(8) F(vy, - -,v,)e V+%B forall v,e Vandall v;eR" forj>1

will be called an (f, B)-invariant subspace.

Note that (8) is equivalent to f(x+v)=f(x) mod (V+ %) for all xeR", and all
ve V.

It is clear that the set of (f, B)-invariant subspaces is closed under the addition
of subspaces and thus has a maximal element V* in the kernel of C.

Definition 4.3. V* will be called the maximal (f, B)-invariant subspace contained
in the kernel of C.

THEOREM 4.4. There exists feedback of form (7) which decouples the output from
the disturbance input if and only if

P V*,

Proof. (=) #; is an (f, B)-invariant subspace contained in the kernel of C and
containing 9. But the maximality of V* implies that &  $§ < V*.
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(&) We are going to construct feedback a such that
(f+Ba)(x+v)=(f+Ba)(x)mod V¥ for all xeR" and all ve V*.

Pick a basis {e,, -, e,} of R” such that {e,,---,e,} is a basis of V*. Now

{e, eiﬂ},§,«,,<...§,»p§,, forms a basis of the symmetric covariant p-tensors S, on R".
Define a linear function a:S,>R"™ such that
9) (F+Ba)(e, e )eV* wheneverij=q.

Now & defines a unique homogeneous polynomial function @ of degree p and this «
satisfies our requirement.
Now Algorithm 3.5 for constructing $§ shows at once that $5 < V¥*cKer C. 0O
Remark 4.5. Part (=) was proved by Bonnard [6] for quadratic systems.
Remark 4.6. Note that this is similar to the corresponding linear theorem. In that
case p=1 and our V* coincides with the maximal (A, B)-invariant subspace in the
kernel of C. In fact we can even extend the corresponding linear algorithm (see Wonham
[15]) to our situation.

ALGORITHM 4.7. COMPUTATION OF THE MAXIMAL (f, B)-INVARIANT SUBSPACE
iN THE KERNEL OF C. Let {e,, - -, e,} be an arbitrary basis of R". Define the set of
linear maps A, .. R'>R" 1=i = Si,=m:

Ai| . ip*l(x)= F(eil’ s, ei,)—l’ x)'

ip—1

The collection of all such maps will be denoted by {A;},.;, where
I={(i, i) |[1=i=-- =i, ,=n}.
Algorithm.
(10) V®=Ker (C),

iel

(11) Vit = vfn( N A:‘(V"+B)).

Clearly the sequence of subspaces is decreasing, and hence it converges to some
subspace V*. Moreover, V*< V° by definition. Now suppose that V*< V' for some
i. Then it is clear from (11) that V*< V'*'. This proves by induction that V*c V*
and the maximality of V*. The fact that V" satisfies (8) implies that V*= V™.

Remark 4.8. When d; e V*, the disturbance decoupling feedback a(x) can be
easily computed using (9).

We will show that the class of feedback functions we have been considering is
fairly general.

THEOREM 4.9. Suppose that there exists analytic feedback u;(t) = a;(x(t))+ v;(t)
defined in a neighborhood of the origin that renders the closed-loop system disturbance
decoupled. Then there exist feedback functions &;(x) that are homogeneous of degree p
that decouple the closed-loop system on R".

Proof. We will denote the m-tuple {a,, - *, @,,} by @ and write a(x) = Z;‘;O a’(x)
using the Taylor series. (a’(x) is homogeneous of degree j.) Define & = a”. Let f* and
f% denote f+ Ba and f+ B4, respectively. Let . ={f% B, D} and ¥%={f%, B, D}.
Similarly, we abbreviate C%(%.; D) and C/(¥;; D) to C% and CZ, respectively.
We also abbreviate S(Lie(F.); D), $(Lie(%FZ); D); $y(Lie (F.); D) and
Fo (Lie (F%); D) to $°, $%, $& and S, respectively.

Now $“ is spanned by {ady, - - - aqu_l(Yq)l{Yl, -+, Y,}eCl, g=1}. For each
{Y,, -+, Y,}e Ci we will denote by {Y,, -, Y,} the g-tuple in C% obtained by
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replacing feedback o by &. Now suppose that {Y,,---, Y }eCl is such that
ady, - - -ady, (Y,)e S5 Then (ady, - - - ady, (Y)))(0)=ady, - - - ady, ,(Y,) and from
this we conclude that $& < £¢. But since $* < Ker C, it follows that $¢ < Ker C. We
conclude by Theorem 3.2 that the feedback u = &+ v decouples the disturbance and
output. 0

5. Reachability subspaces. Consider the following problem. We are given
(12) X =f(x)+ Bu(t),
(13) y=Cx

where f is a homogeneous polynomial of degree p, and B and C are nxm and Ixn
matrices. Can we partition the inputs, i.e., find an m X m nonsingular matrix G =
[Gl,,x,,,IIGz,,x,,,z] and feedback

v, m;x1
(2 my X1

u=a(x)+[

where a(x) is a homogeneous polynomial of degree p such that when we write the
closed-loop system as

(14) X =(f+a)(x)+ BG,v,(t)+ BG,v,(1)

the inputs v,(¢) do not affect the output y? In this section we give necessary and
sufficient conditions for the existence of a solution to this problem, and show that
when there is a solution, it can be found such that the set of points that can be reached
by v,(¢) is maximized. This problem is important in controlling a system while keeping
the output at a constant value or when decoupling the effect of the inputs on the outputs.

Now let us consider the system (12), (13). Suppose that v,(¢) =0 and x(0) =0.
Then it follows from Theorem 2.1 that the set of points that can be reached along
measurable or piecewise constant control trajectories is contained in the subspace of
constant vector fields in the Lie algebra generated by { f + Ba, BG,}, where BG, denotes
the vector fields given by the columns of BG,. We will denote this subspace by

(f+ Ba|Im (BG)))

and call it the accessibility subspace of {f+ Ba, Im (BG,)}. Theorem 2.1 states that if
p is odd, this space is the space of points that can be reached from the origin. In this
case we can also call them controllability subspaces. Our theory here will be the
counterpart of the theory of (A, B)-controllability subspaces of a linear system. Our
proofs are generalizations of the corresponding proofs for (A, B)-controllability sub-
spaces, as can be found in Wonham [15]. The subspace {f+ Ba|Im (BG,)) can be
computed using the accessibility subspace algorithm (6). We advise the reader to keep
this algorithm in mind since it will be helpful in understanding the proofs of this
section. As before we will assume that (f|Im (B))=R" for simplicity of exposition.
We denote by B, B,, B,, etc. the images of B, B,, and B,. When we refer to feedback
a, we mean that « is a homogeneous polynomial function of degree p.

Notation 5.1. We define (f, B)-invariant subspaces as in § 4. The collection of all
(f, B)-invariant subspaces contained in a given subspace J# will be denoted by
S(f, B; %). As we saw in the proof of Theorem 4.4, for all V€ S(f, B; %) there exists
feedback a such that

ad,, - - - ad,,p_ladx(f+ Ba)eV forall v, --,v,.,€R" forall xe V.
The set of all such feedback will be denoted by A(V).
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Definition 5.2. A subspace & of R" is called an (f, B)-accessibility subspace if
R ={(f+ Ba|Im (BG,)) for some feedback a and G,. The collection of all (f, B)-
accessibility subspaces contained in a given subspace % will be denoted by H(f, B; ¥).

Let % be the kernel of C. If there is a solution to our problem, then according to
Theorem 4.4, Im (BG,) should be contained in V* the largest element of S(f, B; ¥).
Conversely, if there exist G; such that Im (BG,)< V*, then we can find feedback
a+ G,v;+ G,v, such that the input v, does not affect the output. This completely
solves the problem we posed earlier. However, we proceed further and ask whether
G, can be found such that (f+ Ba|Im (BG),)) is also maximal. In a sense, we are
talking about maximizing our ability to control the state while keeping y(t)=0. We
prove the existence of such a maximal (f, B)-accessibility subspace and give an
algorithm to compute «, G,, and G,. We will proceed via a series of lemmas. We
caution that if R is an (f, B)-accessibility subspace, then it may not be an (f, B)-
invariant subspace. However, ad,, - - - ad, (f)€ R+ B for all v, € R. Hence it makes
sense to define A(R), the set of feedback functions a such that (f+ Ba)(V)< V.

We reiterate that the basic ideas of the proofs are due to Wonham [15].

LEMMA 5.3. Let G, be arbitrary and define R = (f|Im (BG,)). Then R =(f| B N R).
Conversely, if R={f|B N R), then there exist G, such that R ={f|Im (BG))).

Proof. The second assertion is obvious. So we turn to the first one. Since
Im (BG,) < R, the accessibility algorithm implies that R <(f|® N R). Conversely,
BNR<R and f(R)< R. Hence {f|BNR)< R. a

We obtain the following corollary.

COROLLARY 5.4. R e A(f, B; ¥) if and only if there exist a such that

R=(f+Ba|BNR).

LEMMA 5.5. If Re A(f, B; ), then R ={(f+ Ba|BNR) for all a € A(R).
Proof. If Re A(f, B;¥#), then by definition there exist @, such that R=
(f+ Bay| BN R). Let a; € A(R) be arbitrary and let

R, =(f+ Ba,| BN R).

Since (f+ Ba,)% c R, it follows easily that #, = R. To prove the converse we use the
accessibility subspace algorithm.
Let Vo=23BNAR and

Vi*' =span {(f+ Ba,)(v)|ve V'}+ V.
The induction hypothesis is
Vie®R fori=k.
Clearly this is true for k=0. Suppose that it is true for some k. Let x € V*. Then
(f+ Bag)(x) = (f+ Ba;)(x) + B(aro(x) — et (x)).

By the accessibility subspace algorithm, (f+ Ba;)(x) € &,. Also, B(ay(x)—a,(x))e B
and

B(ao(x) = a1(x)) = (f+ Bao)(x) = (f + Ba,)(x) € &.

Hence (f+ Bao)(x)e R,+(BNR)<R,, implying that V**'< R,. By induction,
R=R,. 0
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LEMMA 5.6. Let Ve S(f, B; %), Bo<= BNV and aoe A(V) and B(a —a,)(V)<
By. Then & ={f+ Ba | Bo).
Proof. Let a € A(V) and let R, =(f+ Ba|%,). Define

Vo= %B,,
V"' =span {(f+ Ba,)(v)|ve V}+ V.

Then V= Bo< R,. Suppose that V' = R, for i = k for some k. Let x € V*. Then, since
obviously # < V, it follows that

Bla—ay)(x)e VOB =Ry R,.
Hence
(f+ Bag)(x) = (f+ Ba;)(x) + B(a — ao)(x) € R;.

By induction, (f+ Ba,| Bo) = R;. The inverse inclusion follows by the symmetry
of the argument. 0

LEMMA5.7. Let Ve S(f, B, %) andlet R = V and let a, be such that (f+ Bay)(R) <
R. Then there exist a € A(V) N A(R) such that a|g = ag|s.

Proof. The proof follows by arguing as in the construction of « in the proof of
Theorem 4.4. 0

Now we are ready to state our maximality theorem.

THEOREM 5.8. Let i be a given subspace and let V* be the maximal ( f, B)-invariant
subspace contained in ¥. Then there exists a maximal (f, B)-accessibility subspace R*
contained in V* and R* =(f+ Ba| V*N B) for arbitrary a € A(V*).

Proof. Let a e A(V*) and let R =(f+ Ba|BN V*). Clearly R< V*. Let Ry=
(f+ Bay| BN R,) be an arbitrary (f, B)-accessibility subspace in V*. Pick a,€
A(Ry) N A(V*) such that a,|Ry= ayR,. Now if x € V*, then

B(a; = a,)(x) = (f+ Ba,)(x) — (f+ Bay)(x) € V*.
Hence B(a —ay)(x)e V¥N B and now by Lemma 5.6,
Ro=(f+Ba,| BN Ry)=(f+Ba | BN V¥)=R*. 0

We also obtain the following important corollary.

COROLLARY 5.9. A(V¥*)< A(R¥).

Remark 5.10. Theorem 5.8 together with the accessibility subspace algorithm and
the (f, B)-invariant subspace algorithm provides a means for computing the largest
accessibility subspace.

6. Decoupling problem. We consider the system
(15) x = f(x)+ Bu,
(16) yi=Cixa i=13”'ar

where f(x) (as before) is a homogeneous polynomial vector field of degree p; B is an
n X m matrix; C; is an I; x n matrix. We propose a question. Can we find feedback

Uy
u=a(x)+[G| - -|G]
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where a(x) is a homogeneous polynomial vector of degree p and G,, -, G, are
constant matrices with the following properties:

(a) v; does not affect y; if i # j;

(b) The output y; can be controlled to any desired value by v;. We will assume
that the subspaces {Image (C;)}/-, are independent, for otherwise this problem does
not make sense.

In view of Theorem 2.1, we will henceforth assume that p is odd. In view of the
machinery we have at our disposal we can study this problem using ( f, B)-accessibility
subspaces just as in the linear case.

Notation 6.1. Let % be a subspace. Let V*(3) denote the largest (f, B)-invariant
subspace in % and let Z*(¥) denote the largest (f, B)-accessibility subspace contained
in V¥(3%). If V is an (f, B)-invariant subspace, then A(V) denotes the set of feedback
functions a such that (f+ Ba)(x+v)=(f+ Ba)(x) mod V for all xeR" and all ve V.

THEOREM 6.2. Suppose that there exists a such that

(1) ee A(V¥(N, ker (C))) forj=1,---,r,

(2) dim (G(®*(N ., ker (C))))) =rank C;.

Then the decoupling problem has a solution.

Proof. Define matrices G; such that

Image (BG,«)=?/2*( n ker(C,-)) N %, j=1,---

i*j

Then by Theorem 5.8,

?/2*( N ker(Ci))=<f+Ballmage(BG_,-)), j=1,-,r
i#=J
Therefore by two, the input v; completely controls the output y;.

Moreover, our theory of disturbance decoupling (Theorem 4.4 and its proof)
shows that y; is not affected by v; if i# . 0

In the previous theorem, having to verify the existence of a is cumbersome. If
we want to decouple the state, a much nicer set of necessary and sufficient conditions
can be stated. Let us denote by C the matrix [C], -+, C]]".

THEOREM 6.3. If rank (C)=n, then the decoupling problem is solvable if and

only if

ker C_,+g£*( N ker C,) =R" forallj.
i#j

Proof. The proof of necessity is trivial.

Sufficiency. Clearly our condition implies condition (2) of Theorem 6.2. Let ¥
denote N, ker Ci. Then J¥;N(Y,.; *;)=0, for all j. This follows at once since
rank (C) = n. Therefore V*(3;) N (X,..; (V*(3;))) =0 for all j. Now the construction
of a described in the proof of Theorem 4.4 easily shows that there exists some
ae A(V¥(H)), j=1, -+, r. The sufficiency follows by Theorem 6.2. 0

7. Concluding remarks. The primary purpose of this paper has been to show that
the geometric theory of decoupling of linear control systems extends almost directly
to the class of nonlinear systems given by (1) and (2). Along with Jurdjevic’s and
Kupka’s theorem [10] on controllability quoted in Theorem 2.1, it almost seems to
imply that the linear control theory we know of is actually an “odd degree polynomial”
control theory. This merits investigation of the relationship between stabilizability and
controllability. Unfortunately, controllability does not imply stabilizability even for
this class.
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Example 7.1. Consider the following system:

.2
X = X3X3,
. 3
Xy = X3,
X3=u.

This system is controllable. However, according to Brockett [4] and Byrnes and
Isidori [7] a necessary condition for asymptotic stabilizability of this system is the
existence of a function a(x,, x,, x3) that renders the equation

x§x3 a,
Xg =1 a2
a(xy, X, X3) as

solvable for x,, x,, x; whenever a,, a,, a; are arbitrarily specified small real numbers.
However, it is seen that when a, = 0, then necessarily a, = 0 also for solvability, showing
that the system is not asymptotically stabilizable.

We do not know of any reasonably simple extra conditions that would ensure
stabilizability.
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THE STRUCTURE OF SMALL-TIME REACHABLE SETS IN
LOW DIMENSIONS*
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Abstract. This paper outlines a general method to determine the geometric structure of small-time
reachable sets for a single-input control system with a bounded linear control. The authors’ analysis relies
on free nilpotent systems as a guide, and hence their techniques only apply to nondegenerate situations.
The paper illustrates the effectiveness of the method in low dimensions. Among other results is given a
precise description of the small-time reachable set for a system x =f(x)+ g(x)u, |u|=1 in dimension four,
under the generic assumption that the constant controls u =+1 and u = —1 are not singular. As a corollary,
a local synthesis is obtained in dimension three for the time-optimal control problem under the analogous
generic condition.

Key words. nonlinear systems, nilpotent approximation, reachable sets, bang-bang trajectories, singular
arcs

AMS(MOS) subject classifications. 49B10, 93B10

1. Introduction. In this paper we study the qualitative structure of small-time
reachable sets in low dimensions for a single-input system with a bounded linear
control. More precisely, we consider a system of the form

(1) S:x=f(x)+g(x)u, |u/=1, xeR"

where f and g are smooth (C™) or analytic vector fields and admissible controls are
measurable functions with values in [—1, 1] almost everywhere. A trajectory of the
system corresponding to a control u(-) is an absolutely continuous curve x(-) such
that x(t) = f(x(t)) + g(x(¢))u(t) almost everywhere. We say a point q is reachable from
a point p within time T if and only if there exists a trajectory x(-) defined on an
interval [0, t], t=T, such that x(0)=p and x(¢)=gq. The set of all such points q is
denoted by Reach (p, = T); Reach (p, T) denotes the set of points that are reachable
exactly at time T. The reachable set from p, Reach (p), is the set of all points that are
reachable from p within some time T.

Reachable sets play an important role in control theory. If a system can be stabilized
to a given point by a feedback control law, then that point must be in the reachable
set of every other point. In optimal control problems, if the cost is added as another
coordinate, then the optimal trajectories must lie in the boundary of the set of reachable
points. For this reason the Pontryagin Maximum Principle plays an important role in
studying the boundaries of reachable sets.

The problem of describing a reachable set and the extremal trajectories that
generate its boundary is closely related to the problem of regular synthesis in the sense
of Boltyansky [1] and others [5], [18]. While the problem has been studied extensively
for many years, only a few examples of regular syntheses have been described, for
instance, [24]. Even in low dimensions, the reachable set of a general control system
can be extremely complicated.

* Received by the editors June 22, 1987; accepted for publication (in revised form) April 11, 1988. This
research was partly supported by National Science Foundation grant DMS-8601635 and Air Force Office
of Scientific Research grant 85-0267.
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We shall attempt to avoid this difficulty by considering only “nondegenerate”
systems. By a nondegenerate system we mean one where (i) f, g and the low-order
Lie brackets of f and g span as many dimensions as is possible given the dimensions
of the state space; and where (ii) no nontrivial equality relations hold between those
vector fields (for instance, if n is the space dimension, then any relation saying that
n vector fields are dependent at a point is considered a nontrivial equality relation,
whereas a relation that simply expresses the fact that a vector field can be written in
terms of a basis is considered trivial).

This is in the spirit of Lobry [14], who described the small-time reachable set of
(1) in dimension three under the assumption that f, g, and [ f, g] are linearly indepen-
dent. The method described below is an attempt to extend Lobry’s result to higher
dimensions. As will be seen, it is successful in the four-dimensional case, but in
higher-dimensional cases obstacles still have to be overcome. These obstacles, however,
are not due to our general approach, but they lie in the fact that, at the moment, too
little is known about the structure of extremal trajectories. We shall return to this
question at the end of the paper. In the paper we shall give a precise description of
the small-time reachable set in dimension four assuming that the constant controls
u=+1 and u=—1 are not singular on the boundary of the reachable set. It can easily
be seen (cf. § 4) that this is equivalent to an independence assumption on the vector
fields f, g, [ f, g], and [f+ g, [ f, g]], respectively, [ f—g, [/, g]]. As a corollary we are
able to improve on recent results of Bressan [4], Schittler [17], and Sussmann [21]
on time-optimal control in dimension three.

Throughout this paper we will use nilpotent systems as a guide to the general
situation. A system is nilpotent of order k if all brackets of orders greater than k vanish
and if k is the smallest integer with this property. In a certain sense these systems play
the same role as the polynomials do within the class of smooth functions. Nilpotent
systems are the low-order part of the coordinate free Taylor series expansion of a
general system.

To be more precise, we must define the Lie jet of system (1). At a point p the Lie
jet consists of a list of the values at p of the Lie brackets of f and g written down in
some prescribed order. Of course, because of the skew-symmetry and Jacobi relation

[£glt+[ef1=0, [f[g hll+[g [h f11+[h[fgll1=0,

we need only consider a list of distinct brackets. These brackets can be partially ordered
by the total number of vector fields involved; for example, f is a bracket of order one
and [ f, g] is of order two. The Lie jet of order k is a list of values at p of the distinct
brackets of f and g of order less than or equal to k. The Lie jets of orders one through
four are given below:

Order one:  {f(p), g(p)},

Order two:  {f(p), g(p),[ £ gl(p)},

Order three:  {f(p), g(p),[ £ g1(p),[£ [/ gll(p), & [ £ g1l(P)},

Order four:  {f(p), g(p), £, g1(p), (£ gll(p), s [f gll(p),

LA LALS g111(p), LA (8, LS, p11(P), L8, [8 [ £ 111(p)}-
If N(k) is the number of distinct brackets of f and g of order k or less, then the
kth-order Lie jet of (1) at p is a point in the vector bundle consisting of the Whitney
sum of N (k) copies of the tangent bundle.

A basic result of Krener [12], later proved in other contexts by Rothschild and
Stein [15], Hermes [10], Crouch [8], Bressan [3], and Sussmann [20], [21] is that for
analytic systems of the form (1), the kth-order Lie jet at p determines the trajectories
emanating from p up to order O(t**') and up to diffeomorphisms of the state space.
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Sussmann [22], [23], Bressan [4], and Schéttler [16], [17] have shown that the
local structure of time-optimal controls in dimension two or three is determined in
nondegenerate situations by the second, respectively, third-order Lie jet at a reference
point. In degenerate situations higher-order jets need to be considered [16], [17], [23].

On the basis of these results we might conjecture that in nondegenerate situations
the kth-order Lie jet at p determines the structure of the set of small-time reachable
points where the Hormander or controllability condition is satisfied, i.e., the rank of
the kth-order Lie jet at p equals the dimension of the state space. And maybe the
qualitative structure of the reachable set can be obtained by looking at a kth-order
nilpotent approximation. Unfortunately, as we mention in the last section, these
conjectures are not completely true, but they do motivate much of our work.

The paper is organized as follows. The next section reviews the Pontryagin
Maximum Principle as applied to the system (1). This also gives us a chance to introduce
some notation and terminology. In § 3, we will describe the main ideas and outline
the general structure of our techniques by looking at the trivial two-dimensional case.
We will also give a brief proof of Lobry’s three-dimensional result. The main part of
the paper is § 4, where we determine the geometric structure of the small-time reachable
set for the nondegenerate four-dimensional system (assuming that both quadruples
(£ &lfgl,[f+eg[fgl)and(f g [/ gl,[f—g [/ g]]) consist of independent vectors
at p). We also draw the obvious corollaries about time-optimal control in dimension
three. Section 5 concludes with a brief discussion of the free nilpotent five-dimensional
system and explains why the general nondegenerate five-dimensional case is different
from this one.

2. The maximum principle. The Maximum Principle [13] gives necessary condi-
tions for a point to lie on the boundary of the reachable set. Let u( -) be an admissible
control defined on an interval [0, T] and let x(-) be the corresponding trajectory
starting at p. If x(T) € d Reach (p), then x(t) €3 Reach (p) for all t€[0, T] and there
exists an absolutely continuous curve A :[0, T]->R", which does not vanish anywhere
such that

@) X(O)7 = =207 (Df(x(1))+ Dg(x(1)) - u(1),
3) (1), g(x()u(e) = Min (A (1), g(x(1))e,
(4) H = (0, f(x(1) + g (x(1)u(1)) =0

almost everywhere on [0, T]. (We write vectors as columns, (-, -) denotes the standard
Euclidean inner product on R”, and Df and Dg denote the Jacobian matrices of f and
g, respectively.) Any trajectory for which an adjoint variable A(-) exists such that
(2)-(4) are satisfied is called an extremal trajectory. The optimality condition (3)
determines the control u(t) whenever ¢ (t):={(A(t), g(x(1)))# 0; ¢ is called the switch-
ing function and u=—1 (u=+1) on intervals where ¢ is positive (negative). Trajec-
tories corresponding to these constant controls are called bang arcs and are denoted
by X (=f—g) and Y (=f+g), respectively. A concatenation of bang arcs is a
bang-bang trajectory. Observe that (A(t), f(x(t))) =0 at switching times ¢, i.e., where
(A (1), g(x(t)))=0. At these times (3) gives no information about the optimal control.
If, however, ¢ vanishes on an open interval I, then all the derivatives of ¢ also vanish
on I and this may determine the control u. We have

(1) = (A (1), [ £, g1(x(1))),
()= (1),[f+gu [£,g]1(x(1))),
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andif (A (1), [g [ £, g11(x(¢))) does not vanish on I, we can solve for u in ¢ = 0 as follows:

_Q@), £ LS g11(x(0)))
(A1), [ [ £, g11(x(0)

A control of this type is called singular and the corresponding trajectory is a
singular arc.

This suggests that concatenations of bang and singular arcs are the natural
candidates for trajectories in the boundary of the reachable set (but of course no such
regularity statement can be drawn from the Maximum Principle alone). We denote
concatenations of bang and singular arcs by the corresponding letter sequence; for
instance, we simply write XSY for a concatenation of an X-arc, followed by a singular
arc and a Y-trajectory, etc.

u(t)=

3. The main ideas of the technique: the nondegenerate two- and three-dimensional
cases. In this section we analyze the (well-known) structure of small-time reachable
sets in a nondegenerate situation in dimensions two and three. These cases are easy
and give us an opportunity to outline the general ideas of our technique without getting
preoccupied with technical details.

Suppose X is a system of the form (1) in dimension two and assume that f and
g are independent at a reference point p (see Fig. 1). It is clear how the small-time
reachable set from p will look. If we let I'" (respectively, ') be the integral curves
of the vector fields f+ g (respectively, f—g) for positive times, then for sufficiently
small T, Reach (p, =T) is the union of I'*, I'", and the open sector R between I'" and
I'" into which f(p) points. It is easy to see that any point in R is reachable from p;
for instance, if g€ R, just run a trajectory of X corresponding to the control u=+1
backward in time until it hits I'". The important point is that this is all of the small-time
reachable set. This follows immediately from the Maximum Principle since only
trajectories corresponding to the constant controls u=+1 or u=—1 can lie in the
boundary of the reachable set. (There cannot be a junction, since then both
(A(1), f(x(2))) and (A (1), g(x(t))) vanish, contradicting the nontriviality of A.)

F+
f+g
P f q
f—-g e
FiG. 1

Generalized to higher dimensions, the quintessence of this argument is to have
two hypersurfaces I'* and T',, which are generated by extremal trajectories, have a
common relative boundary and “enclose” a region R. Then, to prove that R is actually
the reachable set Reach ( p, =T), we must show (i) trajectories cannot leave R through
I'* or Iy, and (ii) all points in the sector are reachable. The latter is immediate if we
have a drift vector field f with f(p)# 0. This is exactly the same argument as in the
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two-dimensional case. Take any point g inside R and run a trajectory of 2 corresponding
to the control u=0 (or for that matter corresponding to any control) backward in
time. Since f(p) # 0, this trajectory will hit I'* or I',.. So basically (i) must be checked;
this is mostly a matter of computing tangent spaces, as will be shown below. This is
the general strategy of our technique.

All technical issues left aside for a moment, the key question is how to come up
with the surfaces I'* and I',,. We propose an inductive procedure. Let us explain it at
the next step, which is the case of a three-dimensional system X, where we assume
that f, g, and [f, g] are independent at a reference point p. (This is the example
considered by Lobry [14].)

Choose coordinates x = (x;, X,, x;) such that (dx, (f(p), g(p), [f, g](p))=1d, the
identity matrix. The projection of X into the (x;, x,)-plane is then the two-dimensional
system considered above and we know the structure of its small-time reachable set.
Our aim is to find two hypersurfaces I'* and I',, consisting of extremal trajectories that
project onto the reachable set R of the two-dimensional system in dimension three. If
I'* and I',, have a common relative boundary that projects onto oR and if I'* and I,
do not intersect in their relative interior, then it is clear that these surfaces “‘enclose”
a region R. Then we must check whether trajectories can leave R. If this is impossible,
R is the small-time reachable set.

The Maximum Principle gives preliminary information about I'* and T',, because
it describes necessary conditions for trajectories to lie in the boundary of the reachable
set. In this three-dimensional case it actually determines I'* and T',, precisely, but in
higher dimensions this is no longer true. It is then that we will use nilpotent systems
as our guide to find candidates for I'* and I',. More on that appears in § 4.

Now that we have outlined the general approach, let us also illustrate the basic
technical arguments by reproving Lobry’s result. It follows from the Maximum Principle
that all trajectories that lie on the boundary of the reachable set are bang-bang. For,
if the switching function vanishes at some ¢, i.e., if (A(?), g(x(¢)))=0, then also
(A(1), f(x(1))) =0, and hence ¢(t) = (A (1), [f, g](x(t))) cannot vanish by the indepen-
dence of f, g, and [f, g] and the nontriviality of A. For dimensionality reasons it is
therefore reasonable to consider the following two surfaces as candidates for I'* and I'.:

I ={pexp (s;(f—g)) exp (s2(f+g)): 5, =0, s, +5, small},
Iy={pexp(t,(f+g))exp (t,(f—g)): =0, t,+ 1, small}.

We write flows of vector fields as exponentials and we let the diffeomorphisms act on
the right, i.e., p exp (#f) denotes the point obtained by following the integral curve of
f that passes through p at time zero for t units of time.

It is clear that I'* and T',, are two-dimensional surfaces with boundary. In both
cases the boundary consists of the two curves corresponding to the trajectories of f+ g
and f— g and the point p. Furthermore, by the Campbell-Hausdorff formula [11]

pexp (s,(f—g)) exp (s2(f+g))
=p €Xp ((s1+8)f + (82— 80)g t 5180 f, g+ 518, - O(T)),
pexp ((t,(f+g))exp (t2(f—g))=pexp (t,+L)f+(t,—t)g—t,tL[ f, gl+ tit, - O(T))

where O(T) stands for terms that are linear in the total time T. This shows that I'*
and T', do not intersect in their relative interior. So I'* and I',, enclose a region R.
To prove that the enclosed sector R is the small-time reachable set we must show
that there cannot be any other points in the reachable set. As in the two-dimensional
case we have two options: either we show that we have exhausted all trajectories that
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possibly can lie on the boundary of the reachable set, or we show that trajectories
starting at points on I'*, ', , T'", or I'_ cannot leave RUT*UT,UT"UT_. As it turns
out, this is the same argument, only viewed differently.

Let us first show that we have exhausted all possible trajectories that can lie in
the boundary of the small-time reachable set, i.e., that such a trajectory is bang-bang
with at most one switching. Let y be a bang-bang trajectory with two switches, say of
the form XYX, with junctions p, and p, at times t,<t,. If A=A(¢;), then we have
(X, g(p)y=0 and (A, f(p,))=0. Also {(A(t,), g(po)) =0 or, equivalently, if we move g
ahead along the flow of the vector field Y we get (X, exp (—(t,—t,) ad Y)X(p,))=0.
But X #0 and so these three vectors are dependent: p, and p, are conjugate points
(Sussmann [22]). Therefore

X(p)AY(p)nexp (—Atad Y)X(py)=0

ie., X(p)AY(p)a[X, YI(p)+O(At)=0, where At=1t,—t,. But such a relation
cannot hold in small time by the independence of X, Y, and [ X, Y. Similarly it follows
that YXY-concatenations cannot satisfy the Maximum Principle.

This computation can also be viewed in the following way. Define a map
F:(t, ty, t;)—>pexp (1, X) exp (1,Y) exp (£;X) for t; small. Then this map has full
rank if #,>0. For, if we compute the tangent space to the image, but pull back to
pexp (1, X) exp (t,Y), we get exactly the vectors exp (—t,ad Y) X, Y, and X. Therefore
F(t,, t,, t;) is an interior point of the reachable set. Finally, if we pull back the tangent
space one step further to p exp (#,X) we have the vectors X, Y, and exp (f,ad Y)X =
X —t,[ X, Y]+ O(t3). The minus sign at [ X, Y] implies that X-trajectories point inside
R at points on I'*. Similarly, it follows that Y-trajectories steer the system into R from
I'*. And this proves that trajectories of the system cannot leave R through I'*, T, T'",
or I'_. (Because of the Maximum Principle we can restrict ourselves to just looking
at these regular controls instead of having to consider arbitrary measurable functions.
For, if any trajectory would leave R, then there will also have to be additional trajectories
lying on the boundary of the reachable set and these must be bang-bang.)

The structure of the small-time reachable set as a stratified set can easily be
described using the following notation. For neN let

S, ={pexp (s;X) exp (s, Y) exp (53X)

-+ -exp(s,B):5;,>0,B=Xif nisodd, B=Y if nis even},
S+ ={pexp (1Y) exp (,X)exp (1Y)

---exp(t,B): t;>0,B=X of niseven B=Y if nis odd}.

In a nondegenerate situation each of the S, . is a n-dimensional smooth manifold.
(Certainly this will be true in all the cases we consider here.) In the three-dimensional
case the boundary of the small-time reachable set consists of the two two-dimensional
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strata S, . which have in their boundary the two one-dimensional strata S, . and the
zero-dimensional stratum S, ={p}. S, also lies in the boundary of S, ... If we restrict
the total time to be =T we must make the obvious adjustments. In particular, we must
add the strata S,.=S,.MNReach (p, T) for n=1,2.

4. The nondegenerate four-dimensional systems. In this section we determine the
geometric structure of the small-time reachable sets from a point p for a system X of
the form (1) in dimension four, where we assume that the constant controls u=+1
and u= -1 are not singular. These conditions can easily be expressed in terms of
independence assumptions on f, g, and lower-order brackets of f and g. For, a constant
control u = u° is singular on an interval I if and only if there exists an adjoint multiplier
A such that (A, f), (A, g), (A, [f, g1), and (A[f+ gu®, [f, g]1]) vanish identically on I. By
the nontriviality of A this is impossible if f, g, [f, g], and [ f+ gu®, [ f, g]] are indepen-
dent. Therefore in terms of the vector fields X and Y our conditions are equivalent to

(A) X, Y,[X, Y] and [ X, [X, Y]] are independent near p;
(B) X, Y,[X, Y] and [ Y, [X, Y]] are independent near p.

If we write [ X, [ X, Y]] as a linear combination of X, Y, [X, Y] and [Y,[X, Y]] as
[X,[X, Y]]=aX+BY +y[X, Y]+O[Y,[X, Y]],

then (A) is equivalent to 6 # 0.

The cases 6>0 and 8 <0 are significantly different: if §>0 only bang-bang
trajectories can lie in the boundary of the reachable set, if 6§ <0 singular arcs are
possible. Intuitively this is clear. If u is singular on an interval I, then (omitting the
arguments ¢t and x(1))

=0 [f+guLfgl)
=3, (- W)X, [X, Y]+ (1 +u)[Y,[X, Y]]
=H(1—u)s+(1+u)) - (A [Y[X, YI#0

and so u=(8+1)/(6—1). This is an admissible control only if § =0. Note that the
singular vector field is given in feedback form as
5+1 1 -6

S=f+ = X+ Y, §6<0.
It gt T Xt Y

4.1. The totally bang-bang case: 6>0. This is the generalization of Lobry’s
example to dimension four. We treat only the general case here, but we remark that
the structure of the small-time reachable set is the same as for a nilpotent system where
f, g [f,g], and [ f,[f, g]] form a basis and all other brackets vanish. In appropriate
coordinates the latter system is linear.

The key observation again is that the Maximum Principle precisely determines
the possible trajectories that can lie in the boundary of the small-time reachable set.

LEMMA 1. If vy is a trajectory that lies in the boundary of the small-time reachable
set, then v is bang-bang with at most two switches.

Proof. We first exclude bang-bang trajectories with more switches. Let y be a
YXYX-trajectory with switching points p,, p,, and p; and let s,, s,, 553, 54 be the length
of the times along the respective X-arcs or Y-arcs. At every junction we have
(A, X(p:))y=0and (A, Y(p;))=0. This gives rise to four conditions on A.
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If A is the value of the adjoint vector at the switching time at p,, we have
A, X(p)) =&, Y(p))=0,
(X, exp (=s,ad Y)X(p,))=0,
and
(X, exp (s3ad X)Y(ps))=0.

Again, the nontriviality of X implies that these four vectors are dependent (“‘conjugate
points™). So we get (dividing out s, and s;)

exp (s;ad X) — 1) YA (exp (-s,ad Y)— 1) x
S3

0=Xn Y/\(

-5

(5) =XAYnr[LX, Y] +%s3[X, [X, Y]]+ O(s3) A —[X, Y]+%s2[ Y,[X, Y]]+ O(T?

=200, )X A Y ALX, YIADY,IX, YD,

where T is the total time along y and O(T?) stands for terms that are quadratic in T;
o is a smooth function of s, and s;. If we express [ X, [ X, Y]] interms of X, Y, [X, Y],
and [Y,[X, Y]], we see that

(6) o (s, s3)=s2+s38+O(T2)

where 8 is evaluated at p,. In a sufficiently small neighborhood of p, § is bounded
away from zero and so the linear terms dominate quadratic remainders in small time.
Hence a(s,, s5) is positive for s; small; in particular, it cannot vanish, a contradiction.

Analogously, if ¥ is a XYXY-concatenation with switching points ¢,, ¢-, and g3
and if ¢, t,, t5, t, are the times along the respective trajectories, then we get

0= X Y/\(exp (_tiid X)—l) YA<exp(t3 a:d Y)_1>X
(7) 1 2 3
=5fr(12, L)X AYALX YIALY, [X, Y]])|q2
where
(8) m(t, )= ~t;~ 1,8+ O(T?)

is a smooth function of ¢, and t; near the origin. Again, since 8 is bounded away from
zero near p this function is negative for small times, a contradiction.




128 A. J. KRENER AND H. SCHATTLER

It now follows that, in fact, any trajectory that lies in the boundary of the small-time
reachable set is bang-bang. This is an easy but slightly technical argument. We will
do it here rigorously since we will need the computations later on anyway. The point
is that we do not have a priori knowledge about regularity properties of the controls,
e.g., that they are piecewise constant. This is the case if and only if the zero set Z(¢)
of the switching function ¢ is finite. If it were infinite, then the set N, of limit points
of Z(¢) would be nonempty. In fact, it is a closed, nowhere dense, perfect set. (If
t; < t, are points in N(¢) then, since ¢ cannot vanish identically, ¢ is different from
zero somewhere in (t,, t,) and by continuity it is different from zero on a whole interval.
It is perfect, i.e., every point t € N(¢) is a limit point of points ¢, € N(¢), t, # t, since
N(¢) cannot have isolated points. We can see that this is so, since we know already
that bang-bang trajectories with more than three switchings do not lie in the boundary
of the small-time reachable set!) Suppose t, <t, are times in N(¢). There exists
a fe(t,,t,) such that ¢(7)#0. Let f:=sup([t,, [N N(¢)) and let &,:=
inf ([7,, ,]JN N(¢)). Then 1< 1i,, ;e N(¢), and Z(¢)N[{,, f,] is finite. This implies
that y contains subarcs of the form *B- and - B*, where B denotes a bang arc (X or
Y), - stands for any switching, and * stands for a junction in N(¢). Observe that
é(1)=0 if te N(¢). We will now show that none of these concatenations can lie in
the boundary of the reachable set and this will prove the lemma.

Without loss of generality we consider a concatenation of the form *X- with
switching points p, and p, and let ¢ be the time along X. Then, if X is the value of the
adjoint vector at the switching time corresponding to p,, we have

(X, X(po)y=(X, Y(po))=(X,[X, YI(po)) = 0.
Also (X, exp (=t ad X) Y(p,)) =0 and so by nontriviality of X we again get
0=XAYA[X, Y]AY—1[X, Y]+3[X, [X, Y]]+O(t%)

9
) =31+ O())(X A Y ALX, YIALY,[X, YD), .

This cannot hold in small time. Analogously it follows that no *B- or - B* concatenation

can lie in the boundary of the small-time reachable set if § # 0. This proves the lemma

(and note that the argument is valid in general under assumptions (A) and (B)). O
It is now clear that the surfaces I'* and I'. must be as follows:

T*={pexp (s;:X)exp(s,Y) exp (5;X): 5, =0, small},
«={pexp (1, Y)exp (£,X) exp (£, Y): t; =0, small}.

I'* and T',, are three-dimensional surfaces with common boundary C that has precisely
the structure of the boundary of the small-time reachable set in dimension three. It is
the union of two two-dimensional surfaces made out of XY- and YX-trajectories
respectively, glued together along the X- and Y-trajectories.

We will now show that I'* and I',, do not intersect away from C, in particular that
they enclose an open region that will be the interior of the small-time reachable set.

DEerINITION. We say a point g is an entry point (respectively, an exit point) of
a (closed) set S for a vector field Z if for some £ >0, SN{qg exp (tZ): —e =t=0}={q}
(respectively, if SN{gexp (tZ):0=t=¢e}={q}).

LemMA 2. For sufficiently small T the points in T'* are entry points for the small-time
reachable set from p for | Y, [X, Y]]. The points in I, are exit points.

Proof. If q is an exit (entry) point for Reach (p, =T) that does not lie in
Reach (p, T), i.e., exit or entry is not due to the time restriction, then the corresponding
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trajectory is extremal and the adjoint multiplier satisfies the transversality condition
MLLY X, Y1) =0 (A LY, [X, Y]1(g))=0). We claim that necessarily

qely, (qeT™).
Recall that the second derivative of the switching function is given by
G (1) = (A (1), [f+gu, [f, g11(x(1)))
(10) =3(1—u())A [X, [X, YII(x(1)))
+i(1+u()L, LY, [X, YII(x(1)).

Expressing [ X, [X, Y]] in terms of X, Y, [X, Y], and [ Y, [X, Y]], we get a linear
combination of terms (A, X), (A, Y), (A,[X, Y]), and (A, [Y,[X, Y]]), where the
coefficient at (A, [Y, [ X, Y]]) is

f1-u)s+3(1+u)=Min (1, 8)>0.

Suppose y is a bang-bang trajectory with two junctions. Then the two junctions
determine a multiplier A up to a positive constant multiple. Normalize such that
[A(0)],=1. Because y has two junctions (A, X), (A, Y), and (A, [X, Y]) vanish some-
where on [0, T], T =t,+t,+ t;. For sufficiently small T these functions will be bounded
in absolute value on [0, T] by any & > 0. Because of (B) [{A(¢), [ Y, [X, Y]](x(?)))| can
be bounded away from zero on [0, T]. By choosing &, ie., T small enough,
(A, [Y,[X, Y]]) dominates all other terms in (10), that is, we have in small time: ¢
has constant sign equal to sign ((A, [ Y, [X, Y]])). But (A, [ Y, [X, Y]])> 0 allows only
for XYX-trajectories and (A, [ Y, [X, Y]]) <O permits only YXY-concatenations. This
proves our claim.

We still need to show that points in I'* and I',, in fact have these optimization
properties. Suppose vy is a XYX trajectory. Then the tangent space at the endpoint is
spanned by X, exp(—t;ad X)Y and exp (—t;ad X)exp(—t,ad Y)X. Note that
[Y,[X, Y]] always points to one side of the tangent space since

X rexp(—t;ad X)Y rexp(—tz;ad X) exp (—t,ad Y)X A[Y,[X, Y]]
— Y —
exp (—t,ad Y) 1>X

—t,

=—t2(XAexp (—tyad X)Y nexp (—t; ad X)(

(11) ALY [X, Y]])
=56(X A Y =4[X, Y]+ O(5) A [X, Y]+ O(T) ALY, [X, Y]]
=L(1+0(T)(X A YA[X YIALY, [X, Y]D.

If we write the defining equations for I'* and I',, in terms of canonical coordinates
of the second kind, that is, as products of the flows of the vector fields X, Y, [X, Y],
[Y,[X, Y]] in the form

(12) pexp (x,.X) exp (x,Y) exp (x3[ X, Y]) exp (x,[ Y, [X, Y]I),

then this implies that we can think of I'* as the graph of a function x, = ¢(x,, x,, X3).
It also follows from (12) that the integral curve of [Y,[X, Y]] through p and the
compact set Reach (p, T) are disjoint for small positive T. Therefore, given T, there
exists a T=T with the following property. Any integral curve of [Y,[X, Y]] that
passes through a point on I'*( T) the set of all trajectories in I'* of total time = T does
not meet Reach (p, T). This implies that the points on I'*(T) are entry points for the
small-time reachable set. For, if q € I'*(T) is not an entry point, then by compactness
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there exists an entry point of Reach (p, =T) of the form g exp r[ Y, [ X, Y]]. Since this
flow does not meet Reach (p, T) this point must lie on I'* and this contradicts the
graph property. Analogously the result follows for I',,. a

An easy computation shows that, if I'* and I', would intersect away from C, then
it would have to happen transversally. This would contradict Lemma 2.

The geometric structure of the small-time reachable set is now clear. It is the exact
analogue of Figs. 1 and 2 in four dimensions. Its boundary consists of the surfaces I',
and I'* that match up along C, the set of points reachable by a bang-bang trajectory
with at most one switch. The open region enclosed by I'* and T',, is the interior of the
reachable set. A stratification of its boundary is given by S, and S, . for n=1,2,3
(see § 3).

Remark. This qualitative structure of the small-time reachable set for a totally
bang-bang system generalizes to arbitrary dimensions under the conditions of Krener’s
and Sussmann’s nonlinear bang-bang theorem [19]. Suppose that the vector fields f
and ad’ f(g), i=0,-- -, n—1 are independent at p and that for i=0,- - -, n—1 there
exist smooth functions a; and g; with | 8;(p)| <1 such that

[3,2'/(8)]= Ty adf(g) + B ad™ f(g).

Then it follows that for sufficiently small-time T all trajectories that lie in the boundary
of the reachable set from p are bang-bang with at most n switchings. A stratification
of the boundary is given by the strata So={p} and S, ., k=1,-- -, n. In particular,
points in S, . are exit points of the reachable set for (—1)""" ad" ™" f(g), points in S,
are entry points. Given the results on the structure of trajectories in the boundary, this
is a straightforward generalization of the argument above. All the difficult work has
been carried out by Sussmann in [19], specifically in the proof of Lemma 3 there.

4.2. The bang-bang singular case: 6 <0. This case is a nontrivial extension of
Lobry’s result. Here not all the extremal trajectories actually lie in the boundary of
the small-time reachable set. It is therefore not clear how we should choose I'* and
I',,. We now use the structure of the small-time reachable set for the corresponding
free nilpotent system as a guide. The only reasonable nilpotent approximation to
choose is one where all brackets of orders greater than or equal to 4 vanish. Note that
f, g [f, gl, and [g, [ f, g]] are always independent in this case. Since we want to work
with a system as simple as possible, we also assume [ £, [ f, g]]1=0. This is an equality
relation in the third-order Lie jet, but in a slightly more general setup (weighted Lie
algebra) this would be a free nilpotent system. Therefore we refer to this system as
the ““free” nilpotent case. We will first analyze a model of this “free” nilpotent case,
and then we will show that the general case has the same qualitative behavior.

4.2.1. Thereachable set in the ““free’’ nilpotent case. To simplify some computations
we restrict ourselves to the following model 3:

. . _ . _l 2
(13) xO—ly X1 =U, X=Xy, X3=3Xy.

Note that[g, f1(x)=(8/dx,) + x,(8/9x;),[ g [& f11=8/9x; and all other brackets vanish
identically. It is clear that the qualitative structure of the reachable set from the origin
at any time is the same as for the small-time reachable set: one is a rescaling of the
other. (If u is a control defined on [0, T] and x is the corresponding trajectory, then
the time 1 reachable set can be obtained from the time T reachable set by letting
a(t)=u(t/T) and x,(t):= T'x;(t/ T) for i=1,2,3.) To determine the reachable set it
therefore suffices to look at time slices T = constant, and without loss of generality we
can assume T =1.
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If A =(Ao, A1, s, A;3)7 is an adjoint vector for an extremal trajectory x(-), then
A, is the switching function and

}\,=~A2—A3x1, /‘\2=0, /\3=0,

and in particular Xy = Asu, e, u=0 is the only singular control. Note that, if A;=0,
then A, is a linear function and the extremal trajectory is uniquely determined. By a
theorem of Bressan [2] this implies that the reachable set is convex in direction of
(0,0,0,1)" or equivalently in the direction of [g, [g, f1]1=3X,[X, Y]]; that is, if
(po, P1, P2, a) and (po, p1, P2, b) lie in the reachable set, then the whole segment
{(po, P1, P2, €): a=c= b} lies in the reachable set. It is therefore clear what the surfaces
I'* and I',, have to be: I'* consists of trajectories which are exit points for [ X, [X, Y]]
and I'y, of those which are entry points. Equivalently, we can speak of trajectories that
maximize/minimize the coordinate x;.

For extremal trajectories that give rise to entry/exit points for [ X, [X, Y]], an
additional transversality condition was to hold. One of the directions £[ X, [X, Y]]
can be separated from an approximating cone to the reachable set at this point. In
our case these conditions simply say that A;=0 for trajectories that minimize x; and
A3 =0 for those that maximize x;. In particular A; =0 for those that do both and these
trajectories are bang-bang with at most one switching. So again the common boundary
of I'* and T, will be a set C that has the structure of the boundary of the small-time
reachable set in dimension three.

We now determine I',. We can assume A;>0 and without loss of generality
normalize A, to 1. Thus, A, =—u and so A, is strictly convex and positive along X,
strictly concave and negative along Y. Singular controls satisfy the generalized
Legendre-Clebsch condition [13]: (A, [g, [f, g]]) = —A3<0. It follows that the only
extremal trajectories are concatenations of a bang arc, followed by a singular arc and
another bang arc. We now restrict to the time slice T = 1. Define

I'_o-={0exp (5:X) exp (s.f) exp (55X): 5, =0, s, + s, +53=1},
I o ={0exp (5;:X)exp(s,f)exp(s3Y): 5;=0, s, +5,+s53=1},
Foo-={0exp(t;Y)exp (t,f) exp (::X): ,=0, t, + t,+t;=1},
Fior={0exp(t,Y)exp (t,f)exp(t;Y): =0, t, +t,+t;=1}.

We will show that these are two-dimensional surfaces with boundary which match up
and together form I',, with

al',={0exp (5, X)exp (5,Y): 20,5, ts,=1}
U{0exp (t;Y) exp (£,X): ;=0, t,+1,=1}.

LEMMA 3.  Each of the sets T, is a two-dimensional surface with boundary. For
any two of them the images of the open simplices are disjoint. Furthermore,

IF_o-NT_ o, =T_o={0exp (s;X) exp (s,f): 5, =0, 5, +s,=1},
IF_o-NTig-=To_={0exp (s.f) exp (5.X): 5, =0, s, +5,=1},
Mo NIy =To={0exp(sf):0=s=1}=T_,, NI,

Moo NIy =To,={0exp(s,f)exp(s,Y): 5,=0,s,+s,=1},
Iio-NTige =T o={0exp(5,Y)exp (s,f): 5,=0, s, +s,=1}.

Graphically, these relations can be illustrated as shown in Fig. 4.
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The proof of the lemma consists of straightforward computations that we shall
only illustrate in one case. It is easy to see that all the maps are regular with rank 2
in the interior, and it is clear how the maps behave on the boundary. So the I'.,, are
two-dimensional surfaces with boundary. To prove that the images of the open simplex
under different maps are disjoint, we choose a way that does not use the specific form
of the equations, but works with a basis provided by the vector fields f, g, [ f, g], and
[g, [ f, g]]- This also gives an idea how the analogous argument in the general case
runs. We rewrite the defining equations in terms of canonical coordinates of the second
kind as products of the flows of the vector fields f, g, [ f, g], and [g, [ f, g]]. Since in
this case

(14) exp (f+g)=exp ([g [ £, g]1/3) exp ([f, g]/2) exp (g) exp (f),

we get, for instance, for ', ,:
0exp (1,(f+g)) exp (t,f) exp (1:(f+g))
=0exp ((3tilg, [£; g1]) exp (G110, g1) exp (1,g) exp (1, + 1) 1))
xexp (313(g, [f; g11) exp G153/, g1) exp (1:2) exp (1f)
=0exp ((5(t; + &)+ Lt3(8, +313))[ &, [, g11) exp (G(1,+ 15)° + 128)[ f, £1)
xexp ((t,+13)g) exp (f).

Analogously we have for I'_,:

0 exp (s:(f—g)) exp (s,f) exp (s5(f+g))
=0exp ((3s7— 5153 +353+35,83 — 5,5,83)[ 8, [ f; g1)
X exp ((—387+353+ (s, +52)53)[ f; g1) exp ((s3—$1)g) exp (f).

A simple computation shows that the equations we obtain by equating the coordin-
ates have no positive solution. Similarly this is shown for all pairs of surfaces. The
statements about the intersections are then clear. ]

This shows that I'y, is a two-dimensional stratified set with its one-dimensional
relative boundary o', made out of bang-bang trajectories with at most one switching.
Figure 4 gives a precise description of the stratification. We now show that the points
on I, are, in fact, the points that have the smallest x; coordinate among all points of
Reach (0, 1) with a fixed (x,, x,, X5).
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Let us first compute the tangent spaces to the surfaces I'.o.. Note that in each
case the pullback of the tangent space to the endpoint of the singular arc simply
consists of the space spanned by the vectors g and [ f, g] evaluated there (remember
that we are working in the time slice T =1). This implies that [ X, [ X, Y]] =2[g, [g, f1]
always points to one side of the tangent space. In fact,

exp(—tad(f+g))gnexp(—tad (f£g))f, glrlg[f gll=1(gnlf glrle [f glD.

In the limit this also holds for the one-dimensional strata. Therefore [g, [g, f]] always
points to one side of the stratified surface I',. It is easy to see that, in fact, we can
think of I',, as the graph of a piecewise defined function x; = ¢(x,, x,). (The projections
of the images onto (x,, x,) intersect only along the projections of the intersections of
the surfaces I'.,..) Since we have exhausted all possible extremal trajectories that can
minimize the coordinate x; with Iy, it is now clear that given (X,, X,, X;) €', any
other point (x,, x,, x3) € Reach (0, 1) with x, = X, and x, = X, must satisfy x; > X;. This
concludes the analysis of I',,.

Next we will determine ['*. Here we can assume A;=—1 and so A, =u, i.e., the
switching function ¢ is convex when ¢ is negative and concave when ¢ is positive.
This clearly suggests bang-bang extremals. However, now the situation is significantly
different from all previous cases: it will turn out that the times along bang arcs are no
longer free, which in turn will mean that we cannot a priori exclude bang-bang
trajectories with a large number of switchings. In general, it is a very difficult problem
to eliminate extremal trajectories with a large number of switchings (cf. [4] or [16]).
It turns out that in our approach we do not even have to address this issue.

Let us start by showing that the times along bang arcs can no longer vary freely.
Suppose we have a concatenation of a Y-trajectory followed by an X-arc with switchings
at the beginning and the end (- XY-). Call the switching points p,, p,, and p, and let
s and ¢ be the times along X and Y, respectively. Then p,, p,, and p, are conjugate
points and therefore

O=exp(—sad X)YAXAYarexp(tad Y)X

- X)— —
:<exp( s_a;i ) I)YAXAYA<exp(ta;iY) l)X

(15)
=XAYA[X, Y]+s[g [f,glIr[Y, X]-t[g [ g]]

=(s—0(XAYA[LX, Y]n[g [f glD.

Hence s =t and the same is true for a - YX--concatenation. Therefore, so as not to
violate the Maximum Principle, and since we do not expect any degeneracies in the
structure of the reachable set, we restrict ourselves to the following two surfaces:

[~ ={0 exp (5, X) exp (s, Y) exp (53X): 8, =0, s, +5,+53=1, 5, =55, 53 = 5.},
f+={0 eXp (tl Y) exp (th) €Xp (t3 Y): t,-i(), t1+t2+t3= 1, tlé tz, t3§ tz}.

Our aim is to build I'* out of trajectories from I and T However, as they are at the
moment, we still have too many extremal trajectories. The surfaces I'” and I'" have a
nontrivial intersection y. To see this let us rewrite the defining maps in terms of
canonical coordinates as follows:

0exp (5:X) exp (5, Y) exp (s:X) =0exp (s15,(s,—51)[ & [f, g1]) exp (s5:5:[ X, Y])
xexp (s, Y) exp ((s,+53)X),
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Oexp (1, Y) exp (X) exp (1Y) =0exp (L,1:(2t, — ,+ 1:)[g, [ £, g]]) exp (L[ X, Y])
xexp ((t,+13) Y) exp (£, X).
If we equate Ehe coordinates, it follows easily that s, = t;, s, =1,, and s;=t,. It follows
that I'" and I'™ also intersect along the one-dimensional curve
y={0exp (sX)exp(Y/2)exp((3—5)X):0=s=3}.
We need to analyze the intersection more closely. Let
g=0exp (5;X)exp(s,Y)exp(s;X)e v
Then the tangent space to I at q is spanned by (recall that s;=1—5,—5,)
exp (—s;ad X) exp (—s2ad Y)X — X =s5,([ X, Y]+ (2s;—5,)[g, [ £, g]]),
exp (—s;ad X)Y - X =2g—s;[ X, Y]-silg [, g]]-
The point g also lies on "™ and a tangent vector to I'™* at ¢ is
t=exp(~t;ad Y)X - Y=-2g+n[X, Y]-1ig [/ gl
In the intersection t; =s,=ts, s,=3 and s,=43—s. Thus
T, A¢=AQgnlX, YInle [ ]
where
153 (547
A= 0 1 1—-2s | =2s(s—-3)=0.
-1 s -5’
Hence I'~ and I intersect transversally except at the endpoints of 7 (s =0, s=3).
Observe that the endpoints are characterized by the condition that the conjugate point
relation s =t (=3) holds. We need to know which surface has a larger x;-coordinate.
It follows from
T,0 Alg g /1= —2g A[X, Y1Alg. [ 2]]

that ¢ and [g, (g, f]] point to the same side of [ at g. Observe that x, =0 for points
on v. Since the coefficient of # at g is negative, the points of I'* for which x, <0 have
a larger x;-coordinate than those points on I Conversely for x, > 0 the x;-coordinate
of points on I is larger. Therefore we define

I''={0exp (s;X)exp (5,Y) exp (5;X): 5,20, 5, +s5,+5;=1, 5, =3},
I'={0exp(t,Y)exp(£:X)exp (;Y): =0, t, +t,b+t;=1, t,=3}.

Observe that I'™ has the Y-trajectory in its boundary and that the X-trajectory lies in
the boundary of I'". Define I'*:=T"UT". It follows from above that [X,[X, Y]]=
2[ g, [ g, f 1] always points to one side of 1~“‘, and similarly this holds for I'™*. Since x,=0
for points in I'", x; =0 for points in I'" and x, = 0 exactly on the intersection, it follows
that T'* is a piecewise defined function x; = (x,, X,).

It is obvious that 9T* consists of all trajectories that are bang-bang with at most
one switching, i.e., 3I'* =4I',,. Graphically, the structure is illustrated in Fig. 5.

By directional convexity it is clear that the whole set R between I'y and I'* lies
in Reach (0, 1). We need to show that it lies nowhere else. The points of i and I
that we deleted lie in the interior of R. (We deleted those points on 1", respectively,
[~ that lie below f‘_, respectively, ['* in the direction of [X,[X, Y]].) But this implies
that the endpoints of bang-bang trajectories with more than two switchings lie in the
interior of the reachable set. Suppose we have an extremal XYXY-trajectory with
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times s, s,, §3, and s, along the trajectories. Then s,=s; by the conjugate point
relation, and thus s, <s;+s;. By the invariance of the structure of the reachable set
it follows that Oexp (s;X) exp (s,Y) exp (53X ) € int Reach (0, s; + s, +53). (This is a
point of the type we deleted!) Hence the trajectories that define I'" and I'” are the
only extremal trajectories that can lie on the boundary of the reachable set. This proves
R =Reach (0, 1).

Summary. For every time t the time —¢— reachable set is a stratified set that is
topologically a sphere. Its boundary consists of two hemispheres I'*(¢) and I', () whose
common relative boundary oI'*(t) consists of all points reachable in time ¢ by a
bang-bang trajectory with at most one switch. I'*(¢) consists of all bang-bang trajectories
with at most two switchings for which the time along the intermediate arc is greater
than or equal to the sum of the times of the adjacent arcs. I',.(¢) consists of all trajectories
that are concatenations of a bang arc, followed by a singular arc and another bang
arc, where the times along these trajectories are free subject to 0=time=1t The
stratification of its boundary is given in Figs. 4 and 5.

4.2.2. The general case. We now show that the qualitative structure of the small-
time reachable set does not change in the general case. Clearly, some of the arguments
will have to be adjusted; for instance, the correct generalization of the arguments using
directional convexity now use the integral curves of [ X| [X, Y]]. However, finding a
general version for the explicit computations in the analysis of the bang-bang extremal
trajectories is crucial.

We first define I'y,. Recall that the singular control is given in feedback form as
u=(8+1)/(6~1) and since § <0 we have no problems with u hitting the control
constraint |u|=1 in small time. Let p=1/(1-8), pe(0,1), and let S:=
fT(6+1)/(6—-1)g=pX +(1—p)Y, be the singular vector field. Define

I_,_={pexp(5,X)exp(s,S)exp (53X): 5; =0, small},
I . ={pexp(s;X)exp(s,S)exp(s;Y):s;=0,small},
I ={pexp(t,Y)exp (£,5) exp (:X): t;=0, small},
Cigr={pexp(t,;Y)exp (£,S)exp (£;Y): t;=0, small},
ey=r_, uUr_ur,,_ur,,.

If we replace f by S in Lemma 3, then the statement stays true verbatim for ',
instead of I'.o.. (The computations are a straightforward though somewhat messy
extension of the computation in the ““free”” nilpotent case and we omit them.) So again
', is a stratified two-dimensional surface; its one-dimensional relative boundary oT',,
is made out of the bang-bang trajectories with at most one switching.
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LemmMma 4. For sufficiently small T the points on I, are entry points of Reach (p, =T)
for [ X, [X, Y]]

Proof. The strategy is the same as in the proof of Lemma 2. We first show that
the extremals on I', satisfy the necessary transversality condition for entry points
(which are not due to the time constraint). Then we show that I',, actually is a graph
with the coefficient of the flow of [ X, [X, Y]] as dependent variable. As in Lemma 2
this suffices to prove our result.

If y is any trajectory containing a singular arc then, for sufficiently small time,
A [X,[X, Y] will dominate (A, X), (A, Y), and (A, [X, Y]), in particular, it has
constant sign. Along the singular arc (A, [ X, [X, Y]])=26/(1—6) (A, [g [X, Y]]) and
the generalized Legendre-Clebsch condition implies that (A, [ X, [X, Y]]) is positive.
This shows that points in I, satisfy the necessary transversality condition. An argument
analogous to the one made in the proof of Lemma 1 shows that, in fact, any extremal
trajectory for which (A, [ X, [X, Y]]) is positive has to be of the form BSB, that is, we
have exhausted all possible candidates. To prove that indeed each point on I'y has
the entry property, we show again that we can think of I',, as the graph of a piecewise
defined function x; = (x,, X, , X,), where (x,, X;, X,, X;) are canonical coordinates of
the second kind, and x; is the coefficient at the flow of [ X, [X, Y]]. Let us consider,
for instance, I'y,_. It is easier to compute the pullback of the tangent space to the
endpoint of the singular arc. It is spanned by X, S, and exp (—t, ad S)X. Note that
S=pX+(1+p)Y and it follows by induction that ad" S(X)=a,X +8,Y +v,[ X, Y]
with smooth functions «,, B,, V.:

[S,ad"' S(X)]=[pX +(1=p)Y, ay 1 X+ B, Y+ vuu[ X, Y]]

= Va1 (oL X, [X, Y]I+(1-p)[ Y, [X, Y]]) +, g or [ £, g] terms
=p(aX+BY +y[X, Y)).
Also [S, X]=[pX+(1-p)Y, X]=2L.(p)g+(p—1)[X, Y]. Therefore
XaSnaexp(—t,ad )X =(1-p)’t,(1+0(1,)) - (frga[X, Y)).
Now if we take the wedge-product with [ X, [ X, Y]] pulled back along X, ¢, this yields
X ArSnrexp(—t,ad S)X nexp (tad X)([ X, [X, Y]])
=(1-p)’L(1+0(7) - (frgalf g]A[X,[X, Y]]
and there are no problems with dominance since t, factors. Hence [ X, [ X, Y]] always
points to one side of I',,_ in the interior. Analogously it follows for the other surfaces.
By continuity this also follows for the one-dimensional strata. Straightforward but
slightly more tedious computations show also that the projections of the relative
interiors of the sets I'.;. onto (xo, X,, X,)-space are pairwise disjoint. Therefore I'y, is
a graph in canonical coordinates. This proves the lemma. 0
The analysis of the bang-bang extremals is more difficult. We start by computing
the conjugate point relations. Suppose vy is a - X YX--concatenation starting at p with

junctions at p, p,, p., p; and times s;, s,, s; along the respective trajectories. Then we
have (the vector fields are evaluated at p,):

exp (—s; ad X) — 1) YA (exp (s,ad Y)— 1>X
-85 §2

0=Xn~n Y/\(
(16) =X YALX, YI-2n[X[X, YII+ 0D A —1X, YI-Zsl ¥, [X, Y11+ O0(s)

=20(s1, (X A Y ALX, YIALY, [X, YID),

where g(s;, $,) = 5,6 —s,+ O(2).
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The equation &(s,, s,) =0 has a unique solution 5;(s,) and in general XYX-
trajectories only satisfy the necessary conditions of the Maximum Principle if s; =5(s,).
Note that g (0, s,) <0 and so this is equivalent to g(s,, s,) =0. (Using an argument
analogous to (9) it can be shown that extremal trajectories do indeed have switchings
at s, =757, but we will not need this.) Furthermore,

exp(—s,ad Y)—1

2

0= X(p:)n ¥(po) )x(p

A(exp(s3adX)-—1

3

)Y(Ps)
=XAYrA—[X Y]+-;-s2[Y, [X, Y]]+ - -A[X, Y]+%s3[X, (X Y]]+

=25(s2, (X A Y ALX, YIALY,[X, YID),,

where G (s,, 53) = —8,— 538 + O(T?).

Again the equation & (s,, s3) =0 can be solved by 55(s,), and YXY-concatenations
only satisfy the Maximum Principle if s; =75(s,). Since d(s,, 0) <0 this is equivalent
to a(s,, s5)=0.

Therefore we define

= {pexp (s:X) exp (5,Y) exp (s;X): 5, =0, small, s, is free,

g(sl ’ s2) §O, &(S2, s3) = 0}'

Analogously we must compute the conjugate point relations along a - YX'Y--concatena-
tion which yields

= {pexp(t,Y)exp (t,X) exp (t;Y): t,=0, small ¢, is free,
1(t, L) Z0S 1L =F(5) T, K) 208 6= 5(1)}

where

7(t, )=—t,— 1,86+ 0(T?), F(ty, 1) = —1,8 — 1, + O(T?)

and f, and f; are the solutions of 7=0 and 7 =0, respectively. [ and I are three-
dimensional surfaces with relative boundary made up entirely of bang-bang trajectories
with at most one switch. _
LemMMA 5. The surfaces I~ and T intersect along a two-dimensional surface f.
The intersection of T with the relative boundaries 91"~ and ol are the following
one-dimensional curves:

¥={pexp (5;X) exp (s,Y): 5, =0, small, s, = 5,(s2)},
y={pexp(t,Y)exp (£,X): L=0, small, t, = 17 (1)}

(i.e., the trajectories corresponding to the conjugate points). Away from vy and 7y the surface
entirely lies in the relative interior of f_, respectively, I and there the intersection is
transversal.

Proof. We want to solve the equation

(17) pexp (5:X)exp (s,Y) exp (s;X)=pexp (t,Y) exp (£,X) exp (£, Y).
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Suppose a point g in the relative interior of I'"" or I'~ lies on I'. We claim that (16)
can be solved in terms of ¢, and ¢, near g. This follows from the Implicit Function
Theorem if the Jacobian with respect to (s,, s,, 3, t;) is nonsingular at g. If we compute
these derivatives and pull the vectors back along X we get

exp(—s,ad Y)XAYAaXnrexp(s;ad X)Y

=S2s3<X A Y/\(exp (_Szad Y)_1>X/\(exp (s3 ad X)_1> Y)

-S> §3

1 ~
=5S2S3 : 0-(529 S3)(X A Y[X7 Y] A [ Y; [Xs Y]])l[’lz=17 exp (s;X)exp (s;Y) -

But in int (') s, and s; are positive and also &(s,, s3) <0 since the conjugate point
relation does not hold. So we can solve in terms of ¢, and ¢,. This computation shows
also that I'* and '~ intersect transversally in int (') or int (I'7).

Next we show that points g of this type exist. For that we rewrite both sides of
(17) in terms of canonical coordinates of the second kind. A short computation (cf.,
for instance, [16]) shows that

pexp (s;X)exp (s,Y) exp (5:X)=p exp (35,5:(5,6 + 5, + O(S)[ Y, [ X, Y]])
-exp (5;5,(1+ O(S)H[X, Y])
exp ((s,+ O(S?)Y) exp ((s,+ 53+ O(5*)) X),
pexp (t,Y)exp (,X)exp (YY) =pexp Gtt;2t,+t;+ 1,8+ O(T?))[Y, [ X, Y]]
-exp (L:(1+O0(TH)[X, Y])
~exp (1, + 3+ O(T?)) Y) exp ((t,+ O(T*)) X)

where O(S*) or O(T") stand for terms of order greater than or equal to k in the total
time, S=s,+s,+s;, T=1t,+1,+1;,and 8 is evaluated at p. Equating coefficients we get

(i) s;+53+0(S%)=1,+0(T?),

(ii) $+0(S)=t,+1,+0(T?),

(iii)  ,5(1+O(S)) = t,t:(1+ O(T)),

(iv)  5,5:(5,8+ 5,4 O(S?)) = L1321, + 3+ 1,6 + O(T?)).

—

(18)

If we assume that all switching times are comparable, i.e., of order T, then (18(i), (ii)),
and

(iv') $8+s5,+0(S*)=2t,+t:;+1,8+0(T?)

can easily be solved for s in terms of ¢t modulo higher-order terms:
1
si=bts H+0(T?),
(19) s;=1+1+0(T?),
1 2
S3=_E tl+O(T ).

With these times the conjugate point relations cannot hold since

(20) G(5,y, 83)=—85,— 88+ O(TH) =—t,+ O(T?)
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is negative. So the corresponding point g lies in fact in the relative interior and therefore
it is possible to solve for ¢; in terms of ¢, and ¢,:

(21) ty=—t,—8t,+ O(T?).

This gives a solution to (18). Note that

T
(22) t,=pT+O(T? =m+ o(T?).

As long as (t;,t,,t;) are bounded away from the boundary of the simplex
t,+t,+1;= T, the times are comparable, these computations are justified, and we get
a two-dimensional intersection that we can parametrize by ¢, and t,. The problem is
whether it extends all the way to the boundary. But the equations (19) and (21) are
well defined for ¢, 0 (in a time-slice t,+ t,+ t;= T it follows that t;>—8t,+ O(t3),
i.e., to a limit of order T. By (20) this implies that the two-dimensional surface defined
by these functions of (¢, t,) stays away from the conjugate point condition F(s,,s3)=0.
Hence the implicit function theorem is still applicable.) Therefore [ extends all the
way out to t, =0, i.e., to the XY boundary surface.

A precise characterization of nin {pexp(s;X)exp(s,Y): s, =0, small} is
possible. Clearly these are points such that ¢, =0, t,=s,, t;=35,, and 0=s;. Since
(81, 52,0)edom [~ we have g(s,, s;)=0, and since (0, sy, s,) € dom ['" we have
7(s;, 5,) = 0. But in this case ¢(s,, s,) = 7(s;, 5») (cf. (16) and the analogous formula
for 7). Therefore 0'(s1, s,) =0, i.e., s, =5,(s,), the conjugate point relation.

This proves that [~NT" extends all the way out to the XY- boundary surface and
that the intersection with the X Y-surface is the one-dimensional curve y consisting of
the conjugate points.

Analogously we can show that (17) can also be solved in terms of s; and s, in
int (I). Using these formulas we can show that "N extends all the way up to the
YX-boundary surface and that the intersection of [~ NI with the YX-surface consists
of the curve y. 0

Note that in a time-slice #,+ t,+ t; = T the qualitative geometric structure of r-ufl
is exactly as in the free nilpotent case. Only the condltlon t,=T/2 is replaced by
t,=(1/(1-8))T (modulo higher terms) which shifts ) away from the center. This is
illustrated in Fig. 6.

The surface 1" bisects I'* and '~ and only one of the two components has the Y-,
respectively, X-trajectory in its boundary. We define I'” and I'* to be these components

§< =1
XY . ( )
-4 Y
X Y
- +
YX Y
— L

Fi1G. 6
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and let I*=T"UTI". It is then clear that I'* is a three-dimensional stratified surface
whose relative boundary consists of all bang-bang trajectories with at most one
switching, i.e., aT™* =4l,,.

LEMMA 6. The points in T'* are exit points of the small-time reachable set for
[X,[X, Y]]
. Proof lItis easy to see (cf. (10)) that, for sufficiently small time, all extremals on
I~ or I satisfy the necessary transversality condition (A, [X, [X, Y]])=0.

We show first that the points that we deleted from I~ and T are not exit points
(see Fig. 7). Let

g=pexp (5;X)exp (s, Y) exp (s3X) =p exp (1, Y) exp (£,X) exp (1Y)

be a point in the relative interior of [. I and ' intersect transversally. It follows as
in the proof of Lemma 2 (cf. (11)) that the XYX- and YXY-surfaces are graphs
x,=(x;, X2, X3) in canonical coordinates of the second kind with x, the coefficient
at the flow of [ X, [ X, Y]]. This inherits on [ and T'". To prove that the parts of I
(respectively, ['*) that we delete are not exit points, it suffices to show that these parts
lie below I'* (respectively, ™) in direction of [ X, [X, Y]].

X [X,Y1]

=1

T+

F1G. 7

The tangent space to I at g is spanned by X, exp(—s;ad X)Y and
exp (—s; ad X)(exp ((—s,ad Y)—1)/—s,)X. To show that the part of I'* that we deleted
lies below I'™ near g it suffices to show that [ X, [X, Y]] and a tangent vector ¢ to i
that is oriented toward the sector of I'* that we deleted point to opposite sides of T, i
We get such a vector ¢ if we lengthen the time along the last Y leg. (We delete the
piece that contains in its boundary the trajectories corresponding to the conjugate
point relation t; = #;(t,).)

Instead of computing at ¢ we pull back all vectors along X, s; and get

exp (+s3ad X)(qu‘“) rexp (+s3ad X)[ X, [X, Y]]

= (X AY A (exp (_Sizd Y)- 1) X anexp (s;ad X)[ X, [X, Y]])

=—(@B+O0(T)XAYALX, YIALY, [X, YIDpyop exp (1) exp (2705
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exp (s; ad X)(qu‘") Aexp(s;ad X)Y

=s3(X/\ YA(exp(~s2ad Y)_I)X/\(exP(S3adX)—1) Y)

-8 §3

=3 53652, )X A Y DX, YIALY, [X, YTD),..

But g is a point in f, and [ lies entirely in the relative interior of i except for the
obvious boundary curves ¥ and vy. In particular (cf. also the proof of Lemma 5) the
conjugate point relation 53 = 5,(s,) does not hold, or equivalently, d(s,, s3) <0. So
these wedge-products have opposite signs, which proves our claim. This also implies
that the portion of '~ that we delete lies below [, and since there is no other intersection
this holds for all the points we deleted.

The stratified sets I'* and I',, enclose a region R that lies in the small-time reachable
set. In particular, the portions of I'~ and I"* that we deleted therefore lie in the interior
of the reachable set. Since these pieces contain the trajectories corresponding to the
conjugate points t; = f3(#,) and s; =753(s,), it follows that no bang-bang trajectory with
more than two switchings lies in the boundary of the small-time reachable set. Hence
the points in I'* are the only possible exit points of the small-time reachable set for
[X,[X, Y]]. It follows from the construction of I'" and I'* that I'* is also a graph.
Again, the projections onto (x,, x,, x;)-space are disjoint. Therefore it follows as in
Lemma 2 that the points on I'* have the exit property for sufficiently small time. 0O

Finally, I'* and ', do not intersect in their relative interiors. It is now clear how
the small-time reachable set looks: It is the set of points enclosed by the two three-
dimensional stratified surfaces I'* and I',.. I'* consists of bang-bang trajectories with
at most two switchings such that modulo higher-order terms

(23) t+6t,+1,=0
if t;, t,, and t; are the consecutive times along a YXY arc and
(24) s13+S2+s33_§0

if s,, s,, §; are consecutive times along XYX. I, consists of all concatenations of a
bang arc, followed by a singular arc and another bang arc where the time along the
trajectories is free. I'* and I'y, have a common relative boundary C consisting of all
trajectories that are bang-bang with at most one switching. For sufficiently small-time
T a time-slice of the reachable set has exactly the same qualitative geometric structure
as for the free nilpotent system (13). Furthermore, if 6(-) is an integral curve of
[X,[X, Y]] such that 56(¢,) and 6(t,), t, <t,, lie in the small-time reachable set, then
so does the whole curve 6(t), t;=t=t,. The points on I'y are entry points for
[X, [X, Y]]; the points on I'* are exit points.

Remark. We emphasize that the result is not what might be expected intuitively.
From dimensionality we could conjecture the occurrence of bang-bang trajectories
with two switchings, respectively, BSB trajectories in the boundary of the small-time
reachable set. Also, this is essentially what was partially known from earlier results.
However, we see no simple reasoning that could explain why, in fact, some of these
bang-bang trajectories with two switchings are not a part of the boundary. This is only
revealed by our analysis.

4.3. Time-optimal control in dimension three. Our results have immediate implica-
tions on time-optimal control in dimension three. Suppose the triples (g, [ f, g], [f+ g,
[£ g]1]) and (g, [f, g], [f—& [, g]]) consist of independent vectors at a point p in R>.
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Equivalently, suppose that the constant controls u=+1 and u = —1 are not singular.
If we augment the three-dimensional system X to a four-dimensional system X by
introducing time as a coordinate, X, =1, x,(0) =0, i.e.,

() =)

then if a =-trajectory x(-):[0, T]- R? steering p to q is time-optimal, the augmented
trajectory X lies in the boundary of the reachable set from p. The augmented system
3 satisfies our assumptions (A) and (B), and therefore time-optimal trajectories are
bang-bang with at most two switchings or concatenations of a bang-arc, followed by
a singular arc and one more bang arc. Under additional assumptions this result was
obtained earlier by Bressan [4], who studied only trajectories emanating from an
equilibrium point of f and by Sussmann [22] and Schittler [17] who both assumed
in addition also that f, g and [f, g] were independent. Our analysis shows that the
vector field f is irrelevant and we do not have to make any assumptions about it. Our
results are also more precise in the sense that we can exclude the optimality of those
bang-bang trajectories with two switchings that violate (23) (respectively, (24)) in the
bang-bang singular case. We summarize in the following corollary.

COROLLARY. Suppose the vector fields g, [ f, g] and [ f+g,[f, g]] are independent
near a reference point p € R®. Write

[f-g[fgll=ag+blfgl+clf+g[fgll

and assume that ¢ does not vanish. Then we have in small time:
(i) If ¢>0, then time-optimal trajectories are bang-bang with at most 2 switches.
(ii) If ¢ <0, then time-optimal trajectories are bang-bang with at most two switchings
or are concatenations of a bang arc, a singular arc, and another bang arc. Time-optimal
XYX (respectively, YXY) concatenations satisfy modulo higher-order terms

c(s,+s3)+s5,= (resp., t, +t3+ct,=0)
where s,, s,, s; (respectively, t,, t,, t;) are the consecutive times along the bang arcs.

5. A brief outlook to higher dimensions. We have outlined a general method to
determine the structure of the small-time reachable sets and proved its effectiveness
in nondegenerate cases in small dimensions. One of the difficulties that will become
more and more prominent in higher dimensions is that the necessary conditions of the
Maximum Principle will not restrict the class of extremal trajectories sufficiently enough
to give the candidates for I'* and I',,.

Under assumptions (A) and (B) in dimension four, we could overcome this problem
by taking a corresponding ““free” nilpotent system of the same dimension as a guide.
We do not expect this to happen in general. In fact, for the five-dimensional system
3, where we assume that f, g, [f, g1, [ f,[f, g]], and [g, [f, g]] are independent, the
small-time reachable set has extremal trajectories in its boundary that do not appear
in the analogous five-dimensional free nilpotent system. The reason for this lies in a
qualitatively different behavior of the singular controls, specifically, in the fact that
singular controls can now hit the control constraint |u|=1 and may have to be
terminated. Nevertheless, the free nilpotent system contains most of the information
about the small-time reachable set, though it does not characterize it completely. To
be more specific, we will briefly describe (without proofs) the structure of the reachable
set for the free nilpotent system in dimension five and how the general case differs
from it.
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We take as our model:
. . . . . _l 2
Xo=1, Xi=u, Xo=Xx;, Xz=Xxp, X;=3X].

It is no problem whatsoever to carry out the analysis within our technique as in the
construction in § 4.2.1. Now the reachable set is convex in direction of (0,0,0,0,1)" =
[g,[g f]] and I'*, respectively, I, will consist of those trajectories that are exit,
respectively, entry points.

It follows from the generalized Legendre-Clebsch condition that I'y, contains
concatenations with singular arcs, whereas I'* will consist of bang-bang trajectories
only. Singular controls are constant, but now they can take on any value in [—1, 1].

LetI',=I_,_ UT_, UIl,,_Ul,,, where

I, ={0exp (5;X) exp (s;(f+ug)) exp (5:X): 5, =0, s, +s,+s3=1, ue[-1,1]},

etc. (By the invariance property of the reachable set we can restrict to the time-slice
T =1.) The points on I, are precisely the ones that minimize the coordinate x,.

For a fixed value u, of the singular control, —1 <u,<+1, the qualitative structure
of Iy ., =Ty restricted to values u = u, is precisely as in 4.2.2, Fig. 4 (see Fig. 8).

Foru,=+1,T_, [ u=1reducestol’_, and all other strata become trivial whereas
for up=-1,I',,. | u=-1=TI,_, and the remaining strata are trivial. For each of these
two-dimensional surfaces (u, fixed) the relative boundary consists of all bang-bang
trajectories with at most one switching. The surfaces I'y ,, themselves interpolate
between I'._, for uy=—1 and I'_, _ for u,=1. Topologically I, is a stratified sphere

YX
+._
X Y
L & ;
XY
—+
FiG. 8
T.
XYX
YX
d
XY
YXY

Fi1G. 9
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with o', =T'_,_UTI',_,, i.e., all bang-bang trajectories with at most two switchings
(see Fig. 9).

The surface I'* consists of bang-bang trajectories analogous to the bang-bang
singular case in dimension four. Now

= {0exp (5:X) exp (s, Y) exp (s:X) exp (5,Y): 5, =0, sy + 55+ 53+ 5,=1,
51 =53, S, = 5,-conjugate point relations},

I'"={0exp (,;Y) exp (X) exp (;Y) exp (£,X): =0, t;y + t,+ t3+1,=1,
1 = 13, 1,= 1,-conjugate point relations}.

[ and I"" intersect in a two-dimensional surface f, which consists of those trajectories
for which

(s;+ 33)2 —(8;+83) +25,5,=0,
respectively,
(t;+ )%= (t;+ 13) + 21,1, =0.

The intersection is transversal except at those points that lie on the relative
boundary of I'” or I'". These points are again characterized by the conjugate point
relation

n F_._={0exp(t;Y)exp (£,X)exp (1Y) exp (£, X): t;,=0, t,= t,},
f‘ﬂF+_+={0 exp (1, Y) exp (£,X) exp (1Y) exp (£, X): t;, =15, t,=0}.

We define I'™ (respectively, I'") as the component of I~ (I'") containing the
YX-curve={0exp (5, Y) exp (5:X): 5; =0, s,+ s; =1} (respectively, the XY-curve) in
its boundary. Then I'*:=I'""UI™ consists precisely of those points that maximize x,
on the reachable set. Note that topologically I'* also is a stratified sphere with
ar*=T_,_UT,_,, the set of all bang-bang trajectories with at most two switchings
(see Fig. 10).

The key fact here is that it is still obvious that 3I'* and oI'y, match up. They are
identical. It is therefore clear that Reach (0, 1) is the set of all points that lie between
' andT,.

It is precisely this simple reasoning that breaks down in the general case. The
cause for this lies in the structure of the singular controls. The analysis of the bang-bang
trajectories carries over to the general case with only one minor change in the structure.
Whereas in the free nilpotent system the two curves n I',_, and 'Nr_,_both have
points correspondmg to the X- and Y-trajectories as endpoints, this need no longer
be true: ['NT,_, is a curve starting at 0 exp (1 - Y) but which in general no longer
ends in 0 exp (1 + X) but rather on a point in the XY-curve (respectively, YX-curve).
This distortion is due to the presence of fourth-order brackets. One possible case is
depicted in Fig. 11.

Still the relative boundary of I'* consists of all bang-bang trajectories with at most
two switchings. The structure breaks down in the analysis of the singular surface I',
for u near 1. The reason is that in the presence of fourth-order brackets the singular
controls are no longer constant, and thus the analogue of I, ,, for uy=—1 does not
reduce to I'._,, i.e., to bang-bang trajectories with two switchings. For instance, it
may not be at all possible to start a singular control with u,=—1. This is the case if
1 <0 at u,=—1, which happens under generic assumptions on fourth-order brackets.
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For the same reason, singular controls with u, close to +1 may have to be terminated
when they become one in absolute value. If the singular control becomes saturated
(i.e., hits the constraint and cannot be continued) then this determines the subsequent
structure of the trajectory and it is easy to see that concatenations such as BSBB or
BBSB, which are not present in the free nilpotent system, come into play. Therefore
I', has trajectories in its relative boundary that contain singular arcs. The main challenge
in applying our technique to higher dimensions seems to be finding a way to decide
whether structurally different trajectories, such as a bang-bang trajectory, and a concate-
nation that contains a singular arc steer a system to the same point. Once oI'* and oT",,
can be identified, it is clear that the set they enclose is the small-time reachable set.
Note, however, that this structural instability only happens near I'y, _, and ' 4,.
The structure of most of the trajectories in the boundary is still the same as in the free
nilpotent systems. And it is intuitively clear that the structure of the exceptional
trajectories will come up in a higher-dimensional nilpotent system. Therefore, in our
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view, the study of the structure of the reachable sets for nilpotent systems will be the
key to the general problem.

6. Summary. We have described an approach to determining the qualitative struc-
ture of the small-time reachable set in a nondegenerate situation. It is a nontrivial
extension of a construction done by Lobry in dimension three. In dimension four we
succeed completely in determining the small-time reachable set. For higher dimensions
obstacles still have to be overcome. However, they do not lie in the general structure
of our approach, but in the fact that too little is known about the structure of extremal
trajectories in higher dimensions. For instance, in the five-dimensional case, what is
the precise structure of extremal trajectories that contain a saturated singular arc? For
dimensions six and beyond, the crucial new ingredient appears to be the incorporation
of chattering arcs, another structure of extremal trajectories about which little is still
known.
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SPECTRAL ASSIGNABILITY FOR DISTRIBUTED PARAMETER
SYSTEMS WITH UNBOUNDED SCALAR CONTROL*

RICHARD REBARBERTY

Abstract. This article studies a class of control systems in a Hilbert space H given by (1) = Ax(¢)+ bu(t),
where A generates a holomorphic semigroup on H, u(t) is a scalar control, and the control input b is
possibly unbounded. Many systems with boundary or point control can be represented in this form. The
author considers the question of what eigenvalues {a;}.; the closed-loop system can have when u(t) is a
feedback control. Shun-Hua Sun’s condition on {a},.; [SIAM J. Control Optim., 19 (1981), pp. 730-743]
is generalized to the case where b is unbounded but satisfies an admissibility criterion; this condition is
generalized further when unbounded feedback elements are allowed. These results are applied to a structurally
damped elastic beam with a single point actuator. Similar techniques also prove a spectral assignability
result for a damped elastic beam with a moment control force at one end, even though the associated input
element is not admissible in the appropriate sense.

Key words. distributed parameter systems, spectral determination, feedback control, holomorphic semi-
groups, elastic beam

AMS(MOS) subject classifications. 93C20, 93B55, 93B60

1. Introduction. In this paper we consider the eigenvalue specification problem
for a class of distributed parameter systems with scalar control and unbounded input
element. We consider the question of what closed-loop eigenvalues can be realized by
a feedback control. Sun answers the question completely in [11] in the case where the
input element and feedback element are bounded. We will generalize Sun’s sufficient
condition to the case where the input element is “‘admissible” in the sense given in
[4], but is not necessarily bounded. We also consider a class of systems where the
input element is not even admissible. We consider feedback elements that are not
necessarily bounded, allowing us to further relax the conditions on the closed-loop
eigenvalues. Furthermore, we give a formula for the closed-loop eigenvectors in terms
of the open-loop eigenvectors, and a formula for the feedback element in terms of the
dual basis to the open-lopp eigenvectors. We will apply these results to two examples
involving a structurally damped elastic beam.

The systems we consider are of the form

(1.1) xX(1) = Ax(t)+bu(t), x(0) = x,,

where x(t) € H, which is a Hilbert space with norm |- ||, and u(¢) is a scalar control.
We assume that A is a closed operator on H which has eigenvectors {¢,},.; with
associated eigenvalues {A;},c,, and that {¢,},., is a Riesz basis for H, i.e., every x€ H
can be written as )., _, Xx¢«, and there exists m, M > 0 such that

mlx|’= T |x]= Mllx|.
kel

Let the dual of H be represented by a Hilbert space H' (which can be chosen to
be H, although this might not be convenient), and let (-, ) be the duality relation on
H'® H. Then the norm in H’ is given by ||y|/, =sup {(y, x)/||x||}xcu. For he H' we

* Received by the editors February 17, 1987; accepted for publication (in revised form) November 25,
1987. This research was supported in part by the Air Force Office of Scientific Research under grant
AFOSR-86-0079.

+ University of Nebraska, Lincoln, Nebraska 68588.
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denote the bounded linear functional x - (h, x) by h*, and any bounded linear func-
tional on H has such a representation. Let {¢; },.; be the Riesz basis of H' which is
biorthogonal to {@i}ker; i.€., (Y, @) = k.

The input element b is a one-dimensional “admissible input element”” which c¢an
be represented by
(1.2) b=7Y b

kel

When b is in H, b, is given by (¢, b), and this will be generalized later. We will use
a modification of the definition of admissible input given by Ho and Russell in [5],
which we state in the next section. Many systems with boundary or point control can
be put into the form (1.1) with an input element that is admissible but unbounded [4],
[71, [10].

In this paper we are interested in the case where the eigenvalues lie between two
curves of the form

(1.3) [,={azxixe™|xe(0,0)},

where o €[0, w/2), and o is fixed for the remainder of this paper. If >0 A generates
a holomorphic semigroup of operators S(¢) for ¢ in

(1.4) Q:={zeCllarg (z)|< o},

and S(?) is strongly continuous on Q. 1f o =0, A generates a group of operators for
t € (—00, 00). The semigroup (or group) generated by A is given by

(1.5) S(t)<k2’ xkcpk) = kZI x. e gy

In this paper we consider the following problem for the system (1.1).

Eigenvalue Specification Problem. Given a set of complex numbers {ay}rc;, can a
linear functional h*: @ (h*) < H - R be found so that the feedback control u(t) = h*x(t)
leads to a closed-loop system which has eigenvalues at {a,}..;? If possible, find h*
and the closed-loop eigenvectors {xx}xeci-

In this paper we will consider a class of linear functionals h* which are “admis-
sible,” as described in § 2.

For the problem with bounded input (i.e., b€ H) and bounded feedback control
(i.e., he H') the existence question is answered completely for some of the systems
described above by Sun [11]. He proves the following necessary and sufficient condition
that there exists a bounded functional h*: H -» R such that A+ bh* has eigenvalues at
{a}kel :

(1.6) kZ’ (e = A}/ b < o0,

when b; # 0 for all j € I. The restriction that b must be a bounded input rules out many
interesting cases, including boundary control. Furthermore, this result is restricted to
bounded feedback elements h*, which is why we cannot move the closed-loop eigen-
values uniformly away from the original eigenvalues. In [11], no formulas are given
for the eigenvectors of the closed-loop operator, although they can be found by solving
an infinite-dimensional linear system of equations.

Sun’s result, like most spectral determination results [2], [9], [12], and this paper,
requires a spacing condition on {A,}..;, so that the eigenvalues are not too close to
each other asymptotically (see condition (6) in Definition 3 in the Appendix). In [4],
Ho also considers systems with an admissible input element and describes a different
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kind of generalization of Sun’s condition, where the spacing conditions are relaxed
and (1.6) is modified accordingly.

In [2], [7], [9], and [12], eigenvalue specification is studied using canonical forms
for (1.1). In [7], [9], and [12], {Ax}ke; is the zero set of a cardinal function, which is
an infinite-dimensional generalization of a characteristic polynomial of a finite-
dimensional system. In [9] and [12] the cardinal functions are entire functions. In this
paper we will be using the definition of a cardinal function given in [7], where the
cardinal function is a meromorphic function, which is applicable to more cases than
entire cardinal functions. This definition is given in the Appendix to this paper. We
need to consider meromorphic cardinal functions for some systems because there is
no entire function with zeros at {A,},.; which have appropriate growth conditions in
the right half of the complex plane. Classes of cardinal functions are constructed in
[8]. For the remainder of the paper, we will insist on the following assumption.

Assumption A. {A;}rc; is the zero set of some cardinal function p.

In [7] we used canonical forms to consider the cases where {a;}c; is the zero
set of a cardinal function with the same poles as p and either

(I) b is a bounded input, b, #0 for all k€ I, and (1.6) holds, or

(IT) There exists m, M >0 such that

1.7) m<b, <M.

(Note that condition (II) includes no other restrictions on {a@y}ic;.)

In both cases (I) and (II) we find a formula for an h* such that A+ bh* has
eigenvalues at {a;},.;, and give a formula for the closed-loop eigenvectors. In case
(I), h* is a bounded feedback element, and in case (II), h* is an admissible feedback
element, as defined in § 2. We also use the canonical form in [7] to prove a control
spillover results for a finite-dimensional approximation to the infinite-dimensional
feedback control in cases (I) and (II). In this paper we will generalize those formulas
and study their applicability in detail. Those generalizations follow: let

(1.8) J={jel|b#0}, K={kel|b. =0},
and assume that
(19) o = Ak for kE K.

The closed-loop eigenvectors {x;}re; associated with {a;}ic; are

X =(1/p"(Ax)by) Z, [p(a)b;/(ax—Aj)]@; for ke J,

(1.10)
Xk = Pk for ke K.

Under certain conditions, we will show that these form a Riesz basis for H. The basis
for H' which is biorthogonal to {x.}«.; is defined as follows:

h;=bp'(A;) kZJ {a(A0)/[a' () (A=) bip' (M) i forje

(1.11)
hj=¢1 fOI‘jE K,

where ¢ is a cardinal function with zeros at {a;}..; and the same poles as p. The
feedback element will be given by

(1.12) h*= ZJP(aj)hj/bjP,()\j)-

In this paper we will work with these equations directly, without reference to
canonical forms. We will show that these formulas solve the Eigenvalue Specification
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Problem under conditions much less restrictive than conditions (I) and (II). In the
next section we give the definitions of “admissible input element” and ‘“‘admissible
feedback element” which we will be using. In § 3 we will state and prove control results
related to formulas (1.10)-(1.12) for systems with a general admissible input, and for
systems with a class of input elements which are not even admissible. In § 4 we will
describe in detail an example of a damped elastic beam with two kinds of controls.
We apply our results to an example where the control is a single point actuator, and
we study how the placement of the actuator affects the kind of eigenvalue specification
results we obtain. In the other example, the control is a moment force at one end of
the beam. In this case the input element is not even admissible, but we show that we
can still use the above formulas to solve the Eigenvalue Specification Problem.

2. Definitions.

Admissible input element. We start by identifying the set of admissible controls
u(t): Since S(t) generates a holomorphic semigroup, we will consider the system (1.1)
along any ray
(2.1) lo={xe"|xe[0, )}
for 6 €[~o, o). The set of admissible controls will be

U= U L; ]

—ocE0=0
We will be using a modification of the definition of admissible input element given
in Ho and Russell [5], which is the same modification used by Ho in [4]. To motivate
this, we must first decide which space b should belong to. _
When zy€ @(A), S(1)z, is an element of H for all 1€ Q) and is the solution in H
of

(2.2) 2(t) = Az(1), z(0) = z,.

If zo€ H, z(t) = S(t)z, is an element of H, and is the solution of (2.2) in a generalized
sense, but (2.2) is no longer an equation in H. A can be extended to an operator on
H = D(A*) as follows:
(2.3) A:H-%: (Az n)=(z, A*n) VneB(A*),
where A* is the adjoint of A when the inner product (-, -) is used. In this context we
think of @(A*) as a Hilbert space with the graph norm, and 9(A*)< H'. We think
of # as a Hilbert space with the norm induced by the duality pairing (-, -). Therefore,
(2.2) is an equation in . If we want (1.1) to be an equation in 9, we must at least
require that b is an element of %, i.e., b is a bounded linear functional on the Hilbert
space D(A¥).

Not all b € % will lead to a dynamical systemin H.If be H, te l,,and u(t) € L%, [1,],
the solution of (1.1) with x,=0 is

B(t)u= J (S(t—s)b)u(s) ds,
[0,¢]

where [0, t] is the straight line segment from the origin to ¢. A generalization of this
to the case where be # is

(2.4) (B(t)u,y)= J (b, S(t—s)*y)u(s) ds for every ye D(A*).
[0,1]
DEFINITION 1. be ¥ is an admissible input element on [, if B(t) given by (2.4)
is a strongly continuous zfamily of bounded operators from L{ [l,] into H. b is
admissible on the wedge ) (cf. (1.3)) if it is admissible on I, for all 0 €[—o, o].
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If b is admissible on I,, x(t) = S(t)x,+ B(t)u is a generglized solution of (1.1) in
the sense that x(¢) € H, and x(0) = x,, x(t) € %, and x(t) = Ax(t)+ bu(t) in ¥ for all
tel,.

If xo=Y,., Xoxex and b is given by (1.2), the generalized solution of (1.1) is

(2.5) x(t)=Y (xo,k e+ b, j MUy (s) ds) Pk
kel [0,r]

In this case, b is admissible on l, if and only if x(z) given by (2.5) is an element of
H whenever ue L}, [1,].

An easily checked sufficiency condition for admissibility is given in [5]. It involves
checking whether a certain measure is a Carleson measure. For instance, using this
method it is easy to see that, for the systems under consideration in this paper, an
input element b with {b.},., € I, is admissible.

Admissible feedback elements. Let h*: H->R be a linear functional with domain
P(h*). For any x€ @(h*), we can define Ax+bh*x (cf. (2.3)) as an element of %
We will define the domain of A+ bh* as

(2.6) D(A+bh*) = {xe D(h*)| Ax+bh*x e H}.
For xe€ @9 (A+ bh*), we define
(2.7) (A+bh*)x = Ax + bh*x.

DerINITION 2. h* is an admissible feedback element on I, if

(1) D(A+ bh*) is dense in H.

(2) There exists A,, an extension of A+ bh*, such that A, is the infinitesimal
generator of a strongly continuous semigroup S,(t) for ¢ & I,.

(3) For all xe H and Tel,,

” h*Sh(t)x“ LZ[O,T] < 0.

h* is an admissible feedback element on Q) if h* is admissible on I, for all § [-o, o]

The third condition in this definition guarantees that the feedback control u(t) =
h*x(t) is admissible. The other two conditions seem to be minimum requirements for
the closed-loop operator A+bh* to be useful. Unbounded feedback elements are
considered in [3], where conditions are given under which an unbounded feedback
leads to a closed-loop operator with the properties given in Definition 2. In general it
will be hard to verify the conditions in Definition 2. In this paper we will verify that
h* is an admissible feedback element by determining the basis properties of the
closed-loop eigenvectors x; given in (1.12). For instance, it is easy to prove the following
proposition, whose proof we omit.

ProOPOSITION 1. Suppose {x}r.; forms a Riesz basis for H:

(2.8) (A+bh*)xi = ax,

and

(2.9) {kzl kakl kZ’ |xkak|2<00} < 9(’1*).
Then

(2.10) @(A+bh*)={ Y xxd T kaak|2<°0},
kel kel



DISTRIBUTED PARAMETER SYSTEMS 153

and A+ bh* is the infinitesimal generator of the semigroup

(2.11) S(t)( 2 kak) =2 xex,
kel kel

which is holomorphic on Q) and strongly continuous on Q.

3. Control results. We will begin this section by stating the main results of this
paper. We first need some notation. Suppose {a, }..; is the set we would like to realize
as the closed-loop eigenvalues and {a,} is the zero set of a cardinal function. Let m
be such that

(3.1) lo;— ey |zm|j—k| and |A—A ]z m|j—K|

where the existence of such an m is guaranteed by condition (6), the definition of a
cardinal function, in Definition 3 in the Appendix. Fix m for the remainder of this
section. Let

Jjx € Jo = {j € I||a; — A| is minimized},
I ={kell|la;, —A|<m/2},

I,=1 forkg,

I.=I\{j} forkeld.

THEOREM 2. Suppose {ay}ic; is the zero set of a cardinal function q which has the
same poles as p, b is admissible on (), and

(3.4) {(ak = Ax)/ bi}ker € ls,

(3.5) {(«xk—m by |1/(ak—A,->|2} €l

kel

(3.2)

(3.3)

Then h* given by (1.12) is an admissible feedback element on 5 with domain

66) 20 = 3wl 3 Inl<eol,

and A+ bh* has eigenvalues at {o,}.; and eigenvectors { xi}«c; given by (1.10) which
form a Riesz basis for H.

In some cases (3.5) is easy to verify—for instance, we will show that (3.5) is true
if {ou = Axter € Lo

The next theorem is a more direct generalization of Sun’s result in [11].

THEOREM 3. Suppose {a;}ic: is the zero set of a cardinal function q which has the
same poles as p, b is admissible on ), and

(3.7) {(ej =AW/ bi}ker €.

Then h* is a bounded feedback element, and A+ bh* has eigenvalues at {a;}..; and
associated eigenvectors { xi}re;.

We can use similar methods to prove eigenvalue specification results for some
systems which do not satisfy the hypotheses of Theorem 2 or Theorem 3.

THEOREM 4. Let b, = Bk and A, = nk?, where
(3.8) M, z|B]zm >0 and M,=|n|zm,>0
for some m,, M,, m,, and M,. (In [8] it is shown that there is a cardinal function p
with zeros at {Ai}ic;.) Suppose that {(a;—Ay)/bi}ie; € lw and there exists a cardinal
function q with the same poles as p. Then { x\}rc1 given by (1.10) is a Riesz basis for H,
h* given by (1.12) with domain (3.6) is an admissible feedback element, and A+ bh*
has eigenvectors { xi}x.; and eigenvalues {ay}ic;.
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We will show that under the hypotheses of Theorem 4, the input element b is not
admissible on Q. It is usually difficult to analyze systems like this because the solution
is not guaranteed to be in H when u is an admissible control.

The following results from [7] will be needed in this section, so they are stated
as a lemma.

LeEMMA 5. Suppose p and q are both cardinal functions with the same poles, and let
p have zeros at {A,}.c; and q have zeros at {a,}c;. Then

(3.9) (hiy Xy =8 Sforallj kel (cf. (1.8)),
(3.10) e =(1/p (M) by) .Z, La(A) P’ (X)) b/ (A — @) q' (@) 1x;,
(3.11) | i = ZJ [bup(@;)/(a; = Ai) b1y,
(3.12) {lp(aj)/(/\k_aj)l}j,keleloo’
{I‘I()\j)/(ak _Aj)|}j,kel €ly,
(3.13) m=p'(AM)=M forsomem, M >0.

Formula (3.12) and the second inequality in (3.13) are consequences of the definition
of a cardinal function, and their proofs are given in the Appendix. The other results are
proved in [7].

Note that the index set in (3.10) and (3.11) is J, given by (1.8), and not I. Our
first task is to show that it suffices to assume that b, # 0 for all ke I, i.e., that J =L

LEMMA 6. Suppose { xi}«c, given by (1.10) is a Riesz basis for

H, = {kZJ XkPk |{xk} € lz} .
Then { xi}rc1 is a Riesz basis for H, and { xy}«< is biorthogonal to {h;};, given by (1.11),

which is a Riesz basis for H'.
Proof. Using (3.11), we can see that {h;};., is a basis for

H'ﬁ:{ ) xk(//kl{xk}Elz}'

It follows from (3.9) and the hypotheses that {h;};., is a Riesz basis for H’;. { xx}xek
(cf. (1.8), (1.10)) is obviously a Riesz basis for

Hy 32{ > xk‘Pkl{xk}Elz}

and {h;};c ¢ (cf. (1.11)) is obviously a Riesz basis for

H,K::{ > xk¢k|{x}elz}~

If x=%,.; Xxpx € H, x can be written as x, + x,, where x, € H; and x, € Hy. The above
statements then imply that

(3.14) IxI’=M ¥ |x]* for some M>0.
kel

Similarly, we can show that
2

(3.15) =M Y |y forsome M>0.
kel

> yihi
kel
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We now prove that {x,}.., is biorthogonal to {h;};c1: for j and k both in J, or j
and k both in K, it is clear that (hy, x;) = 8;x. Suppose jeJ and ke K. Then b, =0,
and h, = ¢ ; therefore,

(hy, X_i>= (l/pl(Aj)bj) ZJ [p(aj)bj/(aj = A K, i) =0,

since k does not belong to J. Similarly, (h,, x;)=0 when ke J and j € K; thus we have
proved the biorthogonality.
Now note that

) ka'2:< Y xihy, kZI kak>§

keJ keJ

Y xihy

keJ

Y XXk
kel

2 Xk Xk
kel

= M( ¥ ka|2>l/2

kel

for some M, using (3.15). Combining this with (3.14), we see that { x,}«; is a Riesz
basis for H, and so {h;},., is a Riesz basis for H'. 0

LEMMA 7. If xi € D(h*), then (A+ bh*)x) = ay x-

Proof. First note that

(3.16) A= T Ap(@)bA/[P Wbl =) e, forke)
je
and (since x, = ¢, and a, = A for ke K)
(3.17) AXk =0 Xk fOr k € K.
Also,
(3.18) bh*xi = ¥ [p(a)b/bip'(X)]e; forkeld
Jjel
and
(3.19) h*x.=0 forkeK.

Putting (3.16) and (3.18) together, we get (A+bh*)y, = A)(k +bh*y, = (1/p' (M) by)
Yjcs Laxp(ar) b/ (ar — X)) 1¢; = arxi, for ke J. Putting (3.17) and (3.19) together, we
also get (A+bh*)x, = ayxi for ke K. 0

The theorems in this section will be proved by showing that { xi}«c; is a Riesz
basis for H and applying Proposition 1. Because of Lemma 6, to do this it suffices to
assume that the index set K is empty, i.e., b, #0 for all ke I

We need to verify two inequalities in order to show that { x, }«; is a Riesz basis.
Suppose {x;}€l,. Then
(3.20) X XXk = kZ' x.(1/p' (M) by) .Z’ [p(a)b;/ (e —A))]p; = .Z’ Yi®is

€ Jje je

kel

where
(3.21) Y= kZI x,.p(eu) b/ [ bip' (M) (e — A;)]

Since {@i}res is a Riesz basis of H, to show that
2

(3.22) =M Y |x/

Y XicXk
kel

is true for some M, we need to show that
(3.23) Y =M ¥ |xnf
kel kel

is true for some M when y, is given by (3.21). In this case { x;}rc; is said to be
uniformly l,-convergent.
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If {ay}res is the zero set of a cardinal function with the same poles as p, then
(3.10) is true; therefore, we can write

(3.24) k}:’ XkPrk = kZl x(1/p"(Ax) by) Zl [q(/\k)p’(/\j)bj/()\k - aj)ql(aj)]/\/j = .Z, YiX;

where

(3.25) yi= kZ, xeq(A)bp'(A;)/[bicp' (M) ' () (Ak = o)) 1.

In this case { xx}xcs is a basis for H. Furthermore, the existence of a biorthogonal set
(Lemma 5) implies that the y, are strongly independent. If {x.}«c,; is uniformly
l,-convergent and also uniformly l,-independent, i.e.,

2

(3.26) m Y |x)]=
kel

Y XiXk
kel

for some m >0, then { x,}«c; is a Riesz basis. This is true if (3.23) is true for some M
when y; is given by (3.25).

When >0 in (1.3) and A generates a holomorphic semigroup on Q) that is
strongly continuous on f),_ the results in this section require that the input element
should be admissible on (), not just on the positive real axis. When A generates a
group, we require that the input element is admissible on the positive real axis. The
following two lemmas are consequences of admissibility.

LeMMA 8. Suppose b is admissible on Q, {outies satisfies (3.1), and we can find a
and B such that {a;}re; and {Ai}ic; lie between T', and T’ (cf. (1.3)). (Unlike the rest
of the results in this paper, we do not require Assumption A for this lemma.) Then there
exists M such that

2
(3.27) Y bx/(a—Aa)| =M Y x)
kel ljel, Jjel
(¢f- (3.3)). If there exists ¢ >0 such that
(3.28) lo;—Ai|>c foralljeIand kel,
then
2
(329) Z Z bkxj/(aj—/\k) =M Z |Xj,2.
kel ljel Jjel

Proof. Let m be as in (3.1), so that (cf. (3.2))
o = Al 2 oy, — | = |oys, = Al Z mlj —ji] = la; = A].
This implies that
(3.30) la; = Al = (m/2)]j ~jil.

In particular, this implies |e; — A, |Z m/2 for j # ji, so that J, = {ji} if |a;, — Ae] <m/2.
Hence (cf. (3.3))

(3.31) lo;—A|zZm/2 forjel, kel

For future reference, we also note that (3.30) implies that

(3.32) { ¥ |1/(aj—Ak)|2} €ly.

Jjelk
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Let u(s) =%, ; x;e%". We will first assume that the following two conditions hold:

Condition 1. {a;}xe; is to the left of Ty.

Condition 2. There exists p, reR such that p <r, {ay}rc; is to the left of ', (cf.
(1.3)) and {Ay}ke; is to the right of T',.

Then

(3.33) J lu(s)lds|=M T |x;
Iy Jjel

for some M independent of 0 €[~o, o], by results in [6]. Using (2.5), we see that
since b is admissible on ),

2
(3.34) Y =M I |u(s)|ds|
kel [0,1]

for some M and all €. Let Jy={keI|Im(A,)>0} and K,:={ke I|Im(A,)=0}.
For all tel_,, the left side of (3.34) is greater than or equal to

Z |ez\k1|2

kel

by J e y(s) ds
[0,7]

2
= ¥
kelJ,

2

by J e " u(s) ds by J e "u(s) ds
[0,11 [0,7]
for some m >0, since Re (A,t) is bounded below for ke J, and tel_,. Let t->c0 on
I_,, and the integral on the right side approaches the Laplace transform (as defined
in [6]) of u evaluated at A, or ¥, ; x;/(; — Ay).
Putting this together with (3.33) and (3.34), we see that
2
kZ Y bx/(e;—A)| =M Z, x|
elJ, Jje

jel

for some M. Now let te l,, and we do the same thing with the index set K, replacing
Ji, yielding (3.29), as long as Conditions 1 and 2 are satisfied.
Let a >0 be large enough so that

(3.35) {ay — a}rc; satisfies Conditions 1 and 2.
We can verify that
2
XX bkxj/(aj")\k) =% | X bkxj/(aj”'a_/\k)
kel ljely kel ljely

2

-2 bkxja/(aﬁi"a"/\k)(aj—)\k)

Jjely
(3.36) 2
=2 |2 bx/(a—a—Ay)
kel ljel
2
+k2 Y bxa/(a;—a—A)(a;—A)| .
el |jer,

The first sum in the above line is bounded by M ¥, _, |x,|* for some M, because (3.35)
implies that (3.29) is true when {ay}«.; is replaced by {a, — a}«c;. The second sum is
less than or equal to

DI |bkxja/(0(f_a")\k)*2{ ) |1/(aj—)‘k)|2}

kel jely Jjely

= {SUP Y 1/(ey "Ak)lz} Z’ Ilez[kZ’ |bia/(a;—a —)‘k)lz] .

kel jely

(3.37)
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The first term on the right in (3.37) is bounded, from (3.32). Using (3.29) and (3.35),
we see that

(3.38) k};l |be/(j = A —a)’=M

for some M. Hence (3.37) is bounded by M ¥, _, |xi| for some M. Combining this
with (3.36) yields (3.27).

If (3.28) is true, we can go through the same proof by replacing the summation
over j€ I, in (3.36) and (3.37) with the summation over j € I. This leads to (3.29) and
finishes the proof of the lemma. 0

We can use Lemma 8 to study the basis properties of { xi}re:-

LEMMA 9. Suppose b is admissible on Q, {a,}«., satisfies (3.4), and we can find a
and B such that {a,}ker and {A}ic, lie between T, and T'g. Then (3.23) is true with y;
given by (3.21).

Proof. Using (3.21), we have that

(3.39) kél |yk|2=k§I E’ [xp(;) b 1/[b;p'(A;) (e — k)] 2-
The right side of (3.39) is 1§ss than or equal to
:Ey E, [x;p(e;) b 1/[b;p' (M) (e — Ai)] 2+k§y jEZ,k [x;p(a;) b1/ [b;p'(A;) (e — k)] 2
(3.40) + kgﬂ |[x;, () b 1/ 1y, p' (N, )@y, — M)

(cf. (3.2), (3.3)). By (3.12), (3.13), and (3.4), Ip(qj)/bjp'()\j)| is bounded. The first two
sums are bounded by
2

+M Y

ke 9

2
=N Y

Jjel

M %

key

) ijk/(aj —Ay)

jel

) x;ibi/ (a; — Ay)
Jjelx
for some M and 1\71, where we use the two results in Lemma 5.

Using (3.4) and (3.12), we see that there exists M such that the third sum in (3.40)
is less than or equal to

(3.41) MY |, be/ by, |-

To get an upper bound on this we need the following lemma.

LemMA 10. {|b/b;, [}xcs is bounded.

Proof of Lemma 10. If j, = k, then |b,/ b, | = 1. Now assume that j, # k and ke 4.
When we let a be as in (3.35), (3.38) is true and implies that

Ibk|§ M’ajk = Ak _a',
which is bounded by M(m/2+a) when ke $ (cf. (3.3)). Using (3.4), we have that
[l/b.lk‘ = Mll/(ajk —/\jk)

for some M. For ke $ and j, # k, |, — A, | =|e;, = A+ A=A [Z A= Ay, | =g, — A =
mlk—ji|—m/2=m/2 (cf. (3.1) and (3.31)). Therefore, |b,/b;, | = MM (m/2+a)/(m/2)
for ke $ and j, # k, so Lemma 10 is true.

This means that (3.40), and hence (3.39), is bounded by M ¥ ,.; |x|* for some
M, which completes the proof of Lemma 9. ]
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THEOREM 11. Suppose {a;}ic; is the zero set of a cardinal function q which has the
same poles as p. Suppose b is admissible on Q and (3.4) and (3.5) hold. Then { xi}ie;
is a Riesz basis for H.

Remark. Note that (3.5) is true if {a; — Ax}ties € o, because of (3.32).

Proof. In this proof let

(3.42) Jjx€ Ly={j e I||ax — A;| is minimized}
so that |a, — A)|Z [\, — Aj|— |\, — ax] = m|j —ji| —|ax — A;|, which implies that
(3.43) lat = 2= (m/2)]j = jil.

In particular, this implies that |a, —A;| = m/2 for j # ji, so L, ={ji.} if |A;, — x| <m/2.
Let

(3.44) ii={kel||A;, —a|<m/2},
S.=1 forkégk,

(3.45)

Fe=IN\{jx} forkex;
therefore,
(3.46) lax—A;|Zzm/2 forje$,, kel

Taking Lemma 9 into account, we see that { x;}«c; is a Riesz basis for H if (3.23)
is true when y; is given by (3.25). Therefore, we want a bound on

(3.47) z Iyil” =

Z x9(A;))bicp' (M) /[b;p"(A;) g () (A; = ei)]

E

Taking (3.12) and (3.13) into account, we have that

I | T %a)bp W)/ 5, (1)g (@) = )]
(3.48) el tjedy 2
=M 3 | 2 b/ PO - a)

for some M. Letting a satisfy (3.35), we can write this as

M 3|5 xbi/pO) (e~ M=)
+ sz ijk(aj'—/\j+ak—'/\k_a)/[p,(Aj)(aj~Ak_a)(/\j_ak)]
éMkZI .% ijk/P'()\i)(qi"/\k_a)

2

+M Y | Y xbi(e =)/ [P (M) (= A — @) (A — )]

kel |jedy

2

M Y | Y Xbi(a=A)/[p'(A) (e = Ak = a) (X — )]

kel | jedy

2

M Y | L xba/[p' (M) (e = A= a) (A~ )]

kel |jedy
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We will refer to these last four sums as S; + S,+ S5+ S,. By Lemma 8, S, is bounded
by MY, |x|* for some M. Taking (3.13) into account, we have that

(3.49) S, =M Z Z ’ijk/(aj‘"l\k*a)lz{ Z |(aj—/\j)/(/\j_ak)|2}-

kel je$, Jjey
When we use (3.4), the term in brackets is seen to be less than or equal to
(3-50) AZJ |bj/(/\} - ak)'2= Zy !bj/(/\j — _P)lzl()\j — Qg _P)/(/\j - ak)lz-
JEFK JEIK

Since the term |(A; — a; —p)/(A; — a,)| is uniformly bounded for j € $, and k€ I, from
(3.44), the right side of (3.50) is uniformly bounded, from (3.38).

Therefore the term in brackets in (3.49) is uniformly bounded for je $, and
kel so

S$,=M, Z’ Ilez{kZ’ |be/ (@ = A —a)|2} =M Z’ I ?
Jje € Jje

for some M and M,, again because of (3.38).
To estimate S;, use (3.38) and hypothesis (3.35) to see that

S;=M Y ¥ ‘ijk/(aj")\k“a)‘z{ 3 |(ak_/\k)/(/\j‘“ak)|2}

kel je 9 je %y

=M ¥ |le2 ) Ibk/(aj“/\k"a)lzéMl )y Ixj|2
Jjel kel Jjel

for some M and M,. Similar estimates are easily seen to hold for S,, so
2

(3.51) L | X x9(A)bep'(A)/[b;p'(A;)q () (A; — ei)] éMZ’ I [?

kel |jedy
for some M. Comparing (3.51) with (3.47), we see that (3.23) is true if
kZ 1%.a(A; ) bip' (M) /1By, p' (M) g () (N, — ) 1P = M Zl |x;[>
Ex je

(cf. (3.44)). Using (3.12), (3.13), and (3.17), we see that this is true if
(3.52) kZ |x;.bi/ b ['= M Z’ |,
€K Jje

LEMMA 12. {by/b; }iex € lo.
Proof. To prove Lemma 12, we first need to show that

{ Y [bi/ (@ —)\j—a)lz} €ly.

This is done by an argument similar to that used to analyze (3.48). The proof then
proceeds as does the proof of Lemma 10, so we will omit the details and consider
Lemma 12 proved. The proof of Lemma 11 is then complete, because Lemma 12
implies (3.52). 0

We now use this theorem to show that h* is an admissible feedback element.

Proof of Theorem 2. We will prove this by referring to Proposition 1. {x;}.c; is a
Riesz basis for H, by Theorem 11. Lemma 7 shows that (2.8) is true. Suppose x is in
the set on the left side of (2.9), so x can be written as Y, ., (Xx/ &) xx, Where {Xitkes € L.
Using condition (6) in Definition 3 in the Appendix, we see that {1/ a,}ic; € . This
implies that {x./ax}tic; €1, s0 x€ D(h*) and (2.9) is true. All of the hypotheses of
Proposition 1 are satisfied, so h* is admissible and A+ bh™* has eigenvalues at {a;}ic;
and eigenvectors {xi}xer- 0
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We can get similar results with different restrictions on {a,}.;. We will go through
a similar procedure to prove Theorem 3.

THEOREM 13. Suppose {a,} i<, is the zero set of a cardinal function q which has the
same poles as p. Suppose b is admissible on Q, and (3.7) is true. Then { Xk}ker is a Riesz
basis for H.

Proof. As in the proof of Theorem 11, the above is true if (3.23) holds when y; is
given by (3.25). We see that the left side of (3.48) is less than or equal to

kZ’ % x9(A;))bep (A)/Lbip' () q' (i) (e, = Ak — a)]
+ XL Muxa)bip (A)/1b p'(4) g () (e = A= a)]|

where
M, =[(a; =)+ (ax — ) —al/(ax =),
which we write as S, + S,.

We use (3.12), (3.13), and (3.7) to show that |q(A;)p’(A)/ b;q'(ax)| is bounded, so
Lemma 9 implies that ;=M Y, |x;|* for some M. To estimate S,, we need the
following result.

LEMMA 14. {1\4]," je Iy kel € loo-

Proof of Lemma 14. First note that we have

(3.53) |(01j_)\j)/(ak“'\j)|§M|bj/(ak")‘j)l

for some M, using (3.7). Using (3.38) and (3.46), we see that this is uniformly bounded
for je $, and ke I The term |a/(a; —A;)| is also uniformly bounded for je %, and
keI, by (3.46). Hence, we are interested in showing that the term

Nk = (ax—Ar)/ (e — Ay)
is uniformly bounded for je $, and ke I Let
M= (Ax — o)/ by, M= bi/(a; = A —a).
Formulae (3.7) and (3.38) imply that

{mtkerels,

(3.54)
|| =M

for some M independent of je I and ke I It is easily checked that

]Vj,k = {[(aj '—Aj)/(ak _)‘j)] - l}nk,u'j,k{(aj = A — a)/(aj — o)}

We can use (3.38), (3.46), and (3.7) to show that {[(a; — A;)/(a, —A;)]— 1} is uniformly
bounded for je %, and ke I. We can easily verify that

(aj—Ac—a)/ (a5 — o) =[mpin+ (ax = X))/ (e = A, —a)] .

The term (o, — A;)/(ax — A; — a) is bounded below for j€ $, and ke I, and ;. goes
to zero as k goes to 00, uniformly in j. Therefore, there exists K such that |nk,u,j,k+
(ax—A;)/ (o —A;—a)|z c>0forall |k|= K and j € I Hence, N, is uniformly bounded
for je %, and |k|= K. Because {|A; — au|}x<x is a bounded set, when it is combined
with the definition in (3.44), we see that N, is uniformly bounded for je€ %, and
|k| < K. Thus the proof of Lemma 14 is complete. 0
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To continue analyzing S,, we note that

S,=3Y X |Alj,kijkp,()\k)/[p,(’\j)q'(ak)(aj_Ak_a)]lz ) l‘]('\j)/bjl2

kel jedy JjeFy

=M ¥ ZI&MMar%*—MP{Z|ﬂMV@P}
kel jedy JeFK

for some M, where we used (3.13) and Lemma 14 for the last inequality. The term in
brackets is bounded because of (3.2) and (3.57), so (3.38) then implies that this is
bounded by M Y,_, |x|* for some M. This verifies (3.23) when y; is given by (3.25),
and so the proof of Theorem 13 is complete. 0

As in the proof of Theorem 2, the Riesz basis property of {xi}«c; is enough to
show that h* is an admissible feedback element. To show that h* is bounded, we note
that {h;};., is biorthogonal to {xi}xc; (cf. (3.9)), so {h;};c; is a Riesz basis for H'.
Since (3.12) and (3.7) imply that

{p(ax)/bi}ker € s,

the boundedness of h* follows from (3.13) and (1.12). This completes the proof of
Theorem 3. 0

Theorem 4 is less general than Theorems 2 or 3, so we can prove it in a more
direct fashion. Before we prove Theorem 4, we will show that it is not a special case
of either Theorem 2 or Theorem 3.

LEMMA 15. Assume that the hypotheses of Theorem 4 hold. If o >0 in (1.3) b is
admissible on (0,00). For any o€[0, w/2), b is not admissible on Q.

Proof. Referring to Definition 1, we have that the input element b is admissible
on (0, 00) if (3.34) is true for each t < (0, ) for some M = M (t). For each te (0, ),
let @(A) =, e **u(s) ds, so the left side of (3.34) is

(3.55) kZ’ by el (Ai)|*.

It is well known (see, for instance, [6]) that ¥, _, |p(A)]>= M (t) f; |u(s)|? ds for some
M, (t). If 0> 0, then —Re (A,) = rk® for some >0 and large enough k, and |b, e*<'|?
is bounded. Hence (3.55) is less than or equal to M(t) f; |u(s)|* ds for some M(t), so
(3.34) is verified. Therefore b is admissible on the positive real axis if o> 0.

To see that b is not admissible on ﬁ, let t = e, Plugging u(s)=e"* into (3.34),
we see that if b is admissible on (), then

)

kel

2
bk J eAk(t—s) e)‘.IS ds| =M J‘ QZRe(A]s)]dsl
[0.7] [0.1]

. . . . =
for some M. Therefore, if b is admissible on (),
b; J eN ™ N’ ds

(0,11

When we compute the integrals above, this becomes

2
éMJ 2R g,
[o,r]

(3.56) |b; exp (A;e”)’= M{exp (2Re (A;€°)) =1}/2 Re (A;e7%)

(if Re (A;e7) is zero, then the term on the right is M). When j>0, Re (A;e™) is
bounded above and below, so that (3.56) is true only if {b;};~o is_bounded, which
we do not have in this case. Therefore b is not admissible on (). 0
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Proof of Theorem 4. Once again, we start by showing that (3.23) is true for y;
given by (3.21). Since (3.12) is true, we see that { p(ay)}«c; is a bounded sequence.
Letting z ; = xxp(ai)b;/ by p'(Ar)(e; — i), we have that

2 2
(351 X Iy,-lzéz{ LIZ oz tE X }
jel j>0lk>0 j>0lk<o
We will estimate the first of these sums.

Let z, = a, — A,. The hypotheses of Theorem 4 imply that there exist c,, §, and
¢,>0 such that [\, — ;| = ¢)|k*—j°| for k>0, j>0, and |k —j|> 8, |z|= c,k. Choose
3 large enough so that ¢ = ¢;8 — ¢,>0. Then, for k>0, j>0, and |k —j|> 5, |ax — Aj| =

|Ak - AJ + Zkl 2 C1|k2 _]zl - C2k = Cllk“]llk +j| - Czk é (c18 - Cz)k = ck ; M”Zk ” (Cf.
(3.8)). This implies that for k>0, j>0, and |k —j| > 8, we have that

[0 =4/ (@ = A =1~ 2/ (s = )| = M
for some M. This implies that

2+Z

J<o0

2+z

j<0

Z 2k, j

k>0

Z 2k, j

k<0

(3.58) 11/ (= A)I=M/(A, = \)=(M/e,)/ (K =j7).
Let & = x./p'(Ax)ay, so that (using the hypotheses of Theorem 4)
2 2
2I|Y 2| =M Y | Y &p(aw)Bij/Buk(a;— Ak)
Jj>01k>0 Jj>01k>0
2
§2M{ _Zo kZ &p(aw) Bij/ Bik(ay —A;)
= lk—;gs
2
+ EO ’EO &p(a)B;j/ Bik(ay — A;) }

[k—jl=8

for some M, which we write as S, +S,. Since {p(ax)}xe; and {B;/Bi}jke: are bounded
and (3.58) is true for j>0, k>0, and |k — j|> §, there exist M and M, such that

2
Si=EM T | Y lj/k(a=a)| T &
Jj>0 k>0 k>0
k—jl>5
é{M, ) Ifklz} p) (1/k2)[ ) |j/(k+j)(k—j)|2]-
k>0 k>0 |kj;?|(;5

Since the term in square brackets is easily seen to be bounded independently of
k>0, we have that S,=M Y,_,|&|* for some M, which is seen to be less than
MY, _,|x| for some M, from (3.12).

To show that S, is bounded, note that (3.12) implies that
2

S, =EMY | Y &kl =M T Y Gk T |&)
>0 k>0 >0 k>0 k>0
lk—jl=8 |k—jl=8 |k—jl=8

for some M and M, . The term in brackets is easily seen to be bounded for any j, so that
S =M L l&] T 1=M, T |l
k>0 |k—jl=8 k>0
k>0
for some M and M, . This shows that the first sum on the right side of (3.57) is bounded
by MY, |x/|* for some M. We handle the other sums in (3.57) in a similar way,
showing that (3.23) is true for {y;};c; given by (3.21).
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In order to show that {x,}xc; is a Riesz basis, it suffices to show that (3.23) is
true for y; given by (3.25). This is done by the methods used above. The rest of the
theorem is a consequence of Lemma 7 and Proposition 1. 0

4. Examples. Many vibrating systems can be written in the form (1.1) considered
in this paper. Combining Theorems 2, 3, and 4 with the examples of cardinal functions
given in [8], we can get specific eigenvalue specification results for these systems. We
now give two examples involving an elastic beam with both ends hinged, and apply
the results above to give eigenvalue specification results which, to the knowledge of
the author, are new. In the first example the control is a point actuator, which yields
an input element b that is admissible on Q so we can apply Theorems 2 and 3. In
this example the input is not bounded, and the input coefficients do not satisfy (1.7),
which are the two typical restrictions on the input (cf. [7], [9], [12]). In the second
example the control is a moment force on one end, which yields an input element that
is not bounded or even admissible on (. However, we can apply Theorem 4 to this
example. To the author’s knowledge, this is the first eigenvalue specification result for
such a system.

Example 1. To describe a structurally damped beam with both ends hinged, we
use the Euler-Bernoulli beam model, with the damping term arising from a lateral
force on the beam negatively proportional to the rate of bending [10]. Let w(x, ) be
the lateral deflection of the beam, let w, be the derivative of w with respect to time,
and let w, be the derivative with respect to the position x €[0, L]. Assume that the
flexural rigidity EI and the density p are constant. If there is no external force the
beam is modeled by

(4.1)  wy(x, t)=29(EI/p)"*wi(x, t) + (EI/ p)Weon(x, £) =0,  0=y<]1,

(4.2) w(0,8)=0, w(l,1)=0, w.(0,1)=0, w,.(1,1)=0,
with initial conditions
(4‘3) W(x, O)= WO, wt(xa 0)= wl'

If we have a point actuator at x,€[0, L], the zero on the right-hand side of (4.1) is
replaced by 8(x —x,)u(t), where u is a scalar control force and § is the Dirac delta
function. Without loss of generality, let L=1.

To put this in state space form, let X = L’[0, 1], and

B: X > X:w-(EIl/p)Wyxxx,
2(B)={we H0, 1]|w(0) = w(1) = w,(0) = w,(1) = 0}.

Then B has a set of eigenvectors {®,},.>+ which form an orthonormal basis for
X, and associated eigenvalues {oy}xcz+, where ®,(x)=2"*sin (7wkx) and o=
(EI/p)(ark)*. With this choice of @(B), B'? is given by the differential operator
B'?w=(EI/p)"*w,, and

P (B"?)={we HY[0,1]|w(0) = w(1) =0}.

Equations (4.1)-(4.3) then become (now we use a dot to denote differentiation with
respect to time)

(4.4) Ww+2yB W+ Bw=bu, O0<y<l,

where b= 8(x —Xx,). If the control is distributed over the spatial extent of the beam,
b is replaced by some element of X. Formula (4.4) with a homogeneous left side is a
general model for structural damping, given by Chen and Russell in [1], when the
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undamped, uncontrolled system is given by w+ Bw = 0. Unfortunately, it is not always
that easy to identify the square root of the operator B. For instance, in the cantilever
case discussed in [10], B? is a pseudodifferential operator, so Russell introduces a
damping term that has a more direct physical interpretation. However, numerical tests
in [8] and [13] indicate that in the cantilever case, the damping term
—2y(EI/p)"*w,(x, t) still leads to a system which has eigenvalues between two curves
of the form I', when v is small.

Let
Y=9(B"?), H=Y®X,
and
0 1
4. A=
(45) [—B —2'yB'/2:|’

with domain 2(A)=%(B)® Y < H. Let
Z(t)=[W(t), w(t)]T’ ZO=[WO, WI]T’ bz[O, 8(.~x0)]T'

Therefore (4.1) and (4.2) with the point actuator control at x, can be written in the
form (1.1). To see that A generates a holomorphic semigroup on H it is sufficient to
note that A has eigenvectors

1 0;1/2®k +in J 2 +
(4'6) Pik 'zﬁ e;tinq) ’ e =(’“')’:t 1_7 ), keZ
k
with associated eigenvalues
(4.7) Aiw =0}/ 2e*™,

that these eigenvectors are easily seen to form a Riesz basis for H, and that the
eigenvalues lie on Iy (cf. (1.3) with o =7 — /2. Let I be the index set Z"UZ", so
that A generates the semigroup given by (1.5). For our purposes, it is convenient to
think of the dual space of H as being

H'=Y®X,

where

Y'= @(31/2)'-—-{ Y @ Y |xi/0k|<°°} =%(B™'?).
kel kel
The inner product for [z, z,]" € H' and [y, »,]"eH is

(4.8) (21, 221", [y, 32]") = L (B“'/zzu(X)Bl/zy.(X)+Zz(x)m> dx.

The domain of A*, the adjoint of A, is the subset of H' given by (A*)=X® Y. It
is easy to see that

_ . 1/2 _+in
(49) ¢ikz=<1/ﬁsin<n))[ (xioy” e )‘p"], kez*

+id,
is an eigenvector of A* with associated eigenvalue A, that {{;. },., is a Riesz basis for

H', and that (¢;, i) = 8,1, so that {§;},, is the dual basis to {@x}ic;.
The input coefficients can be easily computed in this case: they are

bk =(b, Yy =(8(—xo), £i®) = £i®(x,) = =i sin (7kx,)/sin (7).

There are no nonzero values of x, for which {b.}xc; is in L. Since {b,}«c; is bounded,
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it is easy to use methods in [5] to show that b is admissible on 5, so we can apply
Theorems 2 and 3 to this system.

There is no value of x, for which b satisfies (1.7). If x, is rational, b, is zero
infinitely many times, and the {b.},, (cf. (1.8)) satisfies (1.7), so we can apply the
methods in [7] to the system. (In fact, the results in [7] will be better in this case, since
the only restriction on {ay}c; is that it is the zero set of a cardinal function with the
same poles as p.) If x, is irrational, b, # 0 for any ke I, but (1.7) is not satisfied, and
the author knows of no other eigenvalue specification results for this system. The
following corollary of Theorems 2 and 3 gives us a class of eigenvalues that can be
realized for the closed loop system.

COROLLARY 16. Suppose a; = A, + ;. sin (1kx,), where {m;}ics € lo. Then {xi}rc:
given by (1.10) is a Riesz basis for H, h* given by (1.12) with domain (3.6) is an
admissible feedback element, and A+bh* has eigenvectors {x}«c; and eigenvalues
{ax}rer If {mi}rer € L, then h* is bounded, i.e., h* e H.

Proof. Itis clear that (3.4) is satisfied. Since {sin (kx,)}«c; is bounded, {a; — Ax}xes
is bounded, so (3.5) is also satisfied (see the remark after the statement of Theorem
11). Let
(4100  p(a)= kH’ A=A/ (A=A —m), q(A) = kH' (A —a)/ (A=A —m),
where m is chosen so that there is a constant ¢ such that {a,}.; lies to the right of
I'. and {A, —m},.; lies to the left of I'.. It is shown in [8] that p and q are cardinal
functions. Therefore we can apply Theorem 2 to this system if {n; }xe; € Io. If {mi}rer €
we can apply Theorem 3. 0

To illustrate this, let xo=1/m, and the damping factor y=.2588, and we will
determine the feedback law that realizes the closed-loop eigenvalues a.,=
Axx—5sin (k). Let p and q be given by (4.10), with m = 6. We will approximate p and
q by finite products to estimate p(«;), q¢(Ax), p'(Ax), and q'(a;) so that the last two
approximations p, and p,., satisfy |(p,/pn+1)—1]/<.001. Using formulae (1.11) and
(1.12), we can find h* in the form ¥,_, ¢ity; +Gj¢p_;, where the first nine coefficients are

{c;}]=1 ={.8804+5.1598i, 1.3474+4.4128i, 1.2395 +4.36804i, .6952 + 4.60511,
.0532+4.8249i, —.2895+4.9092i, —.2075+4.8877i, .0808 +4.8120i,
.2614+4.7571i}.

In this case h* is not a bounded element, but we can truncate the series for h*
to get a bounded element. In [8] the effect of the truncated feedback element on the
distributed parameter system is studied.

If h* is written as [h,(s), h,(s)], then the control is given by

(4.11)  u(t) =(h*, z(1)) = (cf. (4.8)) J] LA ()W 0, 1) + ha(x)w, (x, 1)] dix,

where
hy(x)=B"?h(x)= Y fiv2sin (wkx),
k>0

(4.12)
hy(x)= ¥ g/2sin (mkx),

k>0
with the first nine coefficients given by
{fiti=1={-.7101, .2333,.0977, —.7619, —1.7531, —2.2697, —2.1456, —1.7091, —1.4329},

{g}o - ={—7.5545, —6.4608, —6.3952, —6.7423, —7.0642, —7.1875, —7.1561,
~7.0452, —6.9649}.
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Example 2. We now consider a beam with both ends hinged and a moment force
u(t) at one end. This is modeled by (4.1), where we derive the correct boundary
conditions for the damped beam by computing the time rate of change of the energy
associated with (4.1). The energy for the Euler-Bernoulli beam is

(4.13) (E(w))(1)= %I (EIwe(x, )] + pw,(x, 1)) dx.

Integration by parts twice yields

d(g(w)(1))
d

1
DD ety [ s, 0 a
0

=Jl Wi (%, O{(EI) Wyxx (X, 1) + pw, (X, £) =2y (pEI)* Wy (x, 1)} dx

0
H{EIw (x, )}wic(x, 1)+ {27(pED) ' *wy(x, 1) = EIwye (x, )}wi(x, £)].
If w satisfies the differential equation (4.1) and the boundary conditions
(4.14) w(0,1)=0, w(1,1)=0, w.,(0,1)=0, w.,(1,t)=u(t),
then

1

= Elu(t)w(1, 1) = (Elp)' J' Wi (x, )| dx,

0

d(E(w)(1))
dt

which is the correct form for the rate of change of the energy [10].

In this case (4.1) and (4.14) can also be written as (4.4), where the input element
b will be determined from the boundary conditions (4.14). We will follow the procedure
in [5]. We need two extensions of A. One extension is A:H- J, given by (2.3). In
the cases under consideration,

A( z xk‘Pk) = kZ’ XA kP

kel

w={(2,5)

To get the other extension, we first define an extension of B. Let

J: X > X:w->(EI/p)Wyxxx,

D(J)={we H[0,1]|w(0) = w(1) = w,,(0) = 0}.
If w(x)=(x*-x)/6, then W is in D(J), and W, (1) =1. We can therefore write any
element of @(J) as £+ uw, where £ 9(B) and u is a scalar. Let
0 1
-J -2yB"?

and

> 'xk/’\k'2<w}'
kel

(4.15) L:H-H: Lz=[ ]z, D(L)=D(J)DD(B?),

so that L is an extension of A. We can write ze€ @(L) as £+ u[w, 0]7, with u a scalar

and £e @(A). We would like the solution z(t) =[w(t), w(t)]” to be in @ (L). In fact,
we can write the control system (4.1), (4.14) as

(4.16) Z(t)=Lz(t), z(t)=&(t)+u(t) [3’] , &)eD(A).
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We will rewrite this in the form Z(t) = A\z(t) + (L—-A)z(t), where the term (L—A)z(t)
turns out to be of the form bu(t).

Since Lé=A¢ Lz—Az=uL[w,0]" —uA[W,0]" =—uA[%,0]". To compute
AW, 017, let [0, 7.]" € D(A*) = X® Y (note that this implies that 7,(0) = n,(1) =0);
therefore,

[m, 1217 ALW, 017) = (A* [, m,1", [, 017)
= ([—BTIZ’ 77| _ZYBl/znZJT’ [W, 0]T>
= '(Bﬁl/anz, 31/2@ L?[0,1]

= (—EI/P) J' wxx(x)nbcx(x) dx

0
= (integrating by parts twice) = (—EI/p) n,,(1).
Hence —A[W,0]" = (EI/p)[0, 8'(-—1)]" := b, and (4.15) becomes
#(t) = Az(t) + bu(t),

which is an equation in . The expansion coefficients of b are b., =(b, .4)=
+i27V2(EI/p)®(1)/sin (n) = xi(EI/p)mk(—1)*/sin () for ke Z*, since ®,(x)=
2'?sin (wkx). Hence we can represent the input element in the form (1.2), and this
system satisfies the hypotheses of Theorem 4. Therefore, we can realize any closed-loop
eigenvalues such that there is a cardinal function ¢ with the same poles as p, and
{(ar = Ay)/ bitie € . For instance, if a, = A, + 7, where n,€l,, p and g given by
(4.10) are shown to be cardinal functions in [8], so A+ bh* has eigenvalues at {o;}yc;
if h* is given by (4.12).

As an example we consider (4.1) and (4.14) with the damping factor y =.2588.
We can realize a;, = A, —2 by the control law (4.11), where ﬁ, and h, are given by
(4.12), with the first nine coefficients given by

{£12 -1 =1{.1790, —.0733, .0540, —.0434, .0279, —.0159, .0160, —.0152, .0141},
{ge}2-, ={.9578, —.4535, 2995, —.2240, .1754, —.1419, .1228, —.1079, .0961}.

Appendix: Definition of cardinal function and consequences.
DEFINITION 3. Let p be a meromorphic function with zero set {A,;}..; and pole
set {ir}ies- Assume that all A,’s and w,’s are distinct, and that I=Z"U Z". Then p
is a cardinal function if:
(1) There exist real constants d, ¢, and m,, with d <¢, such that |p(A)|=m, for
all \e{A>T, U{A<T,}.
(2) There exist real constants a, b, and m, with b<a such that |p(A)|Zm,>0
forall Ae{A>T, }U{A<T,}.
(3) There exists m;>0 such that |p'(Ay)|, | p'(m)/ (p(ux))?| = m; for all ke I
(4) There exist paths {A;};cz between I', and I, such that
(a) there exists my, independent of j, such that |p(1)|= m,>0 for A € A;;
(b) {length (A;)};c~ is bounded;
(c) (ianeA,- Im (1)) — ;.0 % and (SuP,\eAf Im (X)) —>;, o —0.
(5) There exist paths {f\j}je 2 between I', and ', such that
(a) there exists ms> 0, independent of j, such that | p(A)|=ms for A€ A;;
(b) {length (f\j)}jez is bounded;
(c) (infycs, Im ()~ and (supscs, Im (1)) —>,. o 0.
(6) infy~o {Im (™ (Ax = Ax1)), Im (€ (A = A_k41))} >0, Im (A,) =0 for k>0,
and Im (A, ) =0 for k<O.
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(7) infi=o {Im (€™ (pr — pta—1)), Im (€ (p_r — p—x+1))} >0, Im (u4) Z 0 for k>0,

and Im (u,) =0 for k<O.

Remark 1. Two classes of cardinal functions are constructed in [8]. In one class,
the zeros and poles are spaced asymptotically linearly, and in the other class they grow
faster than linearly.

Remark 2. The definition of cardinal function given in [6], [7] requires that

lP'(A)l=M and |p'(w)/(p(w))|= M
for some M independent of k. We also need this for results in § 3. To show that this

is a consequence of that definition, let C, be a small circle oriented counterclockwise
with center A, and radius &, where ¢ is chosen so that p(A) is bounded on all C,.. Then

(1 m‘) L [P/ (L~ A dC

2

Ip'(A)| = 5

which is easily seen to be bounded independent of k. We could do the same with p
replaced by 1/p to show that |p'(uy)/(p(ui))?] is bounded independent of k.

To verify (3.12), let C be the curve I', UI'g, where c<a <b<a <g,T, is oriented
from top to bottom, and I'; is oriented from bottom to top. When we use Cauchy’s
Theorem, we can easily show that

|p(e) = p(4) = (1/27) L [p(D)/(ax=0)]dl~ L [p(D)/ (A =D)] d{f‘

é(l/zw)lak—A,I{L Ip(z)/(A,—z)(ak~/:)Ildzl}.

Since p is bounded on C, and A; and «, lie between I', and I',, it is easy to see that
the term in brackets is uniformly bounded. Since p(A;) =0, (3.12) follows.
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CONTINGENT CONES TO REACHABLE SETS OF CONTROL SYSTEMS*
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Abstract. High-order necessary conditions for optimality for an optimal control problem are studied
via properties of contingent cones to reachable sets along the optimal trajectory. It is shown that the adjoint
vector of Pontryagin’s maximum principle is normal to the set of variations of reachable sets. Results are
applied to study optimal control problems for dynamical systems described by: (1) closed-loop control
systems; (2) nonlinear implicit systems; (3) differential inclusions; (4) control systems with jumps.

Key words. high-order maximum principles, implicit control system, closed-loop control system, discon-
tinuous trajectory, reachable set, contingent cone
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1. Introduction. Consider the following optimal control problem in R":

(1.1) minimize g(x(T))

over the solutions to the control system

(1.2) x'(t)=f(x(t), u(t)) a.e.in[0, T],
(1.3) u(t)e U is a measurable selection,
(1.4) x(0)e C.

Let R(t, C) denote its reachable set at time ¢ from the set of initial conditions C = R"
and Tgr(,c)(xo) the contingent cone to R(¢, C) at x,eR".

If a trajectory z of the control system (1.2)-(1.4) solves the above problem, then
the derivative g'(z(T)) is nonnegative in every tangent direction we Tt (z(T)),
i.e., g'(z(T)) belongs to the positive polar cone Trr.c)(2(T))" of Tr(r.c)(z(T)). This
is the so-called Fermat rule. Thus we obtain the necessary conditions that allow us to
test whether a given trajectory z is optimal whenever we can characterize this positive
polar cone. In this paper we study some necessary conditions that can be derived from
the above Fermat rule. In the case of nonlinear system, the best we can hope for is to
characterize explicitly subsets Q of the tangent cone Tg(rc)(2(T)), using variations
of the solution z(-).

Then, by duality, g'(z(T)) € Tr(r.c)(2(T))* < Q" and the inclusion g'(z(T)) e Q"
is a necessary condition of optimality. Q is the larger set and Q™ is the smaller set, so
that the necessary condition becomes stronger.

In particular, we prove that the reachable set at time T, R*(T), of the following
linear control system:

w'(t)= g(z(t), a())w(t)+o(t) a.e.,

(1.5) v(t)e Tcof(z(t),U)(Zl(t)),

w(0) € Tc(2(0))

(where i is a control corresponding to z) is contained in Tg(r.¢)(z(T)). Hence whenever
z is optimal, g'(z(T))e RX(T)".

* Received by the editors April 13, 1987; accepted for publication (in revised form) May 3, 1988.
T Centre de Recherche de Mathématique de la Décision, Université Paris-Dauphine, 75775 Paris, Cedex
16; International Institute for Applied System Analysis, Laxenburg, Austria.
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Such inclusion implies easily the celebrated Pontryagin’s maximum principle: the
solution g of the adjoint system

(16) ~¢0=2L 0,304 ac.ino, T,
(1.7) q(T)=g'(z(T))

satisfies the minimum principle

(1.8) (q(2), 2'(1)) =min(q(1), f(2(t), w)) a.e.in[0, T]

and the transversality condition
(1.9) q(0)e Tc(2(0)".

The aim of this paper is to go beyond the maximum principle and to provide
some additional properties of the adjoint vector g(-) that can help to eliminate more
candidates for optimality than the maximum principle. Let us describe briefly the main
ideas.

We introduce the “variations” {W(¢, z): t€[0, T]} of z(-), defined by

W(t, z)={v:3h;>0, h; =0, w; > 0+such that z(t+ h;)+ uwe R(t+h;, C)+o(u;)}

(in particular, Tg(,c)(2(t)) < W(4, 2)).
For all 0=t=t+h =T, define the reachable map r(h, t):R" =2 R" of (1.5) by

r(h, t)é={w(t+h): we W"'(¢t, t+ h) is a solution of (1.5), w(t) = £}.

We shall prove that for all t€[0, T[, r(T~t, t) maps W(t,z) into Tr(r.c)(2(T))
and, in particular,

r(T,0)T-(z(0)) = Tr(r,0)(2( T)).

Thus forall t€[0, T1, g'(z(T))e (r(T—1t, t)W(t,z))". If r(T —t, t) is a linear operator,
we deduce from the bipolar theorem that g'(z(T))e r(T—t, t)* '(W(t, z)*), where
r(T—t,t)* is the transpose of r(T—t, t). But the reachable map r(T—¢, t) is not
single-valued: it is a positively homogeneous set-valued map (i.e., one whose graph is
a cone) which can also be transposed. We shall then prove two things: first, that for
any convex cone Q< W(t, z),

(1.10) ((T-0)Q) =r(T-1,)* (Q"),
and second, that the transpose r(T —t, t)* can be computed in the following way:
(1.11) r(T—t t)*m=q(t)

where q is a solution to the system (1.6), (1.8) satisfying q(T) = #. By piecing together
all this information, we obtain the existence of a solution g of (1.6)-(1.9) satisfying

(1.12) q(T)e TR(1‘,C)(Z(T))+,

(1.13) q(t)e W(t,z)* forall te[0, T[.

It also implies the following invariance property of reachable sets:

(1.14) If Trer.c)(2(T))" # {0}, then for all t € [0, T1, Tr(,.cy(2(2))" #{0}.

This result is of the same nature as a theorem of Wazewski stating that the boundary
point of reachable set can be reached only by a boundary trajectory.
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The inclusions (1.12)-(1.13) are additional information described via reachable
sets. For nonlinear systems the reachable sets and, consequently, the set of variations
W(t, z) are not known a priori. But condition (1.13) still allows us to eliminate some
candidates for optimality among those satisfying the maximum principle. Let us
emphasize that it is enough to know one element we W(t, z), such that the solution
q of (1.6), (1.7) satisfies {q(t), w) <0, to deduce that z is not optimal.

Inclusion (1.13) can also be seen as a higher-order optimality condition, since it
deals with variations of z(-) of all orders. High-order necessary conditions involving
higher-order derivatives of g are (of course) of an entirely different nature.

The high-order necessary conditions in optimization have two features:

(1) Necessary conditions involving the high-order variations of constraints;

(2) Calculus of high-order variations.

Here we shall not divide any calculus of sets W(¢, z). In [19] the interested reader
can find many examples of variations corresponding to piecewise C*-controls. They
are constructed via Lie brackets of some vector fields. However, because of the
Lavrentiev phenomenon, we should not expect such regularity of optimal trajectories.
Still the results of [19] can be used at regular enough points of optimal control. The
irregular points are much more difficult to address and require further investigations.

We shall study a more general dynamical system than the parametrized control
system (1.2), (1.3), the so-called differential inclusion

(1.15) x'e F(x).

This is a generalized differential equation to which the control system (1.2), (1.3)
can be reduced by setting F(x) = f(x, U). When f is continuous, the Filippov Theorem
(see [1, p. 91]) says that the solutions of (1.15) and (1.2), (1.3) do coincide.

In general the set-valued map F cannot be parametrized in a way that reduces
the system (1.15) to (1.2), (1.3). The main reason for this is the restriction on admissible
controls (1.3). Still this can be done when F has convex compact images and is
continuous in the Hausdorff metric. But even in this case the parametrization would
only be continuous, and therefore would not be very useful because of the lack of
differentiability of f.

The differential inclusions, besides being a description of more general dynamical
systems, provide a mathematical tool for studying nonsmooth control systems, closed-
loop control systems:

(1.16) x'=f(x,u), wueU(x),
and implicit dynamical systems
(1.17) f(x,x")=0.

We referto[1],[9], [22], [6], and references therein for the corresponding examples
of systems whose models are described by (1.16), (1.17).

Setting F(x) =U“6U(X)f(x, u) and F(x)={v: f(x, v) =0} we reduce (1.16) and
(1.17), respectively, to the differential inclusion (1.15).

Recall that the dynamical system (1.17) appears in the Lagrange problem (see
[28]). Two ways to treat (1.17) are described in [28]. One is an unjustified multiplier
rule. The second is (again) an unjustified assumption that (1.17) can be rewritten as
a control system (1.2), (1.3). In this paper we treat (1.17) via differential inclusion
techniques.

Properties of the dynamical system given by (1.15) depend on the graph of the
set-valued map F.
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Actually the generalized differential equation (1.15) inherits many features of
ODE:s (see [1]). The one we exploit the most here is the variational inclusion, which
is as useful as variational equations arising in ODEs. It has been extended to variational
inclusions in [13], [12], and independently in [23]. Many results concerning inclusions
can be found in [1], [9]-[16], [18], [23] (see also the references therein).

The maximum principle for differential inclusions has been proved in [9], [10],
[12], [18], [23]. It involves graphical derivatives of the set-valued map F ([12], [23]),
generalized Jacobians of selections for F [18], or generalized gradients of Hamiltonians

[9], [10]:
H(x, p)=sup {(p, e): e F(x)}.

We prefer the “graphical” approach mainly for two reasons:

(1) In general, even for smooth control systems, H is merely Lipschitz. Hence
we are led to differentiate H in one generalized way or another. There is not yet any
convenient notion of higher-order generalized derivatives of H adequate for our
purposes. Neither is it clear how we can solve the nonsmooth Hamiltonian inclusions.
Rather, we deal with convex subcones of tangent cones to graph (F) and the associated
convex processes. The convex process is a set-valued analogue of linear operators (see
[25]1,[2]). In particular, the Kalman rank condition can be extended to convex processes
[3].

(2) In the examples of applications we provide here, the Hamiltonian maximum
principle is less powerful than that involving the adjoint system (see § 4, Remark 4.10
for a detailed discussion).

Tangent vectors to reachable sets are studied via local variations in § 2. In § 3 we
investigate the adjoint of the reachable process, r(T —t, t)*. The cone Tr(r.c)(2(T))*
is studied in § 4. Section 5 is devoted to necessary conditions for problem (1.1) for
the (usual) control system (1.2), (1.3), the closed-loop control system (1.16), and the
implicit dynamical system (1.17). In § 6 we sketch how the same approach can be used
to study control systems with jumps (deterministic impulse control systems). Examples
are provided in § 7.

We do not present here a thorough study of high-order variation. Many results
concerning smooth cases can be found in [19]. In the more general framework (1.15)
we deal with the extended notion of Lie brackets for set-valued maps. A second-order
result can be found in [14]. However, the higher-order variations require a further
investigation.

2. Tangent vectors to reachable sets. One of the main tools we use here is the
following result due to Filippov [11].

TueoreM (Filippov). Let y:[a, b]>R" be an absolutely continuous function and
G:[a, b]xR" >R" be a set-valued map with closed images such that:

(i) For all xeR", the map t > G(t, x) is measurable;

(ii) For some £¢>0, ke L'(a, b) and all t, G(t,-) has nonempty images and is

k(t)-Lipschitz on y(t)+ eB.

Set K =exp ([° k(1) dt), p:=[" dist (y'(1), G(1, y(1))) dt. If p<e/K, then there exists
an absolutely continuous function x:[a, b]-> R" satisfying x(a) = y(a),

x'(s)e G(s, x(s)) a.ein[a,b],
1% =¥l ceap) = Kp and for almost all t€[a, b]

lx'(6) =y (D = k(t)p exp (I k(s) dS) +dist (y'(1), G(1, y(1))).

a
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Remark. The proof can also be found in [1] under an additional assumption that
G is continuous in t. In [9, p. 115] the theorem above is stated in a weaker form, but
the proof allows us to deduce the above stronger version. We provide a sketch of such
a deduction. The function x is constructed as the limit of a Cauchy sequence x; €
C(a,b;R") i=0,1,- - of absolutely continuous functions satisfying x;(a) = y(a) and
for almost all te[a, b] and all i=1:

It ()= (Ol = k() () = 51 (1)] = k() S KL 42 T
i—2)!
()= () = dist ((8), G (1, 9(1).

Hence for almost all ¢ € [a, b] the sequence {x](¢)} is also Cauchy. This and Lebesgue’s
dominated convergence theorem yield the existence of x € C(q, b) such that for all
tela, b]

t

x(t)=x(a)+ J ll)rgl0 x!(s) ds.

Hence x is absolutely continuous and we finally obtain that
x{(s)>x'(s) a.e.in[aq, b].

Moreover, for almost all te[a, b]

lxiv () =yl = gl 541 (8) = x; (Ol +[|x1(8) =y ()]
=k(1)p X(J k(s) ds) /j!+||x:<t)—y'<t)||

=k(t)p exp (J, k(s) ds> +dist (y'(2), G(t, y(1))).

a

Taking the limit we obtain that for almost all t€[a, b]
t
[x'() = y' ()| = k(2)p exp (J k(s) dS) +dist (y'(1), G(1, y(1))).
Consider a set-valued map F from R" to R" and a differential inclusion
(2.1) x'e F(x).
A function xe W"'(0, T), T>0 (the Sobolev space) is called a trajectory of (2.1) if
for almost all t€[0, T], x'(t) € F(x(t)). We denote by S, the set of all trajectories of
(2.1) defined on the time interval [0, t]. The reachable set of the inclusion (2.1) from
a point £€R" at time t =0 is given by
R(t, &) ={x(t): xe S, x(0) = ¢}.
We observe that the reachable sets enjoy the semigroup property:
R(t+h, &) =R(t,R(h, ¢)) forallt, h=0,

R(0,§)=¢

Let ze Sy be a given trajectory. In this section we study tangent vectors to the
reachable set R(T, C) at z(T). We call a set Q<= R" a cone if for all A=0, A\Qc Q.
First recall the following definition.

(2.2)
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DEFINITION 2.1. Let K be a subset of R” and x € K. The (Bouligand) contingent
cone to K at x is given by

Tx (x)={veR":3h;»> 0+, v;> v such that x+ hyv, € K}.
The intermediate tangent cone to K at x is defined by
Iy (x)={veR":Vh;»> 0+ 3y, > v such that x + hyv; € K}.

We refer to [2], [12] for properties of Tk (x), Ix(x). Throughout the entire paper we
assume that the set-valued map F in the right-hand side of the differential inclusion
(2.1) satisfies the following assumption:

(H,) Dom F:={x: F(x) # J} is open,
! F has compact images and is Lipschitzian on Dom F.
DerINITION 2.2. Let F:R" =3 R" be a set-valued map that is locally Lipschitzian

at x and y € F(x). The derivative of F at (x, y) is the set-valued map dF(x, y):R" =3 R"
given by the following: for all ueR”",

F(x+ hu)—
vedF (x,y)ué lim dist (v, —(X—M> =0.

h

Observe that graph (dF (x, y)):={(u, v): ve dF (x, y)u} is a closed cone equal to
the intermediate tangent cone to graph (F) at (x, y). We refer to [12]-[14] for some
properties and applications of the set-valued derivative.

We denote by co F the convexified set-valued map, i.e., for all xeR", co F(x) is
the convex hull of F(x).

Consider the “linearized inclusion”

(2.3) w'(s)ed co F(z(s), z'(s))w(s) a.e.
For all h, t=0, £€R" define the reachable set r(h, t)¢ of (2.3) by
r(h, t)¢é={w(t+h): we W"'(t, t+ h) satisfies (2.3), w(t) = £}.
DerINITION 2.3. Let t€[0, T[. Set
W(t, z) ={v:3h;=0, u; > 0+ such that }Lxg h;=0,z(t+h;)
+uve R(t+h;, C)+o(u;)B},
W(t,z)={v:Vu;>0+3h;>0, h; Z0such that z(¢ + h;)
+upve R(t+ h;, C)+o(u;)B}.
Observe that W(¢t, z) and #(t, z) are closed cones. Moreover, for all t€[0, T
(2.4) Triey(z(2)) = W(t, z), Iroy(z(1)) = W(t, z)= W(t, z)

and, in particular, T(z(0)) < W(O0, z).

Remark. When for some integer k =1, u; = h¥, the vector v can be seen as the
kth-order variation of R(-) at (¢, z).

Actually, variations of R(-, C) at (¢, z) are mapped by r(T —¢, t) into the tangent
vectors to R(T, C).

THEOREM 2.4. Assume that (H,) is verified and let t € [0, T[. Then forallt <7< T

r(T_ ta t) W(ta Z)C TR(T‘C’)(Z(T))’ r(T—— ta t)W(t, Z) < IR(T,C)(Z(T));
r(T—1t,t)Tri,cy(2(1)) < Trez,0y(2(T)).



176 HALINA FRANKOWSKA

To prove the theorem above, we need a consequence of the Filippov-Wazewski
relaxation result (see [1, p. 124]):
Consider the convexified inclusion

{x’(s) eco F(x(s)) a.e.,

(2:5) x(0)e C.

PrROPOSITION 2.5. Assume that (H,) holds true. Then for all t € [0, T] the contingent
(respectively, intermediate) cones to the reachable sets of (2.1) and (2.5) at time t taken
at the point z(t) do coincide.

Proof of Theorem 2.4. By Proposition 2.5, we may asume that F has convex images.
Fix a solution w of (2.3) and let h; =0, u; > 0+, v; > v = w(t) be such that lim,_ . h; =0,
z(t+ h;))+ pv; € R(t+h;, C). For all se[t+h;, 7] set

s

y:(s)zz(s)+ﬂi<vi+j w'(p) dP)

t+h;

and let L=1 denote the Lipschitz constant of F. Then for almost all se[t+ h;, 7] and
all large i

dist (yi(s), F(yi(s))) = dist (z'(s) + uw'(s), F(z(s)+ uiw(s)))
t+h

26) tn(fa-ot+ [ Wl ap)

t+h

= Lu.-(IIW'(S)II +Hiw) I+ v —oll +J Wl dp)-

t

Moreover,

im (ool [ o)1 dp) =0
and, by definition of dF, for almost all se€[¢, 7]
}Lrglo dist (z'(s)+ uw'(s), F(z(s)+ uw(s)))/ u; =0.
Thus, by the Lebesgue dominated convergence theorem and (2.6),
im [ st (1060, FOu(59) s/ =0

+h

By the Filippov Theorem there exist
€ R(r—t—h;, z(t+h;))+ uv) < R(r, C)
such that |7, — yi(7)|| = o(u,).
Since

lim (yi(7) = 2(7))/ p; = lim (vi+J

1+

, w'(p) dp) =w(r),

we end the proof. 0
THEOREM 2.6. Assume that (H,) is verified and let 0=t=1=T. Then the set

{(w(t), w(r)): w(t) € Trec)(2(1)), we Wh'(¢, 7) is a trajectory of (2.3)}
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is contained in

E(x,y):xeR(l,C),ye R(fr—l,x)}(z(t)a Z(T))-

Proof. By the proof of Theorem 2.4 in the case when h; =0 for all i= 1, we know
that there exist u; >0+, v;> v, r,€ R(r—t, z(t) + w;v;) such that z(¢)+ w,v;€ R(t, C)
and | r; —Z(T)_Mi(vi'i-j: w'(p) dp)|| = o(u;). Hence

T

lim (z(1) + pvi = 2(1), ri = 2(7))/ pi = (v, v+J w'(p) dp) =(w(1), w(r)).

t

It is shown in [16] that under the hypothesis (H;) the reachable map R has the
following (first-order) expansion: for all £ near z(¢) and all small h>0

2.7) R(h, é)=€&+hco F(z(1))+o(t, h)
where

lim |lo(t, h)||/h=0

h=>0+,¢>2(1)

and the equality in (2.7) must be understood in the following way:
R(h, &)= ¢é+hco F(z(t))+o(t, h)B,
&+hco F(z(t))= R(h, &)+ o(t, h)B.

On the other hand, the function z(-) being absolutely continuous, for almost all
te[0, T] and all h>0 we can write z(t+ h) = z(t)+ hz'(t) + o(h). Applying (2.7) with
& =1z(t) and using Definition 2.3 we obtain

(2.8) co F(z(t))—z'(t)c W(t,z) a.e.in[0, T].

We have even a stronger result that we shall use in Theorem 2.9.

THEOREM 2.7. Assume that (H,) holds true. Then W(t, z) + Tr(.c)(2(1)) = W(H, z),
W(t, z) + Irco)(2(2)) = W4, z).

Proof. Fix we W(t, z), ve Tr(,c)(z(t)) and let u;~> 0+, v;—> v be such that z(¢)+
wvi€ R(t, C). Fix h;-»>0+, w,>w, y;€S,.,, such that z(t+h;)+ uw; € R(h;, z(1)),
yi(t)=2z(1), yi(t+h;) = z(t+ )+ ww,. Set 3, =y;+uv;. Then dist (yi(s), F(7:(s))) =
dist (yi(s), F(y:(s)))+ Luw;||v;|| = Lu;||vi]|, where L denotes the Lipschitz constant of F.
This and Filippov’s Theorem imply the existence of x; € S, such that x;(t) = y;(1) =
z(t)+ v e R(t, C),

x;(t+h)=y.(t+h)+o(u;)
=z(t+h)+ pi(wi+v) +o(w;) € R(h;, x;(t)) = R(h;, R(¢, C)).
Hence, from (2.2),
z(t+h)+pi(wi+v)e R(t+ h;, C)+o(wy).

Definition 2.3 ends the proof of the first statement. The proof of the second one is
‘analogous; therefore we omit it. a

In §4 we study ‘“‘normal” cones to reachable sets along the trajectory z via a
duality technique applied to convex subcones of the set W(t, z). Next we introduce
an example of such a subcone.
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DEFINITION 2.8. Let t€[0, T]. A vector veR" is called a smooth variation of
order k>0 at (¢, z) if

lim dist
h->0+
t'>t+

( R(h, z(t'))—z(¢'+ h))
v, B =0.

The set of all variations of order k is denoted by R*(t, z). The closed cone spanned
by all variations is called the expansion cone of the reachable map at (¢, z) and is
denoted by R™(t, z):
R¥(t,z)=cl U AR¥(4, 2).
Pt

The expansion cone at a stationary trajectory is introduced in [14] for studying
the problem of local controllability at a point of equilibrium. Clearly, whenever
ve R*(t,z), for all u;~>0+ there exist h;~>0+ such that z(t+h)+uve
R(h;, z(t))+o0(u;). Hence Theorem 2.7 yields Tr(.c)(2(2))+R (t,z)c W(4, 2).
Moreover,

Ir(o(z(1)+ R¥(t, 2) = W (1, 2),

(2.9)
Tre,o)(2(1))+ R™(t, z) = W(t, z).

THEOREM 2.9. Assume that (H,) holds true. Then R™(t, z) is a closed convex subcone
of the cone of variations W (t, z) satisfying (2.9).

This result is an immediate consequence of the closedness of #'(¢, z) and Lemma
2.10.

Lemma 2.10. If (H,) holds true then we have the following:

(i) Forall K>k, 0e R*(t,z)< R¥(t, 2);

(ii) For all k>0, (n+1)"% co R*(t, z) = R*(4, 2).

Proof. Clearly, for all k>0

(2.10) 0e R*(t, 2).
Fix K > k>0 and observe that for all veR", t'€[0, T[, h € ]0, 1] we have h*/* < h and

. ( R(h,z(t’))—z(t’+h))
dist | v, e
h
. R(h™* z(t'+ h—h*"*)) = z(t'+ h— h®/* + h¥/¥)
=dist | o, (h<7R)E .

This and Definition 2.8 imply (i). To prove (ii) fix k> 0,1, =0, v;e R*(¢, 2),i=0,- - -, m
satisfying Y7~ , A; = 1. We claim that

(2.11) Y A¥v e R4, 2).
i=0
Indeed, consider t; - t+, h;>0+. Then
z(tj+)\0hj)+hj'»‘)¢'(§voe R(Aohj, z(tj))+o(hj-‘)B

where lim; ., o(h})/h} =0. We proceed by the induction. Assume that we have already
proved that for some 0=s<n and all j

(2.12) z(zj+h, » A,.)+h}‘ 5 Aé‘v,-eR(hj T A z(t,-)>+0(hf)B
i=0 i=0 i=0
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with lim; . o(h})/h} =0. By Definition 2.8 applied with t'=t,+h ¥;_, A, h= A, b
z(t'+ As+1hj) + h]“(/\.‘s(+lvs+l € R(hAsiy, 2())+ O(h}()B‘
This and the Filippov Theorem yield

s+1

z(t'+ A b))+ hi Y )tffv,»eR(hj/\sH,z(t’)+h]'~‘ Y /\?v,.)+o(h}‘)B<:(by (2.12)),
i=0 i=0

R(hj)tm, R(h,- 2 Ai, Z(tj))) +o(hf)B= R(h,. Sf A z(t,.)) +o(h})B.
i=0 i=0

Hence (2.12) is valid also with s replaced by s+1. Applying (2.12) with s=m, we
obtain that

m h. ) — -+ h.
lim dist(z Ay, R, 2(5) = 2(4 h,)) _o,
J=>0 i=0

hy

and since {#;} and {h;} are arbitrary, Definition 2.8 implies (2.11). On the other hand,
by the Carathéodory Theorem for all v € co R*(¢, z) there exist w; =0, v; € R*(¢, z) such
that ¥ u; =1 and ¥|_, wv; = v. Observe that ¥/ ¥/u,;/(n+1) =1. Applying (2.11)
with

n

N=V/(n+1), 0,00=0, Ay=1-3 Y/ (n+1),

we obtain that (n+1) % =Z:':; A¥v; € R*(t, z). This proves (ii). 0
3. The adjoint process r(T —t, t)*. Recall that for a subset K of a Banach space
E, its positive polar cone is given by

K *={pe E*:VueK,(p, u)=0}.

We also recall the following definition.

DEFINITION 3.1. A sét-valued map G:R" =3 R" is called a (closed) convex process
if graph (G) is a closed convex cone.

We refer to Rockafellar [25], who introduced and studied this notion, and to
Aubin and Ekeland [2] for further properties.

DEerFINITION 3.2. Let G:R"=3R" be a set-valued map. The adjoint map
G*:R" =3 R" is given by p € G*(q) if and only if for all (x, y) € graph (G), {p, x) =(q, ).
In other words pe G*(q)& (—p, q) € graph (G)™.

Observe that the adjoint G* is a closed convex process.

Let {A(s): s€[0, T]} be a given family of closed convex processes from R" to R"
satisfying the following:

(i) For all weR" the map s> A(s)w is measurable.

(Ha) (ii) For all s€[0, T], the map w-> A(s)w is k(s)-Lipschitzian, where ke
L0, T).
Forall 0 =t = 7= T, we investigaté the adjoint r(7 — t, t)* by studying the inclusions
(3.1) w'(s)e A(s)w(s) a.e.,
(3.2) —q'(s)e A(s)*q(s) a.e.

in the case when

(H3) graph (A(s)) < graph (d co F(z(s), z'(s))) a.e.in[0, T).
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For a subset Q= R" we denote by ro(7—1t, t) the restriction of r to Q, i.e.,

r(r—t t)x whenxeQ,
%) otherwise.

ro(r—1t, t)x={

The main result of this section is Theorem 3.3

THEOREM 3.3. If a family {A(s): s€[0, T1} of closed convex processes from R" to
R" satisfies (H,) and (H;), then for all beR", convex cone QcR", and 0=t=7=T:

(a) r(r—t t)*b<={q(t): ge W"™(1, 7) satisfies (3.2), q(7) =b};

(b) ro(r—1t,)*b<={q(t): ge W"(t, 7) satisfies (3.2), q(7) =b}—Q™;

(c) (r(r—1,1)Q)" ={q(r): ge W"™(¢, ) satisfies (3.2), q(t)e Q"}.

To prove the above theorem we associate with all 0=t = 7= T the convex process
F(r—1t,1):R" 3 R" defined by the following: for all £eR",

(3.3) F(r—1t,t)é ={w(7): wsatisfies (3.1) on [z, 7], w(t) = &}.
Then by the definition of the adjoint map, for all be R"

(3.4) r(r—t )*bc #(7—1t, t)*b,

(3.5) ro(t—=t t)*bc io(7—1t, t)*b,

(3.6) (r(r=,)Q) = (A(r—1,1)Q)".

Theorem 3.3 follows from the inclusions above and the following two lemmas.
LeMMA 3.4. If (H,) holds true, then for any 0=t=7=Tand beR"

3.7) F(r—t, )*b={q(t): g€ W"*(1, 7) satisfies (3.2), q(7) = b}.
LEMMA 3.5. If (H,) holds true, then for any convex cone Q<R" and be
Dom #(1—1t, t)* we have the following:
(3.8) Fo(r—t, t)*b=F(r—1t,t)*b— Q"
(F(r=1,)Q)" =F(r—1,1)* ' (Q").

Proof of Lemma 3.4. Fix 0=st=7=T. Let us set:

X=W"(1,7), Y=L%t,7)x L¥t, 7);

L={(x,y)e Y: y(s)e A(s)x(s) a.e.in[t, 7]};

D, the differential operator on X, Dx = x’;

v, the trace operator on X, y(x)=(x(t), x(7)).

Observe that L is a closed convex cone and, by the measurable selection theorem
(see [26]),

(3.9) L"={(-p, q)e Y*: p(s) e A(s)*q(s) a.e.in[¢, 7]}.

We claim that
(3.10) Im(1xD)—-L=Y.

To prove it we must verify that for all (u, v) € Y there exists x € X satisfying
(3.11) x'(s)e A(s)(x(s)—u(s))+v(s) a.e.in[t, 7]

Fix (u, v) € Y and observe that, by (H,), the set-valued map [¢, 7] xXR" 3 (s, x) >
A(s)(x—u(s))+v(s) is measurable in s, and for almost all s it is Lipschitzian in x with
the Lipschitz constant k(s). Moreover, dist (0, A(s)(—u(s))+v(s))=k(s) ||u(s)|+
lv(s)||. By the Filippov Theorem there exist M =0 and x € W"'(¢, ) satisfying (3.11)
and such that

x'(s)l| = Mk(s)+k(s)u(s)| +]lo(s)]| ae.in[z, 7].
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Thus ||x'|| € L*(t, 7) and therefore x € X. Hence we have proved (3.10). By Lemma 1.3
of [3] and (3.10) we obtain

(3.12) (1xD)™'L)*=(1x D)*(L").

Clearly, y((1x D) 'L)cgraph (#(r—t,t)) and by (3.12), vy*graph (#(7—¢,t))" <
(1x D) 'L)y"=(1xD)*(L"). Hence for all (a, b)egraph (#(r—t,t))* there exists
(=p, q) € L" such that

(3.13) y*(a, b)=(1x D)*(-p, q).
This implies that for all we Wy*(t, 1),

T

0=((1xD)*(-p, q), w)= I

t

(—pw+qw')(s) ds = J'T w'(s)(q(s)+ J'S p(r) dr) ds.

Thus, ge W"*(t,7) and q'=—p. By (3.9), —q'(s) € A(s)*q(s) almost everywhere in
[, 7). From Proposition 1.7b of [3] we deduce that g€ W"(t, ). Moreover by (3.13)
for all xeX, {((a,b), (x(t),x(7)))y=((q, q), (x,x"))y=q(7)x(7)—q(t)x(t). Hence
(—a, b)=(q(t), q(7)), and q(t) e #(7—t, t)*q(7). We have proved that for all beR",
F(7—t, t)*b is contained in the right-hand side of (3.7). On the other hand, if g satisfies
(3.2) then for all solutions w of (3.1)

g(r)w(r)—q()w(t) =((q’, ), (w, w'))Z 0.

This yields that g(t)e r(r—t, t)*q(7) and ends the proof. 0

To prove Lemma 3.5 we apply some results from [2, pp. 142-143] concerning
closed convex processes. Since in general 7(7— ¢, t) is not closed we need the following
lemma.

LEMMA 3.6. If (H,) holds true then #(7 —t, t) is Lipschitzian on R" and the set-valued
map cl #(7—t, t) defined as follows: forallu e R", cl #(7—t, t)u = 7(7—t, t)u is a Lipschit-
zian on R" closed convex process. Moreover, (cl F(1—t,t))*=#(r—t, t)* is an upper
semicontinuous set-valued map with compact images mapping bounded sets to bounded
sets and Dom (1 —t, t)*=F(r—1t, 1)(0)".

Proof of Lemma 3.6. Since 0€ 7(7—1t, t)0, the set 7(7—1t, t)0 is nonempty. Fix any
ueR" such that 7(v—1t, t)u# J and let w be a solution of (3.1) on [t, 7] satisfying
w(t)=u. Pick veR" and set y(:)=w(:)+v—u Then dist(y'(s), A(s)y(s))=
dist (w'(s), A(s)(w(s)+v—u))=k(s)|v—u|. This and the Filippov Theorem imply the
existence of a solution w of (3.1) defined on [¢, 7] and satisfying w(t)=y(t)=
w(t)+v—u=ny,

[w(r)—y(m)||= Mllv—ul
where M does not depend on v, u. Thus 7(7—1¢, t)v # & and
[w(r)=w(n)| = [w(r) = y()||+[y(r) = w(T)| = Mllo—ul +|lv—ul,

i.e.,, F(r—1t,t) is Lipschitzian on R" with the constant M +1. Pick any u, u,eR",
vecl /(r—t, t)u and consider v;> v, v;€ F(7—t, t)u. By the Lipschitz continuity of
F(r—1t,t) for some w;€ F(7—t, t)u,, |w;,—v|| = (M +1)||u —u,||. Taking a subsequence
and keeping the same notation, we may assume that w; converges to some we
cl #(r—t, t)u,. Then ||w—v] = (M +1)||u — u,|| and this yields the Lipschitz continuity
of ¢l #(7—t,t). Let (u;, v;) € graph (F(7—1t, t)) be a sequence converging to some (u, v).
Then v, € 7(7—t, t)u; and, by Lipschitz continuity, for some w; € f(7—t, t)u we have
lw; = v;]]| = (M +1)||u — u;|. Hence w;-> v and vecl #(7—t, t)u. This implies that

(3.14) graph (7(7—t, t)) =graph (cl 7(r—1t, t))
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and therefore graph (cl #(7—1,t)) is a closed convex cone. Hence cl F(7—1t,t) is a
closed convex process and

graph (F(r—1t,t))" =graph (cl #(r—1t, t))".

From Definition 3.2 we deduce that #(7—t, t)* = (cl #(7—1t, t))*. The last statements
follow from Proposition 1.7 of [3].
Proof of Lemma 3.5. We prove first that

(3.15) fo(r—t, 1)*=(cl Fo(T—1,1))*.

Indeed, fix u;€ Q, v;e A(—t, t)u; such that lim;.. (u;, v;) = (4, v). Then ue Q and
(u, v) € graph (F(7—t, t)) = graph (cl 7(7—1, 1)) (by (3.14)). Hence vecl f5(r—t, t)u
and we proved that graph (7o(7—1, t)) = graph (cl 75(7—¢t, t)) this yields (3.15). We
also know that Dom (cl #(7—1t, t)) =R". Hence using [2, pp. 142-143] we obtain (3.8).

To prove the second statement we observe that the Lipschitz continuity of
cl (-1t t) yields

cdi(r—t,)Q=cl #(r—1,1)Q.

hence (F(r—tt)Q) =(cl#(r—1,1)Q) = (cl #(r—1t,t)Q)" =(by [2, pp. 142-143])
cl #(r—1t, t)*'(Q")=(by Lemma 3.6) #(7—t, t)* '(Q"). The proof is complete.

4. The cone Tg(. c)(2(7))". In this section we assume that (H,) holds true and
that there exists a family of closed convex processes {A(s)},c(0,r7 satisfying (H,) and
(H;).

Observe that the dual form of Theorem 2.4 is as follows: for all 0st<7=T,

(4.1) Trro)(2(7))" = (r(1—1, ) W(1, 2))™.

Hence we can “estimate” Tg(,.c)(z(7))" using the set (r(7—1t, t) W(t,z))". We study
this last set via a duality technique.
Consider again the adjoint differential inclusion

(4.2) ~q'(s)e A(s)*q(s) a.e.

THEOREM 4.1. Assume that (H,)-(H;) hold true. Let Q(t)< W(t, z) be a family
of convex cones such that for all 0=t=t,=T, #(t,—t,t)Q(t)< Q(t;). Then for all
7€[0, T]

Tr(rc)(2(7))" = {q(7): g€ W"(0, 7) satisfies (4.2), q(1) € Q(¢)" on [0, 7[}.
Consider next the differential inclusion
—q'(s)e A(s)*q(s) ae,
{(q(s), z'(s))y=min {(q(s), e): e F(z(s))} a.e.

THEOREM 4.2. Assume that (H,)-(H;) hold true and let Q(t)< W(t, z) be any
family of convex cones. Then for all 7€[0, T]

Trercy(2(7)) = {q(7): g€ W"(0, 7) satisfies (4.3), (1) € Q(1)" on [0, [}.
In particular,
Trnoy(2(1)) = {q(7): g€ W"™(0, 7) satisfies (4.3), q(t)e R™(t, z)*}.

Observe that the statements of the above theorems depend on the choice of {A(s)}
and {Q(s)}. From (4.1) and Theorem 3.3(c) we obtain Lemma 4.3.

(4.3)
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LemmMma 4.3. If (H,)-(H;) hold true, then for any 0=t < 7= T and any convex cone
Qe W(s,z2)
Trino)(2(7)) = {q(7): g€ W"™(1, ) satisfies (4.2), q(1) € Q"}.
Proof of Theorem 4.1. We apply the above lemma. Fix 7€]0, T] and b € Tg(,c)x
(z(m)".
Step 1. Fixany 0=1t,<- - -<t,, <. We first prove the existence of ge W"*(0, 7)
satisfying (4.2) such that

(4.4) q(t)=b,

(4.5) q(t)eQ(t)" Vi=1,---, m.

By the assumptions of the theorem, inclusion (4.5) implies that
(4.6) g(t;) € (F(ti—tioy, ) Q1)) ™.

We proceed by the induction. By Lemma 4.3 there exists g€ W"(t,,, 7) satisfying
(4.4), (4.5) with i=m. Assume that we already know that for some 2=j=m there
exists g€ W"™(t;, 7) such that (4.2), (4.4), (4.5) hold true with i=j. From (4.6) we
deduce that q(t;) € (F(t;—t-y, ;,-,)Q(#-1))". Applying Lemmas 3.4, 3.5 with 7=t
b=q(t), and t=1,_, we prove the existence of §€ W"(t,_,, t;) satisfying (4.2) such
that 4(#) = q(1), (.)€ Q(4;_,)". Setting

q(s)={

we end the proof of Step 1. 0
Step 2. Let t;,€[0,7],i=1,2, - - be a dense subset of [0, 7]. Set

L={(x, y)e L*(0, 7) x L*(0, 7): x(s) € A(s)*y(s) a.e.}.

Since A(s)* are closed convex processes, by Mazur’s Lemma, L is weakly closed in
L?*(0, 7)x L*(0, 7). By Step 1, for all j=1 there exists g;€ W"*(0, 7), satisfying (4.2)
and such that g;(7)=b and for all 1=i=j

4.7) qj(ti) € Q(ti)+-
By Proposition 1.6(b) of [3], for all j and almost all s€[0, 7], ||q;(s)|| = k(s)] g;(s)]-
This and Gronwall’s Lemma imply that {g;} is bounded in W'%(0, 7) and, by reflexivity,
it has a weak cluster point q. Since L is weakly closed, g satisfies (4.2) and by (4.7),
forall i, g(t;)e Q(t;,)". Fix te[0, 7], we Q(¢) and let {t, } be a subsequence converging
to t from the right. Since {A(s)} satisfies (H,), by the Filippov Theorem there exist
wy € F(t, —t, t)w converging to w. Moreover, for all k, (q(t;, ), wi) = 0. Therefore, taking
the limit, we get q(t) € Q(t)" for all t€ [0, 7]. This ends the proof. 0

To prove Theorem 4.2 we need two lemmas.

The next lemma shows how a given family {A(s)} can be “increased” to a larger
family of closed convex processes still satisfying (H,), (H,).

LemMA 4.4. For all s€[0, T] such that z'(s)e€ F(z(s)) and for all x € R" set

G(s)x=A(s)x+ To rz(5)(2'(5))

and set G(s)=A(s) for all other s. Then {G(s)},cjo,1) are closed convex processes
satisfying (H,), (H;) and A(s) < G(s). Moreover, for almost all s €[0, T] and all g€ R"

« _ [A(s)*q whenqe (F(z(s))—2'(s))",
(4.8) Gls) q_{® otherwise.

q(s) whensel, 7],
é(s) Whense[tj—-la tj]a

Proof. From the definition of G(s), exactly as in the proof of Lemma 3.6, we
deduce that G(s)(-) is k(s)-Lipschitz on R". By Lemma 2.8 of [12] we know that
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{G(s)} satisfy (H;). Since G(s)(+) is continuous and has closed images, graph (G(s))
is closed. It is also clear that graph (G(s)) is a cone. To prove its convexity it is enough
to consider only those s €[0, T] that satisfy z'(s) € F(z(s)). Fix such s and u, veR".
Since A(s) is a convex process and T, r(.(s)(2'(s)) is a convex cone, we obtain

A(s)u + Tco F(Z(S))(Z'(S))+A(S)U+ Tco F(z(s))(zl(s)) < A(s)(u + U)+ Tco F(z(s))(z’(s))'
This yields that
G(s)u+G(s)vs A(s)(u~+0)+ T, pas)(2'(s)) = G(s)(u+v).

Hence G(s) is a closed convex process. Moreover, by [25], for all geR"

A(s)*q whenge T, F(z(s))(zl(s))+a
49 *q =
(4.9) G(s)'q {@ otherwise.

Since co F(z(s)) is a convex set we also have
(4.10) Teo rzsn(2'(s))= U i(co F(z(s))—2z'(s)),

i=1,2,+

and therefore

T, F(z(s))(z,(s))+ =(co F(z(s))— Z'(S))+-

Using (4.9), we deduce from the last equality that for almost all s €[0, T], (4.8) holds
true. To end the proof it remains to show that for all xeR", the map s> G(s)x is
measurable. Since the map s > F(z(s)) is continuous it is also measurable. By Castaing’s
Representation Theorem [8] and the assumption (H,)(i) there exist measurable selec-
tions

f(s)e F(z(s)), gu(s)eA(s)x, n=1,2,---,
such that for all s
U L) =F(z(s), U g,(s)=A(s)x

nzt

Hence, using (4.10), we obtain
G(s)x=U g,(s)+ U i U (fi(s)=2'(s))= U ga(s)+i(fi(s)—2'(s)).

nxzl izl nzl nx=1
ijz1

Since the functions s-> g,(s)+i(f(s)—z'(s)) are measurable, the last equality and
Castaing’s Theorem imply that s > G(s)x is a measurable set-valued map. 0

In Theorem 4.1 we deal with convex cones Q(t) = W(¢, z) that have the following
invariance property:

(4.11) VOSt<t,=T #(t,—tt)Q(t) = Q(t).

The next result shows how such cones can be constructed.

LEMMA 4.5. Let {A(8)}scro,17 be any family of closed convex processes satisfying
(H,), (H3) and Q(t) < W'(t, z) be convex cones. Then there exist convex cones Q(t) @ é(t)
satisfying (4.11).

. Proof. ForA all 0=H=---=t,= T’, define recursively cones P(t)=
Q1) +7(t,,0)0Q(0), - - -, P(ty," -+, tis1) = Q(ti ) + F(tiy — t;, ) P(ty, - - -, ;). Using
an induction argument, we prove by Theorems 2.4 and 2.7 that for all i=1,
P(ty, <+, t)< W(t z). Set

Q= U Plh, 1),
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Clearly Q(t) is a cone containing é(t) and, by definition of Q(t), forall0=t=1t=T,
F(t,—t, t)Q(t) = Q(t,). It remains to prove that Q(t) is convex, i.e., we must check
that forall 0=t,=- - =t,=t0st|=-- =t =t

(4.12) P(t, -, ty)+ Pty - - -, 1) = Q(2).

We proceed by the induction with respect to m + k. Observe that for all t€ [0, T],
P(t) is a convex cone. Fix te€[0, T]. Assume that for some j=2 and all m=1, k=1,
o=4H=---=t,=t 0=t)=---=t, =1 satisfying m+k=j the relation (4.12) holds
true. Fix 0=¢,=-- =t,.,=t,0=St|=---=t, =t suchthat m+k=j, t,_,=t,. Then
P(ty, -+, t,)+P(t, -, ti_y, tm) < Q(t,,). Moreover, by definition of P(-), using
that 7 is a convex process we obtain

Pt — thors i) P(8, - ) S P(E, - 2ty B).
This and the definition of Q(t) imply:
P(tla T, tm+])+P(t;’ T, t;<)= QA(t)+?(t'_tm, tm)P(tla T, tm)
+ Q)+ F(t = by, 1) Pty = thory 1) P8, -+ -, 1)
S QO+ F(t =ty ) (P(ty, - -+, 1) Pt -, oy )
< QD)+ A(t =ty 1) Q1) < Q(1).

Proof of Theorem 4.2. By Lemma 4.4 we replace the family {A(s)} by the new
family {G(s)} satisfying (H,), (H;) and (4.8). From Lemma 4.5 it is not restrictive to
assume that the family {Q(s)} satisfies (4.11). Theorem 4.1 applied with {G(s)} yields
the result. 0

COROLLARY 4.6. Assume that (H,)-(H;) hold true and let Q be a convex subcone
of Tc(2(0)). Then for all T€[0, T]
Trino)(2(7)) = {q(7): g€ W"™(0, 7) satisfies (4.3), q(0) € Q7}.
Proof. Setting Q(t)=7(¢,0)Q and applying Theorem 4.1 with closed convex
processes {G(s)} of Lemma 4.4, we deduce our statement from (4.8). 0
THEOREM 4.7. Assume that (H,)-(H;) hold true and that, for any t€[0, T], q,,
g€ W'*(0, t) satisfying (4.3) and equal at t, we have q,/|q,|| = g2/ |42l on [0, t]. Then
for all T€[0, T]
Treno)(2(7)) = {q(7): g€ W"™(0, 7) satisfies (4.3) and q(t)e W(t,2z)" on [0, 7[}.
In particular, the above happens when for almost all s€[0, T], the adjoint A(s)* is
single-valued and Lipschitzian on its domain of definition.
Proof. Fix 1€[0, T], b€ Tr(r,c)(2(7)), te[0, [, ce W(t,z). By Theorem 4.1
applied with the family of closed convex processes {G(s)} and the convex cones
109) for s <t,
Q(s)={R,c fors=t,
F(s—1,1)Q(t) fors>t,
using (4.8), we prove the existence of g€ W"(0, 7) satisfying (4.3) such that q(7) = b,
(q(t),c)=0. Since ce W(t,z) and te[0, 7[ are arbitrary, by the assumptions of
Theorem 4.1, q(t)e W(t, z)* on [0, 7[. 0
COROLLARY 4.8. Assume that (H,) holds true and that there exist linear operators
A(s)e L(R", R") satisfying (H,), (H;). Then for all 7€ (0, T),

Trro)(2(1)" ={q(7): —q'(s) = A(s)*q(s),
(q(s),2'(s))=_min (q(s), e), q(s)e W(s,z)" in [0, =[}.

ee F(z(s))
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Proof. The transposed linear operator A(s)* is equal to the adjoint process in the
sense of Definition 3.1 (see Rockafellar [25]). Since for all be Tr(,)(z(7))", the
solution of the linear equation —q'(s) = A(s)*q(s); q(7) = b is unique, the proof follows
from Theorem 4.7. 0

THEOREM 4.9. Let R (T, ) denote the restriction of the reachable map R(T,-) to
the set C. Then for every convex cone Q< T-(z(0)),

Tgraph RC(T,')(Z(O)a Z( T))+

< {(7—q(0), q(T)): g€ W"(0, T) satisfies (4.3) and we Q"}.
Proof. By Theorem 2.6,

(413)  Tyrapn ro(19(2(0), 2(T))" = {(w(0), r(T, 0)w(0)): w(0) € T (2(0))}".

We replace closed convex processes {A(s)} by {G(s)} from Lemma 4.4 and keep the
same notation 7 for the reachable map of the inclusion

w(s)e G(s)w(s) a.e.
Then by (3.4), (4.13) we obtain
Tyaph RC(T;)(Z(O), z2(T)) < {(a, #(T,0)a): a€ Q}+,
and from Lemma 3.5 we deduce that for all (p, g) € Tyraph re(1.-)(2(0), 2(T))" we have
p+7#(T,0)*qe Q". Lemma 3.4 ends the proof. 0

Remark 4.10 (On the Hamiltonian inclusions). For all x, peR" the Hamiltonian

of F is defined by
H(x,p)= sup (p,e)= sup (p,e).
ee F(x) eeco F(x)

If (H,) holds true, then H is locally Lipschitz on Dom F xR" (see, for example, [9]).
Let us assume that for all s, Dom A(s)* is a subspace of R" and A(s)* is linear on
Dom A(s)*.

Consider an absolutely continuous solution g of (4.3) defined on the time interval
[0, T]. Pick any se€]0,1[ such that (q(s),z'(s))=min.cr() (q(s), e), —q'(s)=
A(s)*q(s). Set §=—q and fix any u. Let ve A(s)u and v, > v (when h—0+) be such
that z'(s)+ hv, € co F(z(s)+ hu). Then for all weR" we have

P H(z(s)+ hu, §(s)+hw)— H(z(s), 4(s))

lim su
h->0+ h
= lim sup (G(s)+ hw, z'(s) + hv,) —(4(s), z'(s))
h->0+ h
=(w, z'(s))+(q(s), v)

=(w, 2'(5))+(q'(s), u) =((q'(s), 2'(s)), (u, w)).
In particular this yields

(4.14) (=4'(s), z'(s)) € aH (z(s), 4(s))

where dH denotes the generalized gradient of H (see [9]). Hence in this particular
case for every solution g of (4.3), —q is a solution of the Hamiltonian inclusion (4.14).
It may happen that for a family of closed convex processes satisfying (H,), (Hs), the
only solution of (4.3) is ¢ =0, and at the same time the Hamiltonian inclusion (4.14)
has solutions different from zero (see the example from [18]). Hence in this particular
case it is more convenient to use the adjoint inclusion (4.3) than the Hamiltonian
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inclusion (4.14) to estimate the cone Tr(r.¢)(z(T))". In a more general case we do not
know how to compare solutions of (4.3) and (4.14).

5. Application: high-order maximum principles.

5.1. Minimization with respect to the final state. Let U be a compact metric space
and f:R" x U ->R" be a continuous function, g:R" >R, C = R". Consider the following
optimal control problem:

(5.1) minimize g(x(1))
over the solutions of the control system

(5.2) x'(t)=f(x(t),u(t)) ae.in[0,1],

' x(0)e C, u(t)e U is measurable.

Set F(x)=f(x, U) for all xeR". By the Filippov Theorem [1, p. 91] solutions of
the control system (5.2) and the differential inclusion

x'(t)e F(x(t)) a.e.on[0,1],

5.3
(53) x(0)e C

do coincide.

THEOREM 5.1. Assume that a trajectory control pair (z, ii) solves the above problem
and for a constant L and allu € U, f(-, u) is L-Lipschitzian on a neighborhood of z([0, 1]).
If g is differentiable at z(1) and for almost all t, f(-, u(t)) is differentiable at z(t), then
there exists g€ W"(0, 1) such that

~(0=400 L 0,a0) ae,

(5.4)

(q(1), Z'(t))=ll“n€i3 (q(1), f(z(1), u)) a.e,
(5.5) q(1)=g'(z(1)), q(0) € Tc(2(0))",
(5.6) q(t)e W(t,z)* forallte[0,1[.

Proof. By the assumptions, the set-valued map F defined above satisfies (H,).
Moreover, for almost all se[0,1], (8/9x)f(z(s),ii(s)) < dF(z(s),z'(s))c
d co F(z(s), z'(s)). Set A(s)=(8/9x)f(z(s), i(s)). Since ||A(s)||= L, then A(s) is L-
Lipschitz. Hence (H,), (H;) hold true. On the other hand, for every solution x of (5.3)
we have g(x(1))—g(z(1)) =0, which yields

Vwe Tra,c)(2(1)) g'(z(1))w=0,
ie.,
g'(z(1)) € Trq,co)(2(1))".

Corollary 4.8 ends the proof. 0

COROLLARY 5.2. Under all assumptions of Theorem 5.1, assume that for some
te[0,1[, W(t, z)* ={0}. Then z(1) is a critical point of g and if g is locally C* at z(1)
then g"(z(1)) 20 on Tr(,.c\(2(1)). In particular, this happens when T.(z(0))" ={0}.

Proof. Let q be as in Theorem 5.1 and let ¢ be such that W(t, z)" ={0}. Then
g(t) =0 and, by the uniqueness of ¢, q(1) =0. Hence, by (5.5), g'(z(1)) =0. Assume
next that g is locally C* and fix we Tg(.c)(z(1)). Then for some h; >0+, w;>w,
z(1)+hw; € R(1, C) and since z solves the problem (5.1), (5.2), g(z(1)+hw;)—
g(z(1)) =1g"(z(1))ww;h? + o(h?) = 0. Taking the limit, we end the proof. 0
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5.2. Minimization with respect to both endpoints. Let f, U be as in §5.1 and
¢:R*" >R be a given function. Consider the problem

(5.7) minimize ¢ (x(0), x(1))

over the solutions of the control system (5.2). If a trajectory-control pair (z, i) solves
the problem (5.7), (5.2) and ¢ is differentiable at (z(0), z(1)), then

V(w(0), w(1)) € Tyrapn r-1.9(2(0), 2(1))  @'(2(0), 2(1))(w(0), w(1)) =0,
i.e., ¢'(z(0), z(1)) is in the positive polar of the tangent cone. Let W (¢, z) denote the
cone of variations of reachable sets R(-, z(0)).
THEOREM 5.3. Assume that a trajectory-control pair (z, i) solves the above problem,
[ satisfies all the assumptions of Theorem 5.1, and ¢ is differentiable at (z(0), z(1)). Then
there exists g W"*(0, 1) satisfying (5.4), (5.6) and such that

4(1) =£—2 0(2(0),2(1),  q(0)e Tc<z<0>)+~£— (2(0), z(1)).

Proof. By the proof of Theorem 5.1 the family of maps A(s) = (8/3x)f(z(s), é(s)),
se€[0,1] satisfies (H,), (H;). We already know that ¢'(z(0),z(1))e
Tyraph Re1,(2(0), 2(1))". Fix be T-(z(0)). Applying Theorem 4.9 with Q=R.b we
deduce that the solution g of (5.4) satisfying q(1) = (3/9x,)¢(2(0), z(1)) verifies

d
— ¢(2(0), z(1)) € (R b)" — ¢(0).
ax,
Hence (q(0)+(3/0x,)¢(2(0), z(1)), b)=0. Since g does not depend on b, we obtain
that q(0)+(8/6x,)¢(2(0), z(1)) € T~(z(0))". It remains to show that g satisfies (5.6).
Set g(x) = ¢(2(0), x). Then g'(z(1)) = (8/3x,)¢(2(0), z(1)). Clearly, (z, @) is an optimal
solution of problem (5.1), (5.2) with C = {z(0)}. Applying Theorem 5.1 with C ={z(0)}
we end the proof. 0
CoroLLARY 5.4. Under all assumptions of Theorem 5.3 assume that for some
t€[0,1[, W(t, 2)" ={0}. Then (8/0x,)¢(2(0), z(1)) € Tc(2(0))", (3¢/9x,)(2(0), z(1)) =
0. Moreover, if Tc(z(0))" ={0}, then (z(0), z(1)) is a critical point of ¢, and if ¢ is locally
C? at (2(0), 2(1)), then ¢"(2(0), 2(1)) 20 on Tyapn ro11(2(0), 2(1)).
The proof follows by the same arguments as in Corollary 5.2.

5.3. Closed-loop control systems. Let U:R" =3 R™ be a set-valued map with com-
pact nonempty images, let C be a nonempty subset of R", and let f:R" xR™ > R" be
a locally Lipschitzian function, g:R" - R. Consider the following control problem:

(5.8) minimize g(x(1))
over trajectories of the control system
x'(t)=f(x(t), u(t)) a.e.in[0,1],
x(0)e C, u(t)e U(x(t))is measurable.

Set F(x) ={f(x, u): ue U(x)}. Itis clear that every trajectory of (5.9) is a trajectory
of the differential inclusion

(5.9)

x'(t)e F(x(t)) a.e.in[0,1],
x(0)e C.

LEMMA 5.5. If U is upper semicontinuous, then the set of trajectories of the closed-loop
control system (5.9) do coincide with the set of trajectories of the differential inclusion
(5.10).

(5.10)
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Proof. We must show that, with every trajectory xe€ W"'(0, 1) of the inclusion
(5.10), we can associate a measurable function u: [0,1]->R™ satisfying

x'(t)=f(x(t), u(t)), u(t)e U(x(t)) a.e.in[0,1].

For all te[O 1] set U(t)={ue U(x(1)): x'(t) = f(x(t), u)} Then for almost all te
[0, 1], U (t) is a closed, nonempty set. We claim that U is a measurable set-valued
map. Indeed fix a closed subset C = R™ and observe that the set

={(t, f(x(t),u)): te[0,1], ue U(x(t))N C}
is closed. Moreover,
{t: U()NC = ={t: (1, x'(t)) e D}.

Thus {t: U (nHnN é#@} is a Lebesgue measurable set and, since C is an arbitrary
closed subset of R™, we proved that U is measurable. From the measurable selection
theorem (see, for example, [26]) follows the existence of a measurable selection
u(t)e U(x(t)) te[0, 1]. The very definition of the map U ends the proof. 0

In the theorem below we assume that f(x, U(x)) is regular in the following sense:

If for some x and @€ U(x), q# q, #0 we have

sup (g, f(x, u)) =(q, f(x, @)), u:gl()x)<ql,f(x, w))=(q:, f(x, u)),
then for some A =0 g = Aq,. Geometrically this means that every boundary point of
co f(x, U(x)) has at most one normalized outer normal.

THEOREM 5.6. Assume that a trajectory control pair (z, ii) solves the problem above,
and that f is differentiable at (z(t), u(t)), g is differentiable at z(1), U is Lipschitzian on
a neighborhood of z([0, 1]), and f(x, U(x)) is regular. Further, assume that there exist
closed convex processes B(s) < dU (z(s), 1(s)) satisfying (H,). Then there exists a solution
ge W"*(0,1) of the inclusion

~g e X (0, w0+ B0* L 20, a(0)*q
satisfying (5.5), (5.6) and the minimum principle
@0, (0= min_ (a0, f(z(0,u) ae

Proof. From differentiability of f at (z(z), u(t)) we deduce that for almost all ¢
and for all weR"

g—i(Z(t), ﬁ(t))W+;—ir (z(0), a(1)) dU(z(1), a(t))w < dF (z(1), z'(1)) w.

Hence the closed convex processes

A0=ZL 0,5+ L 0, a8

satisfy (H,), (H;). Since z is the minimizing trajectory for all we Tr(. ¢)(2(1)),
g'(z(1))w=0. Thus, g'(z(1)) € Tr(1.c(z(1))". We apply Theorem 4.7. Let gq,, g, be two
solutions of (4.3) such that q,(t) = q,(¢) # 0. Then g; # 0 on [0, ¢] and

(qi(s), z(s)y= min (q:(s),e) ae,

(q2(5), 2'(s)) = ee‘}}i}(‘m (q2(s), e) ae.
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Since f(x, U(x)) is regular q,(s)/||g:(s)|| = g2(s)/ |l g2(s)] a.e. in [0, 1] and, by continuity
of g(-) we obtain q,/|/q:|| = g-/]|92/- Hence the result will follow from Theorem 4.7
if we show that

A()*e %(Z(t), a(1))*+B(1)* gf (z(1), a(1)*.

Fix pe A(t)*q. Then for all weR", ve B(t)w
(p, wy=(q,8f/9x(z(t), u(t))w+af/ou (z(t), @(t))v)
=(af/ax(z(t), u(t))*q, w)+(of/ou(z(t), a(t))*q, v)

and therefore

(p—af/ax(z(), a(1))*q, wy=(3f/ou(z(1), u(t))*q, v).
By the definition of the adjoint process

p=L 0, w(0yrq e B ff (2(1), 4(1))*q,

and we finally obtain

pel (oo, a*a+ Bw* L (0, ayq

The proof is complete. 0

The next result is an extension of the main theorem from [22].

THEOREM 5.7. Assume that a trajectory control pair (z, ii) solves the problem (5.8),
(5.9) and that f is differentiable at (z(t), @(t)), g is differentiable at z(1), and U is
Lipschitzian on a neighborhood of z([0, 1]). Further, assume that for almost all t there
exists a selection u,(x) € U(x) that is differentiable at z(t) and satisfies u,(z(t)) = @(t).
Then there exists a solution g€ W"*(0, 1) of the equation

-q9'=q (g(Z(t), ﬁ(t))+§£ (z(¢), u(1)) %%' (Z(t))> ,
(5.11)
(@(0), ()= min (a(0), f(z(1), ) ace.
satisfying (5.5) and (5.6).
The above theorem was proved by Leitmann in [22] without the inclusion (5.6).
Proof. The set-valued map F(x)=f(x, U(x)) satisfies the hypothesis (H,) on a
neighborhood of z([0, 1]). Moreover, the linear operators

A0=Z 0, u+Z

u,
(Z(t),ﬁ(t));(Z(t)), te[0,1],
verify (H,) and (H;). Since z is the minimizing trajectory for all we Tr( ¢)(z(1)),
g'(z(1))w=0. Thus g'(z(1)) € Tr(1.c)(2(1))" and the result follows from Corollary 4.8
and the inclusion W(0, z)" = T(z(0))". a

5.4. An implicit dynamical system. Consider a continuously differentiable function
f:R"XR"->R™ and a function g:R">R, C<R".
Here we study the problem

(5.12) minimize g(x(1))
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over the absolutely continuous solutions of the implicit dynamical system

(5.13) f(x(t),x'(t))=0 a.e.in[0,1]
satisfying the initial point constraint
(5.14) x(0)e C.

Such systems arise as models for nonlinear circuits. In general they cannot be reduced
to the state variable form z'=f(z, t) or to the control system (5.2) (see [6, p. 147,
bibliographical comments].

Set F(x)={v: f(x, v) =0} and consider the differential inclusion

(5.15) x'(t)e F(x(t)) a.e.in[0,1].

Clearly solutions of (5.13) and (5.15) do coincide. Moreover, by continuity of f,
graph (F) is a closed set. The following result is proved in [15]:
LEMMA 5.8. Assume that for all X € R" there exists € >0 such that

(5.16) liminf inf | f(x, v)||>0.

lofl>co |Ix-xji=e

Then F has compact images. If, moreover, for all (x, v)e graph (F) the derivative
(8/3v)f(x, v) is surjective, then Dom F is open and F is locally Lipschitzian on it, and

ker f'(x, v) = graph (dF(x, v)).

In particular, this implies that dF(x, v) is a closed convex process.
LEMMA 5.9. Under all assumptions of Lemma 5.8 for every solution x of (5.13)
there exist L> 0 such that for almost all s € [0, 1], dF(x(s), x'(s)) is L-Lipschitz on R" and

-(2'[ ’ *a_f ' ®*—1 . _?I B n
dF(x(s), x'(s))*q = —ax(x(s),x(s)) c)v(x(s),x(s)) q lqukerav(x(S),x(s))

& otherwise.
Proof. Fix a solution x of (5.13). Since the derivative 3f/dv is surjective on graph
(F), for all (x, y) e graph (F) there exists p >0 such that
m 9 n
(5.17) wer: ol =pre L (x p)((uer: ful=1.

Since fe C', the assumption (5.16) implies that there exists a compact set K such that
for almost all s€[0, 1], (x(s), x'(s)) € K. This, (5.17) and continuity of 4f/dv imply
that for some p >0 and almost all s€[0, 1]

wer™: ol =p} =L (x(s), ¥ ((uer': Jul 1.

Using Theorem 10.1 of [15] again, we deduce that for some L>0 and almost all
s€[0,1], dF(x(s),x'(s)) is L-Lipschitz on a neighborhood of zero. Since
dF(x(s), x'(s)) is a convex process, we finally obtain that it is L-Lipschitz on R". By
the definition of the adjoint process p € dF(x(s), x'(s))*q if and only if

(p, —q) € (ker f'(x(s), x'(s)))" =Im f'(x(s), x'(s))*.
Hence for all (p, q) € graph (dF(x(s), x'(s))*) there exists a € R™ such that

p =§£ (x(s), x'(s))*a, —q =-§£ (x(s), x'(s))*e
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Since (3f/9v)(x(s), x'(s)) is surjective, the adjoint linear operator (3f/ov)(x(s), x'(s))*
is injective and hence invertible on

m (x(s>,x'(s>>*=(ker—‘?f (x<s>,x'(s)))L.
ov ov

Thus,

L4 ) _ sy (5))%!
qe(kerav (x(s), x (S))) , P=7 (x(s), x'(s)) P, (x(s), x'(5))*q.
THEOREM 5.10. Assume that z solves the problem (5.12)-(5.14), f satisfies all the

assumptions of Lemma 5.8, and g is differentiable at z(1). Then there exists g € w"(0, 1)
satisfying

(5.18) q'(s) =§’[(Z(S), Z'(S))*QI(Z(S), Z'(s)*'q(s) ae,
X v
of +
(5.19) q(1)=g'(z(1)), q(s)e(kerg;(x(s),x’(s))) ,
(5.20) min {(q(s), e): f(z(s), e) =0}=(q(s), z'(s)) a.e.,
(5.21) q(s)e W(s, z)* forsel0,1[.

Proof. For all we Tgr(.c(2(1)), g'(z(1))w=0. Hence g'(z(1))€ Tra.c)(2(1))".
Since the solution of (5.18) is uniquely defined, we may apply Theorem 4.7 with closed
convex processes {dF(x(s), x'(s))};cro.17. Lemma 5.9 ends the proof. 0

6. An impulse closed-loop deterministic control problem. Let U:R" =3 R™ be a
set-valued map with compact nonempty images, let C be a nonempty subset of R",
and let f:R" XR™ >R" be a locally Lipschitzian function, g:R" > R.

Further, let V:R" =3 R” be a set-valued map of shift parameters and ¢ :R" X R” > R"
be a given function.

Consider the closed-loop control system

x'(£) =f(x(t), u(t)), u(t)e U(x(t)) ae.in[0,1],
x(0)eC.

A sequence {(t;, v;): i=1,-- -, j}is called an impulse strategy of a left-continuous
trajectory x:[0,1]->R", if 0=¢t,=---=t;=1, and for all i

(6.1)

(6.2) v € V(x(1)),
(6.3) xe Wh(t, ti1y),
(6~4) x(ti+) =x(ti)+¢(x(ti), vi),

and x satisfies (6.1) with a measurable control u. Such trajectory x is called admissible.
This type of system is met in a number of optimal control problems in economics
and management (see, for example, [7, pp. 281-285]). We refer to [5], [24], and the
references therein for previous results on discontinuous optimal trajectories.
Consider a function g:R" > R. The problem we study here consists in characteriz-
ation of a solution z to the problem

(6.5) min {g(x(1)): x is an admissible trajectory}.

The approach is essentially the same. So we shall only stress the main points. For all
xeR" set F(x)=f(x, U(x)). We prove Lemma 6.1 exactly as we did Lemma 5.5.
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LemMA 6.1. If U is upper semicontinuous, then the set of admissible trajectories
coincide with the set of left-continuous functions x : [0, 1]- R" satisfying for some 0=t, =
-+ +=t;=1 and some v;€ V(x(t;)) the following relations:

xe Wh'(t;, tiyy),

x'(t)e F(x(t)) a.e.,
x(0)e C,

x(t4+) = x(t;)+ o (x(t;), v;).

THEOREM 6.2. Assume that a trajectory-control pair (z, @) solves the problem above
and let {(t;,v;):i=1,- -1} be a corresponding strategy. Further, assume that U, i, g,
[ satisfy all the assumptions of Theorem 5.7, that ¢ is differentiable at (z(t;), v;), and for
all i there exists a differentiable at z(t;) selection v;(x)e€ V(x) such that v;(z(t;))=v;.
Then there exists a (left-continuous) function q:[0, 1]->R" satisfying (5.5), (5.11) and
such that for all i

(6.6)

6.7) qe Wh( tiy tivh),
(6.8) q(t)= q(t.-+)[id+j—;f (208, 00+ 3% (2(1), v) 22 (z(t.-»],
(6.9) q(ti+) € Ty, vz (@ (2(8), v))".

Furthermore, we have the following:
(a) If the right derivative z'(t;+) does exist, then

min  (q(4), f(z(1;), u))={q(t;+), 2'(t;:+));

ue U(z(t))
(b) If the left derivative z'(t;—) does exist, then
min  (q(+), f(z(t;+), u))={(q(t), z'(t;-));

ue U(z(t;+))
(c) If z has the right and left derivatives at t;, then
min  (q(t;+), f(z(;+), u)= min (q(t), f(z(4), u)) ={q(t), z'(t—))

ue U(z(t;j+)) ue U(z(1;))
(6.10)
=(q(t;+), Z'(t;+)).

When U does not depend on x the assumption that f(x, -) is locally Lipschitzian
can be omitted and we have Theorem 6.3.

THEOREM 6.3. Let U be a compact metric space of controls, V be a set of shift
parameters, f:R" x U > R" be a continuous function, and ¢ :R" x V->R". Assume that a
trajectory-control pair (z, u) solves the problem

(6.11) minimize g(x(1))
over the solution of the system
x'(t)=f(x(t), u(t)), u(t)eU aein[0,1],
x(0)e C andforsome0=t,=---=t;=1,
(6.12)
v,eV andallii xe W"'(t;, tis),

x(t+) = x(t;) + o (x(4:), v;),
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and let {(t;,v):i=1,---,1} be a strategy of z. If f, g satisfy all the assumptions of
Theorem 5.1 and ¢(-, v;) is differentiable at z(t;), then there exists a left-continuous
Sfunction q:[0, 11> R" satisfying (5.4), (5.5), (6.7), (a)-(c) of Theorem 6.2 and

(6.8") q(t;) =q(t,~+)<id+a—‘p(2(t,~), v.-)),
ox

(6.9 q(ti+) € Ty vy(@(2(1), v))*.

As in § 2 we associate the reachable set R(¢t, C) at time ¢ with the differential
inclusion (6.6).

To prove the Theorem 6.2 we need the following (simple) lemmas.

LeMMA 64. Foralli=1,---,1-1 set

Ci=R(t;, C)U{x+o(x,v): xe R(t;, C),ve V(x)}.
Then
Toapveam(ez(t), v;)) < Te, (z(4+)).

The proof follows from the inclusion z(t)+e(z(¢;), V(z(t)))< C; and the
definition of the contingent cone.
LeEMMA 6.5. Foralli=1,---,1—1 set

‘—-ld+—(z(t>v.)+ (z(t),v. :‘(z(n)).

Then

Ai(Tgr,,0)(2(8))) = T, (z(t;+)).

Proof. Fix 1=i=1-1, we Tg(, c)(z(t;)) and let h;->0+, w;>w be such that
z(t;)+ hw; € R(t;, C). Then

z(t;) + hjw + o (z(4) + hyw;, vi(z(6) + hw)))
=z(t;+) + hw, +——(z(t), v;) hw; + (z(t), v) (z(t ))hw;+o(h;) e C,.

The definition of the contingent cone ends the proof. 0
LEMMA 6.6. Assume that z has the right derivative z'(t;+) at t, and let ue U(z(t;)).
Then the solution w of the linear system

W= [:—f (0, &)+ 20, a(r))%;i'(z(t))]w,
W(ti) = Aif(z(ti), “) "Z’(ti'f')

satisfies
w(tiv1) € Tri,,,,0)(2(ti41)).
Proof. Fix h;>0+ and let x be a solution of the inclusion
x'(t)e F(x(t)) a.e.in[t;, t;sq],
x(6)=z(8),  x'(t;)=f(z(t;), u).
Then
x(t;+h)=z(t;)+ hif(z(t;), u)+o(h) e R(t;+ h;, C),
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and therefore
x(t+h)+e(x(ti+ k), vi(x(t;+ ) = z(t:+) + KA f(z(1;), u) +o(h)).
Thus
x(t+h)+o(x(ti+ k), vi(x(t;+ b)) = z(t; + ) + B[ A f(z(;), u) ~ 2'(t;+)]+ o(h;)

and A;f(z(t;), u)—z'(t;+) can be seen as a variation of R(-, C) at (t;, x(¢t;+)). The
proof then follows by the same arguments as Theorem 2.4. 0

LeEMMA 6.7. Assume that z has the left derivative z'(t;—) at t,. Then for all ue
U(z(t;+))

fz(ti+), u) - Az'(t;—) € T (2(8:+)).
Proof. Fix h;->0+, ue U(z(t;+)) and set
X = Z(ti_hj)+¢(z(ti_hj), v(z(t; _h;)))

Since F is locally Lipschitzian there exists M >0 such that, for all j and te[t;,— h;, t;],
dist (f(z(t;+), u),
F(x;+ (1=t + b)f(z(t:+), w)) = M(||x; — z(t: ) | + b f(z(2:+), w) ) = O(hy).
This and Filippov’s Theorem imply that
X+ hif(z(t;+), u) e R(t;, C)+o(h;).

The definitions of x; and of the contingent cone end the proof. 0O
LEMMA 6.8. For all pe Tg(,,,.c)(z(ti+,))" there exists g€ W"(t,, t,,,) satisfying
(5.11), such that

(6.13) q(tiv)=p, q(ti+)e T(p(z(li),V(z(’i)))((P(Z(ti)’ Ui))+,
(6.14) q(ti+)A; € Trq,.c)(z(8))".

Moreover, q satisfies (a)-(c) of Theorem 6.2 with q(t;) = q(t;+)A,.

Proof. Consider the differential inclusion
x'(t)ef(x(1), U(x(1))) ae.in[t, ti4],
(6.15)
x(t,) e C;

and observe that its reachable set Ii(tm, C;) at time t;,, is contained in R(t,, C).
Thus p € Ti(,,,.c,(z(ti+1))". By Corollary 4.8 applied on the time interval [, ;1] to
(6.15) and linear operators

A(1) =;—£(Z(t), ﬁ(t))+g(2(t), (1)) % (z(1)),

there exists g€ W"*(t,, t,,,) satisfying (5.11) such that q(t..,)=p and
(6.16) q(ti+)e Te,(z(1,+))".

Then (6.13) follows from (6.16) and Lemma 6.4 and (6.14) results from (6.16) and
Lemma 6.5. Lemma 6.7 and (6.16) imply Theorem 6.2(b). Since g solves the linear
equation (5.11), Lemma 6.6 implies that for all ue U(z(t,))

(q(t), Aif(z(4;), u) —2'(;+)) 2 0.
Hence we have Theorem 6.2(a). On the other hand, by [13]
z'(t;—)eco F(z(1;-)),  z'(t+)€co F(z(t;+)).
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This and (a), (b) imply that
(q(t;),z'(t=))= min )<q(ts+),f(2(ti+),u)>

ueU(z(t;+)
=(q(t+), 2'(4+) = min (q(), f(z(1), u))=(q(8), (1))

and claim (c) follows. a

Proof of Theorem 6.2. Since z is an optimal trajectory, g'(z(1))w=0 for all
we Tra,cy(2(1)). Thus, g'(z(1)) € Tra.c)(2(1))" and we may apply Lemma 6.8 with
p=2g'(z(1)). Set

q(ti-y) = q(t )A€ Tr, o) (z(820))™.

Then Lemma 6.8 can be applied again with p = q(#,_,). We complete the proof using
an induction argument and Lemma 6.8. a

Observe that the Lipschitz continuity of f(x,:) is needed to prove the local
Lipschitzianity of the map x - f(x, U(x)). When the control map U does not depend
on x, the set-valued map x - f(x, U) is locally Lipschitzian and therefore the same
proof implies Theorem 6.3.

Remark. Theorems 6.2 and 6.3 can be stated together with a higher-order condition
on the adjoint vector q. However, we do not do so here to simplify the presentation
of the result.

7. Examples.

Example 1. Smooth control system. Consider the following optimal control problem
in R*:

minimize y(1)
over the solutions of control system
x'=1+u(x+y?), ueio, 1},
y'=uy-x),  x(0)=y(0)=0.

Set #=0. Then z(t)=(t,0) is a solution of (7.1). Moreover, g=(0, 1) verifies the
maximum principle (5.4). On the other hand, setting u =1, we obtain the following
Taylor expansion of the corresponding solution (x, y) of (7.1):

(7.1)

2 2
x(t) = tx’(0)+% X"(0)+ o(£2) = t+t5+ o(£2),

2

P(0) = 1(0) +5 ¥(0)+ (1) == 5+ o(£),

Hence z(t)+t*(3, —3) e R(t,0)+o0(t?), and therefore (3, —3)e W(0,z). But
((0,1), (3, —2)) <0. Comparing with (5.6), we deduce that the pair (z, i) is not optimal.
Example 2. Implicit dynamical system. Consider the following problem in R*:

minimize 2 sin y(1) —x(1)
over the solutions of the implicit system
(7.2) x*+exp (y—2%)—16x*>—exp (4x>*—»*) =0, x(0)=0, yp(0)=0.

Then (7.2) satisfies all the assumptions of Lemma 5.8. Observe that z=(x, y)=0is a
solution of (7.2). Set g=(—1,2) and

F(0)={(u, v): u*+exp (u—2v)—1=0}.
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Then for all (u,v)e F(0), u—2v=0. Hence min {{(g, e): ec F(0)}=0. Therefore g
verifies the maximum principle (5.18)-(5.20). On the other hand, the trajectory t-
(=13, —2¢%) is a solution of (7.2). Hence (-1, —2)e W(0, z) and {(—1, 2)(+1, =2))=
—3<0. Consequently (5.21) does not hold and therefore the zero trajectory is not
optimal.

Example 3. Differential inclusion. Consider the problem

minimize g(x(1))
over the solutions of the differential inclusion
(7.3) x'e F(x), x(0) =x,

where F:R" =2 R" is a set-valued map with convex images satisfying (H,) and g:R" >R
is a differentiable function.

The high-order variations for this problem can be studied via an extension of Lie
brackets to set-valued maps. Although, repeating arguments from [14], we can do it
for general trajectory z of (7.3) at every point t where z is twice continuously
differentiable, the calculations are quite lengthy. This is why in this example we only
treat the case

0e F(x,)

and the constant trajectory z = x, using the ready results from [14].

From now on we assume that 0€ F(x,). To state a second-order condition for
optimality we recall the following definition.

DerFINITION 7.1. Let Q< F(x). We set

[F, Flo(x)={dF(x, a)b—dF(x,b)a: a,be Q}.

The following theorem tests for optimality the constant trajectory z = x,.
THEOREM 7.2. Let A< dF(x,,0) be a Lipschitzian closed convex process, Q = F(x,)
be a convex set such that
(i) Oerint Q;
(ii) F is lower semicontinuously differentiable on x,x Q (see [14]).
If z=x, is optimal then there exists a solution q of the differential inclusion

—q'€A%q,  q(1)=g'(x)
satisfying the minimum principle

min (q(t),e)=0 forallt€[0,1]

ee F(xq)

and the second-order condition

q() € (dF(x%,0)Q)",  g(t)e([F, Flo(x0)"

forall te[0,1].

Proof. Fix te[0, 1[. By [14, Thm. 5.2], dF(x,, 0)Q < R*(t, x,). From the proof of
Theorem 6.1 in [14] we deduce that [ F, F]o(x,) = R™(t, x,). Since z= x, is optimal,
8'(%0) € Tr(1.x,)(Xo)". Theorem 4.2 ends the proof. 1]

Final remark. 1tis clear that the creation of a differential and “‘variational” calculus
of set-valued maps (applied to reachable sets) is needed to make the field of applications
broader. Special difficulties arise at all points where the trajectory tested for optimality
is not continuously differentiable. Until now, this difficulty has not been overcome by
any theorem in the literature concerning high-order necessary conditions. It is usually
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assumed that the optimal trajectory is C™ (or piecewise C™) (see, for example, [20],
[19], [4]). But, because of the Lavrentiev phenomenon, such an assumption is not
reasonable. This is why we state necessary conditions here using “general” variations
of reachable sets.

Acknowledgment. I thank Professor J. Zabczyk for bringing to my attention the
applicability of the results to the considered impulse control problem.

REFERENCES

[1] J. P. AUBIN AND A. CELLINA, Differential Inclusions, Springer-Verlag, Berlin, New York, 1984.
[2] J. P. AuBIN AND . EKELAND, Applied Nonlinear Analysis, Wiley-Interscience, New York, 1984.
[3] J. P. AuBIN, H. FRANKOWSKA, AND C. OLECH, Controllability of convex processes, SIAM J. Control
Optim., 24 (1986), pp. 1192-1211.
[4] R. M. BIANCHINI AND G. STEFANI, A high order maximum principle and controllability, Quad. Ist.
Mat. Univ. Dini, 12 (1986/87).
[5] A. BLAQUIERE, Impulsive control with finite of infinite time horizon, J. Optim. Theory Appl. (1985), pp.
431-440.
[6] S. L. CAMPBELL, Singular Systems of Differential Equations 11, Pitman, Boston, 1982.
[7]1 J. H. CASE, Economics and competitive process, New York University Press, New York, 1979.
[8] C. CASTAING AND M. VALADIER, Convex Analysis and Measurable Multifunctions, Lecture Notes in
Math. 580, Springer-Verlag, Berlin, New York, 1977.
[9] F. M. CLARKE, Optimization and Nonsmooth Analysis, Wiley-Interscience, New York, 1983.
[10] F. M. CLARKE AND P. LOEWEN, State constraints in optimal control: a proximal normal analysis
approach, SIAM J. Control Optim., 25 (1987), pp. 1440-1456.
[11] A. F. FiLirrov, Classical solutions of differential equations with multi-valued right-hand side, SIAM J.
Control, 5 (1967), pp. 609-621.
[12] H. FRANKOWSKA, The maximum principle for an optimal solution to a differential inclusion with end
point constraints, SIAM J. Control Optim., 25 (1987), 145-157.

[13] , Local controllability and infinitesimal generators of semi-groups of set-valued maps, SIAM J.
Control Optim., 25 (1987), pp. 412-431. )

[14] , Local controllability of control systems.with feedback, J. Optim. Theory Appl., 2 (1989), to appear.

[15] , Some inverse mapping theorems, submitted.

[16] , Optimal trajectories associated to a solution of contingent Hamilton-Jacobi equation, Appl. Math.

Optim., to appear.

[17] M. R. HESTENES, Calculus of Variations and Optimal Control Theory, John Wiley, New York, 1966.

[18] B. KASkOsz AND S. LOJASIEWICZ, A maximum principle for generalized control systems, Nonlinear
Analysis, Theory, Methods Appl., 9 (1985), pp. 109-130.

[19] H. W. KNOBLOCH, Higher Order Necessary Conditions in Optimal Control Theory, Lecture Notes in
Control and Information Sciences, A. V. Balakrishnan and M. Thoma, eds., Springer-Verlag, Berlin,
New York, 1985.

[20] A. KRENER, The high order maximal principle and its application to singular extremals, SIAM J. Control
Optim., 15 (1977), pp. 256-293.

[21] E. B. LEE AND L. MARKUS, Foundations of Optimal Control Theory, John Wiley, New York, 1969.

[22] G. LEITMANN, Optimality and reachability with feedback control, in Dynamical Systems and Micro-
physics, Academic Press, New York, 1982, pp. 119-141.

[23] J. POLOVINKIN, Russian doctoral disseration, Fiz. Tech. Inst. Moscow, 1986.

[24] M. REMPALA AND J. ZABCZYK, The maximum principle for impulse control systems, to appear.

[25] R. T. ROCKAFELLAR, Convex Analysis, Princeton University Press, Princeton, NJ, 1979.

[26] H. WAGNER, Survey of measurable selection theorems, SIAM J. Control Optim., 15 (1977), pp. 859-903.

[27] J. WARGA, Higher order conditions with and without Lagrange multipliers, SIAM J. Control Optim., 24
(1986), pp. 715-730.

[28] L. C. YOUNG, Lectures in the Calculus of Variations and Optimal Control Theory, W. B. Saunders,
Philadelphia, 1969.

[29] J. ZABCZYK, private communication, 1986.



SIAM J. CONTROL AND OPTIMIZATION © 1989 Society for Industrial and Applied Mathematics
Vol. 27, No. 1, pp. 199-216, January 1989 o1

NONLINEAR OBSERVER DESIGN BY OBSERVER
ERROR LINEARIZATION*

XIAO-HUA XIAt AND WEI-BIN GAOf
Abstract. This paper studies the observer design problem by the observer error linearization approach
for nonlinear systems with and without inputs. Necessary and sufficient conditions for the existence of the
linearization transformation are derived. For nonlinear systems without inputs, the conditions are shown

to be corrections to an existing result. A computation procedure and a different set of necessary and sufficient
conditions based on the computation procedure are presented.

Key words. linearization, nonlinear observer, observer form, canonical forms, observability

AMS(MOS) subject classifications. 93B07, 93B10, 93B17, 93B50, 93C10, 93C35

1. Introduction. Consider nonlinear systems of the following form:
(1.1a) x=f(x,u), xeR", ueR’
(1.1b) y=h(x), yeR™

where for each u, f(-,u)e V(R"), the set of smooth vector fields on R" h(x)=
(hy(x), -+, hp(x)7, hi(x) e C°(R"), the set of smooth functions on R",i=1,--, m,
and f is smooth with respect to wu.

The observer error linearization problem is stated as follows.

Given a nonlinear system (1.1), and an initial state x°, find (if possible) a
neighborhood U of x°, and a coordinates transformation

(1.2) z=F(x) (orx=W(z)=F'(2))

defined on U, a pair of matrices (C, A) in dual Brunovsky canonical form with
observability indices k,, - - -, k,,, i.e.,

o o, o,
[~ T
0 --- 0
1
0‘. 0 0 o,
10
0 0
1 .
(1.3a) A= 0 O." SRR 0 o,
10
0 --- 0
1
0 0 O' O
i 10

* Received by the editors April 27, 1987; accepted for publication (in revised form) May 9, 1988. This
research was supported by the Science Fund of the Chinese Academy of Science.
T The Seventh Research Division, Beijing Institute of Aeronautics and Astronautics, Beijing, China.
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o, o, PR O

0 010 ~-- 00 +«-- 0 --- 00

(1.3b) C= 0 000 <+ 01 -+ 0 -c 00
0 000 --- 00 0 --- 01

where o-,»=2.;=1 ki, i=1,---,m, and a mapping a:h(U)x R” - R" such that

(1.4) h(W(z))=Cz,
(1.5) Fof(W(z),u)=Az+a(Cz u)

for all ze F(U), ue R”, where F, is the Jacobian of F.
If this problem is solvable, then in the new coordinates, the system (1.1) is in the
form

(1.6a) z=Az+a(y, u)=g(z, u),
(1.6b) y=0Cz

and then an observer for system (1.1) can be constructed easily so that the observer
error satisfies a linear dynamical system (for details, see [6]).

A nonlinear system in form (1.6) is said to be in observer form. This approach
for nonlinear observer design was first proposed by Krener and Isidori [1] and Bestle
and Zeitz [2] independently as the loose-sense mathematical dual of that proposed by
Jakubczyk and Repondek [3] and Hunt and Su [4] for the exact linearization problem
of nonlinear systems. Necessary and sufficient conditions in terms of differential
geometry are derived in [1] for nonlinear systems without inputs when m = 1.

Recently, Li and Tao [5] obtained a different set of conditions described as rank
conditions of matrices for single-output nonlinear time-variable systems.

For the most general cases, Krener and Respondek [6] give a very good characteriz-
ation of the approach.

In this paper, we shall consider the observer error linearization problem for
nonlinear systems both with and without inputs. Some new results are presented. As
a consequence, a correction to Theorem 5.1 in Krener and Respondek [6] is made.
Moreover, our method for dealing with systems with inputs is different from that of
[6]. We will give a computation procedure for the transformation. Based on this
computation procedure, a different set of necessary and sufficient conditions is obtained.

The organization of the paper is as follows. Sections 2 and 3 deal with systems
without inputs. Section 2 is devoted to necessary conditions and § 3 to sufficient
conditions. Based on the discussion in the previous sections, we consider systems with
inputs in § 4. Section 5 contains examples and § 6 conclusions.

2. Necessary conditions. In this section and in § 3, we consider systems without
inputs. Let us first analyse the problem as follows.

If the state transformation exists, then from (1.5), we have in coordinates rep-
resentation

1) 1) = Wog() =2 g(2).
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Partially differentiating both sides of (2.1) with respect to z; results in

af(x) 3 (oW oW ag(z)
(2.2) 9z; oz (az) (2)+ 0z
1) ij ij
but
af(x) of oW
(2.3) A )~—Jf-
dz; x93z
ow % oW
2.4 — — ) x
@.4) (3 o= (5 ) S s = () 100
oW
> :la , m; =13 .’ki—l’
oW 9g(z) | dzyn : J
(2.5) _— =
9z 9z aW da
T, l=1’ , m; J k
0z aziki
By substituting (2.3)-(2.5) for (2.2), we obtain
oW af aW 43 (oW
(2'6) ~l — ( )Af; i=1,".’m9 j=1’ "ki-l’
0Zjj+1 09X 93z 9z;
AW 9 of oW a9 (oW
(2.7) ‘—'i:l'——“—(—) Py i=15.‘ c,m;
0z 8Z;k,, ax 8z,~k, ax 82,,(,
in other words,
ow awW
2.8 ——=ad.,—, i=L---,m; j=1,---, k-1,
( ) GZUH a ( /)OZ,, ! J
oW  da W
2.9 ——=ad_,,—, =1,---,m
(29 0z ozw oz l
These can be rewritten as
oW 1'%
2.10) =ad/_,,—, i=1, ,m; j=1 ki—1,
( o N g J
aW ] oW
(2.11) 2% adk 22 =1, m
0z 9z, "0z,

On the other hand, from (1.4) we have

(2.12) h,,(W(Z)):CpZ, p:l’ o e

where ¢, =(0---010

(2.13) (dh,,0W/oz;)=86,, 8x,, i=1,---,m; p=1,---,m; j=1,---,

- 0) with the unit in the (}/_
Partlally dlﬁerentlatmg both sides of (2.12) w1th respect to z;

m

2

, ki)th position.

ijs

we may have
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where § is the Kronecker delta. By (2.8) and the Leibniz rule, we see that
(dh,,aW/dz;)=(dh,,ad_; 0 W/dz;_,)
(2.14) = L_s(dh,,0W/dz;_)—(L_sy(dh,),0W/dz;_,)
=(L/(dh,),0W/dz;_,), i,p=1,-++,m; j=2,---,k;,
so formulae (2.13) imply, for i=1,---, m,
(2.15) (L;'(dh,),0W/8z,)=8, ,* 8s,, P=1,"-",m; j=1,---, k.

Thus, the problem is reduced to the investigation of the solvability of (2.10),
(2.11), and (2.15). We may formulate the analysis above as a theorem.

THEOREM 2.1. The state transformation (1.2) transforms the system (1.1a)-(1.1b)
into system (1.6a)-(1.6b) if and only if W and a satisfy (2.10), (2.11), and (2.15).

Remark 2.2. Note that (2.15) are linear algebraic equations in d W/9z;,. For each
i, there are mk; equations altogether. If mk; > n, then these equations are overdeter-
mined, and if mk; <n, they are underdetermined. Therefore, dW/3z;; may not be
uniquely obtained. When the observability indices are identical, i.e., ky=k,=- - =k,,,
then 9 W/3z;, is uniquely determined.

Yet, the solvability of these linear algebraic equations is always guaranteed by a
simple consequence of the necessary conditions developed below.

THEOREM 2.3. The observer error linearization problem is solvable only if there exist
m-tuple of integers (k,,* -, ky), kiZk,Z++-Zk,, >0, and Y|, k;=n, such that we
have the following:

(i) If we denote (with a possible reordering of the h;’s)

(2.16) Q={Ly'(dh):i=1, -+ ,mj=1,--- Kk},
then
(2.17) dimspan Q=n

in a neighborhood of x°.
(ii) If we denote

(2.18) Q={L; ! (dh):i=1,--- ,myk=1,- -, k}—{Ly~"(dh)}
forj=1,--- m, then
(2.19) span Q;=span QN Q,

forj=1,--- ,m

Remark 2.4. Condition (i) means that the nonlinear system is observable in some
sense.

Remark 2.5. Condition (ii) means that in representing those 1 forms in Q;,— QM Q;
as linear combinations of the 1 forms in Q, the coefficients attached to the 1 forms in
Q— QN Q; are zeros. This is a dual result of 1 in Hunt and Su [4].

Proof of Theorem 2.3. If z= F(x) or x = W(z) is the state transformation, then

a_g_v_(g AW oW aW)

0z 9z, aZlkl 0Zm1 0Zpk

m
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is nonsingular. Denote the matrix O(x) as

dh,
L(dh,)

L47'(dhy)
(2.20) O(x)= :
dh,,
L,(dh,)

| L' (dh,)

and consider the matrix product O(x) - 9W/4az.
From (2.10) and the Leibniz rule, it is easy to see that

0 1
: X 0 « .. O
1 x x
0 1
W ‘.' 0
(2.21) ox) - =] © X
0z 1 x x
0 1
0 0 cox
| 1 x x|

The matrix in the right-hand side of (2.21) is nonsingular. This implies (i).
Now we prove (ii). Obviously,

(2.22) span Q; 2span QN Q,, i=1,-+,m,

so, if we can prove that dim span Q;=dim span Q N Q;, we then have (ii).
On the one hand, because of (i), it is clear that

(2.23) dimspan QN Q;=ik;+ ki, +- - -+k,—1

for i=1,---, m. On the other hand, by (2.13) and repeated use of the Leibniz rule,
we may have

(2.24) (Ly~"(dh,)dW/dz;) =0

for i=1,---,m;, k=1,---,k-1, j=1,---,i; s=1,--+,k—k,. That is,

aW/dzyy, oW/ 0zyspurs W /zi g, 0, OW/0zZi g4 k41, 9 W/3zZ;y annihi-

late the one forms in Q;. Because of the independence of d W/dz;’s we deduce that
dimspan Q,«én—(kl—k,-)-“ * '_(k,'_.l_k,‘)'*l

=ikt kit tk,—1.

(2.25)

So, from (2.23)
dim span Q;=dim span QN Q;.

This completes the proof. 0
COROLLARY 2.6. If conditions (i) and (ii) of Theorem 2.3 hold, then the linear
algebraic equations (2.15) are solvable.
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Proof. By (ii) and Remark 2.5, we know that (2.15) are in fact equivalent to the
following equations (write g for dW/3z;,):
(2.26) (dh,,g)=0---(dh;, g)=0, (dhi,,,8)=0"--(dh,, g)=0
(Lydh,,g)=0"--(L;dh;, g)=0, (Lydhisy,8)=0""-(L;dh,, g)=0

(L:‘('i_l dhl s g) =0 T <L;i_l dhi> g) = 1 <Ll;i+l dhi+1, g) =O et (le{,,"~1 dhm, g) =0'
Solutions always exist for these ik;+k;,,+- - -+k, equations, since dimspan[Q,;U
{LE (A = ik + K+ -+ ke O

Now let g',- - -, g™ be solutions to (2.15), and define a matrix as follows:
(2.27) Q(x)=(g'ad_sg" - - -adf - gmad_; g™ - - adl;'g™).

As in the argument of Theorem 2.3, we have that O(x) is nonsingular if the system
is observable (that is, if O(x) is nonsingular). Thus from (2.11) we have

da ~_ ;
(2.28) —=Q7'(x) adfg"
3Zik,~
Another necessary condition can be derived by (2.28).
THEOREM 2.7. A necessary condition for the system (1.1) to admit an observer form
(1.6) is that there exist solutions g', - - -, g™ of (2.15) such that

Q7'(x) ad(1)g'

0
(2.29 rank — | «_ ) m|=m
) ax |Q ' (x)ad(r g
h(x)
Proof. If the state transformation x = W(z) exists, then we have
(2.30) y= (Zlk. te ka,,,)T = h(x).
However, from the previous remark, (2.10), and (2.11), we have
da ~_ ;
(231) S =07\ () adlt g = h(y) = b(h(x))
ik
where
bi(y) = (boo(y) - * * b, 1 (1))
(2.32) y 00 Ky —1\Y
:3‘1()’) zaa(zlkI, T, zmk,,,)
9y 9z,
is dependent only on y, so
Q0 '(x)ad(ry)g' by(h(x))
E) : 3 : oh
k— | ~ ) =rank — : =rank —=m. 0
ran ax | Q7'(x) adf‘z{,‘)g"’ ran ox | b,,(h(x)) ran ox "
h(x) h(x)

3. Sufficient conditions. We have already seen from the previous section that the
observer error linearization problem is transformed to the study of the integrability of
the partial differential equations (2.10) and (2.11) and the solvability of the linear
algebraic equations (2.15). By considering (2.15) and (2.11), we have obtained the
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necessary conditions. In this section we turn our attention to the integrability of the
partial differential equations (2.10) and (2.11). As remarked by Krener and Respondek
[6], the integrability of (2.10) implies the integrability of (2.11). We will show that the
converse is also true. And the integrability of (2.10) and of (2.11) leads to sufficient
conditions for the observer error linearization problem.

First, consider (2.10); we then have Theorem 3.1.

THEOREM 3.1. The observer error linearization problem is solvable if and only if
there exist m-tuple of integers (k, - - -, k), ki =k, =z =k, >0,and Y|, k,=n, such
that we have the following:

(i) Conditions (i) and (ii) in Theorem 2.3 hold.

(ii) There exists a mapping ¢ of some open set V of R" onto a neighborhood U of

x° and vector fields g', - - -, g™ satisfying

(3'1) LgiL’fﬁl(hj)=6i,j'8l,kjs i:19'.'9m9 l=19."9ki’ j=19'."m

such that
9b_ Vo adklgl L gm Mgkl g™
(3.2) az_(g ad)g adil;)g g"ad ;g ad(z;, g™) e ¢(z)

forall ze V. A
Remark 3.2. The g"’s satisfying (3.1) can always be found if Theorem 3.1(i) holds.
As a matter of fact, we need to solve only the set of equations

(3'3) <L;‘:7](dhj)’ g'>= Si,j : 5l,k,~’ lsJ= 19 cr,my l= 1’ T, ki'

These are just the linear algebraic equations (2.15). Thus, Corollary 2.6 and (1) imply
the solvability of (3.3). 0

Remark 3.3. Equations (3.2) are, in fact, (2.10). So, the theorem implies that the
integrability of (2.11) is guaranteed by the integrability of (2.10). Also, we can show
the converse (see Xia and Gao [7]).

Proof of Theorem 3.1. The necessity follows easily from Remarks 3.2 and 3.3 and
Theorem 2.3.

Sufficiency. Suppose (1), (2) hold. As in the proof of Theorem 2.3, we may
immediately note that the matrix

dh,
L(dh,)

L_;(”"Wl(dhl)
[g'ad g - -ad(iyjg' - - g™ ad g™ - - ad(x;'g"]

dh,,
Lf(dhm)

Ly~ (dh,,)

has rank n in a neighborhood U of x°. Therefore, the vector fields ad{_g',i=
1,-++,m;j=0,---, k;—1 are linearly independent in the neighborhood U of x°.
Let z°¢ R", such that ¢(z°) = x°. From the linear independence of the vector fields
on the right-hand side of (3.2), we deduce that ¢ has rank n at z° i.e., that ¢ is a
diffeomorphism of a neighborhood of z° onto a neighborhood of x°.
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Set W=¢, or F=¢ ', and
_ A e} A e} Py 0 A 9
(B4) Fuf o Fl @) =fumt Ffug ot o fon ot fo,
9z, Z1k, 0Zpm1 azmkm

By (2), the mapping ¢ is such that

</>*( - >°¢_'(X)=adf—f)g"(X)

3Zj 41
so that
¢]

9Zjj+

(3.5) Fyad{_;g' o F\(z)=

fori=1,---,m; j=0,--- k—1.
Using (3.4) and (3.5), we obtain, for i=1,---,m; j=0,---, k-2,

ad

9Zjj+2

=F,ad{*},g'°c F '(z) = F,[—f,ad/_g']° F'(2)
= [_F*f° F_l(z), F* ad{—f)gi ° F_I(Z)]

A a A 8 8
=_|:f11_+"'+fmk.,.~—— ]

2
dzyy 0Zmk,, 9Zij+1

m

of @ 3fmk, 9
=L_+. . .+_fﬂ_.._._._.
0Zjj+1 021y 0Zjj+1 0Zmi

m

Because of the linear independence of the d/9z;’s, this implies

3
9Zjj4

(3-6) = 5:‘,1' 5k,j+2o

We then deduce that f,l Lt ,fm, degend only on zy4, ", Zmk,, and that f:j for
i=1,---,m; j=2,--,k;, is such that f;—z;_, depend only on zy, " ", Zu, - In
other words, we have

F*foF_l(Z)=AZ+a(Zlk|7 T, ka,,,)

where a is a suitable mapping of z;, and this shows that condition (1.5) holds.
Moreover, since, by (3.1).

Lagl=} gthj =81 81k,
fori,j=1,---,m;1l=1,---, k;, we have that

dhio F~'

= 8:‘ e .
,J ki
azi, S

fori,j=1,---,m;I=1,--- k. In other words,
9 -1
—(ho F7'(z))=C.
0z

This implies that condition (1.4) holds. 0
The integrability of the partial differential equations (3.2) may be expressed in
terms of a property of the vector fields on the right-hand side (see Spivak [8]).
THEOREM 3.4. The observer error linearization problem is solvable if and only if (i)
and (ii) in Theorem 2.3 hold and there exist vector fields g', - - -, g™ satisfying (3.1)
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such that
(3.7) [ad{ /g’ ad(-g']1=0
fori,j=1,--- m; k=0,--- k—-1;,1=0,---,k—1.

J

Now, several consequences of the results above are immediate.

COROLLARY 3.5. A nonlinear system (1.1a)-(1.1b) admits an observer form (1.6a)-
(1.6b) with the observability indices in the pair (C, A) all identical if and only if"

(i) dimspan Q =n;

(i) [ad(/g' ad({_,g’]1=0, '
forij=1,---,m; k,1=0,---,k;—1, where g' is the vector field determined by (3.1).

Proof. If we notice that when k,=k,=---=k,, QN Q,=Q,, then the proof is
trivial. 0O

Also, if we prolong the linear algebraic equations such that g’ can be uniquely
defined, a sufficient condition follows.

COROLLARY 3.6. Let g’ be the vector field defined by the following n equations:

(3.8) LoLi 'hi=8 8, i=1,---,m; I=1,---,k

for j=1,---, m, then the observer error linearization problem is solvable if conditions
(3.7) hold.

Remark 3.7. Now we can see that the conditions in Theorem 5.1 of [6] are sufficient
but not necessary, as a counterexample in the next section will show.

Remark 3.8. The partial differential equations satisfying condition (3.7) can be
integrated by standard methods as outlined in [8]. The computation algorithm in Hunt
and Su [4] can also be used to solve these equations.

The state transformation can also be obtained by considering the integrability of
(3.11). This has been done in Xia and Gao [7] for nonlinear systems without inputs.
In [7], a computation procedure is proposed, and based on the computation procedure,
we obtained a different set of necessary and sufficient conditions. For comparison with
the previous result and for the development of the next section, we briefly review some
results in [7].

A CoMPUTATION PROCEDURE.

(i) Compute O(x) defined in (2.20).

(ii) Choose solutions g',- - -, g™ of (2.26) or (2.15), and compute é(x) defined
in (2.27), and b,’s defined in (2.31).

(iii) If b;’s are functions of y (i.e., zy,, " * *, Zmx, ), SOlve the following equations:

oa
(3.9) —=bi(y).
9y
(iv) Compute the state transformation
[ zy3(x) ]
Zlkl(x)
(3.10) z=F(x)= :
Zml(x)
_ka,,,(x)_‘
as follows:

(3.113) zik,-(x):hi(x) for i= 1, ceem,
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(3.11b) 2;(x) = Lyzjj1(x) — a;;(h(x))

fori=1,---,m;j=k-1,k—=2,---,2,1.

(v) Redefine aio(xik,, " " * 5 Xmk,,) = @io(y) = Lyzi1(x), for i=1,-- -, m.

Before we introduce the results, some conventions are necessary.

For multivalued functions g=(g,, -, &m), & =&, *, ym) € R", we denote
the following mn X m matrix as [dg/dy], i.e.,

0 0 OYm
(3.12) [Qg]* ook Y
- S :

ayl 6y2 3}’m
1 1 “ .. 1

An mn x m matrix A partitioned as follows will be denoted as A,

Ay Ap - A n
a A A cee A,
(3.13) A= |72 Tm : = (@) mnxcm = A.
A Amx 0 Apm n
1 1 1 mnXm

An mnxm matrix A is called block symmetric if A;’s in the partitioned A in
(3.13) satisfy

A=A, Lj=1,m
and the block symmetrical property of an mn X m matrix A is denoted as
A=A".

Now, we are ready to introduce our results.

THEOREM 3.9. The system (1.1) admits an observer form (1.6) if and only if there
exist m-tuple of integers (ky, - -+, k), kyZk, = - - =k, >0, and Y|, k; =n, such that:

(1) Conditions (i) and (ii) in Theorem 2.3 hold.

(2) There exist solutions g', - - -, g™ to (2.26) such that condition (2.29) in Theorem
2.7 holds.

(3) If we denote an mn x m matrix S(x) as

Q '(x) ad(zg"

( ) ‘ X ( ) ' |
ax 0x \dx ’
then S(x) is block symmetric, i.e.,

Q '(x)ad{t,g'
(3.14) S(x)=— :
(3.15) SGx)=(SGx)™

ax

Remark 3.10. This theorem guarantees the computability of the procedure. We
see that step (iii) is the most difficult part of the procedure. Under the conditions of
this theorem, the partial differential equations (3.9) are usually referred to as exact
equations. Solutions of exact equations are easier to obtain. So, from the computational
point of view, the method here is more convenient than the method we used when
solving the partial differential equations (3.2).
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Remark 3.11. From this theorem, it is easily seen that the integrability of (2.11)
implies the integrability of (2.10).

Remark 3.12. The proof of this theorem can be found in [7]. From the proof, we
can see that there are some abundances in (3.9). In fact, equations concerning a;,,
i=1,--+,m, in (3.9) can be dropped. Thus, we need to check appropriate conditions
of lower-dimensional matrices. For details see [7] and the next section.

4. Systems with inputs. In this section, we consider systems with inputs. From the
previous discussions, it is easily known that (2.10), (2.11), and (2.16) hold in this case,
except that L, and ad_,, are replaced by L, ,, and ad(_. .,)), respectively. Throughout
this section, for notational simplicity, we will assume that L, and ad_;, stand for L.
and ad(_y. ., respectively. Now the matrices O defined in (2.20) and Q defined in
(2.27), respectively, are u dependent. A u-dependent proposition is true if it is true
for any u. Thus, the necessary conditions developed in § 2 are also valid here. We
remark that the nonsingularity of the matrix O(x, u) relates to a kind of observability
property of the system (see [9]). To derive sufficient conditions, we note that the -
mapping a must satisfy some extra requirement because it is now u dependent. In this
section, we will give a modification of the computation procedure introduced above.

First, we check each step in the computation procedure. Steps (i) and (ii) will
present no problem. Step (iii) needs some modification. This is because there will be
certain restrictions on the dependence of the mapping a(y, u) on the inputs u to
perform step (iv).

We explicitly do as follows. From step (iv), we have

Zik—j = Lihi(x)— L,j/_laik,.—l == L@y — Qi

i . aa,'k._l ah aaik._*+1 3h
=Lih(x)-L2—— — e R g
7hi(x) Ly ayaxf dy ax

fori=1,---,m;j=0,1,---, k—1. Now, since
T
aa;; aa;; oa;; m
__1:<___1___1> =(by---b"
9y \oy1  OYm ‘
we have
j—1

) J e m dh
Zik—j = L_}fhi(x)_ Z] L_]f " l((b}k;—s e iki—s)T£f> — Qik;—j

= iy~ Qi
If we denote
9 T
(4.1) bp+i(x, u) =£(§IO R SR R fmk,,,~|)
fori=1,---, m, then we will have the extra equations the mapping a must satisfy

da
(4-2) E,-: bp+i(x9 U)
fori=1, -, m. Therefore, we have a modified computation procedure.
(i) Compute O(x, u) defined in (2.20). .
(ii) Choose solutions g', - - -, g™ of (2.26) or (2.15), and compute Q(x, u) defined
in (2.27) and b;’s defined in (2.31) and (4.1).
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(iii) If b;’s are functions of y and u, then solve the following equations:

d

(4.3a) a—;=bi(y,u), i=1,---,p,
Ja

(4'3b) = (ya u)a .]: 1: T, m.
du; P

(iv) Compute the state transformation as follows:
(4.4a) Zy,(x)=hi(x) fori=1,---,m,
(4.4b) Zij(x) = L/‘Zij+1(x) - aij(h(x)s u)

fori=1,--- m;j=k-1,---,1.
(v) Redefine a;o(y, u) = Lz (x) £ A(x, u), for i=1,-- -, m.

Now, we have to show that if a transformation exists (it is easily seen that all the
above steps are computable), then the computation procedure shown above does give
the transformation. Moreover, for the computation of step (iii), we must find conditions
that ensure the integrability of (4.3), and we have to show that the z;’s computed in
step (iv) are independent of the inputs u. This leads to the sufficient conditions below.

THEOREM 4.1. The system (1.1) admits an observer form (1.6) if and only if there
exist m-tuple of integers (ky,- - -, ky), kyZk,=Z- - =k, >0,and Y|, k; = n, such that:

(1) Conditions (i) and (ii) in Theorem 2.3 hold.

(2) There exist solutions g',- -+, g™ to (2.26) such that

A (o u) ]
5 )\m(;c, u)
(4.5) rank — | b,(x, u) =m
ax .
By (X, )
[ h(x) |

where the b;’s are from (2.31) and (4.1), and the \;’s are from step (v).
(3) If we denote an (m+p)nx(m+p) matrix S(x, u) as

bi(x, u) T T -—ll
46  Sxuw=|> (5’-@> [5}1(@) ] 2
’ 9x : ax ax \dx lou

bm+p(x7 u) 1 bm+p(x, u)

b,(x, u)

B

then S(x, u) is block symmetric, i.e.,
(4.7) S(x, u)=(S(x, u))".

Proof. Necessity. We only prove (3); the other conditions are similarly proved, as
are the necessary conditions proved in § 2.

If the state transformation exists, then from the above analysis, the following
equations are satisfied by the differentiable function a(x, u),

d
(4.8a) —a=b,-(y,u) fori=1,---,m,
9y

0
(4.8b) 2 by (pu) forj=1,---,p
auj ’
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where, by abuse of notation,
bi(y, u) = b;(h(x), u) = bi(x, u)

and the last terms of the equality above are computed in step (ii) of the procedure.
By condition (2), they are functions of y and w.
So, by Lemma 4.1 of Xia and Gao [7],

w EENED)
’ ay oul \layoul/ "

But, again by abuse of notation,

ob,0h_ab,
ay 9x 9x

Multiplying both sides by (6h/dx)”, and noting that dh/ax(dh/ox)" is an mxm
nonsingular matrix, we have

ob; ob;(oh\" [oh[ah\T ™"
o () 2]
dy 9x \ox 0x \dx
From (4.10), we see immediately that
ab ab
(4.11) [* ———] =S(x, u).
Jdy ou

Hence, (4.9) gives (4.7). This completes the proof of necessity.

Sufficiency. By (2) we know that the b;’s are functionally dependent with h(x).
This implies that the b;’s are functions of h(x), or y. And by (3), the same argument
as in the proof of necessity will show that (4.9) holds. This in turn implies the
integrability of (4.3). Moreover, a direct computation shows that the z;’s are indepen-
dent of the inputs u.

Thus, we need only to show that the transformation z = F(x) given by the above
computation procedure does transform system (1.5) into (1.1).

As a matter of fact, we have

(4.12) i=Fx =5‘?; F(x)%
and from step (iv) and (v),
(4.13) 8(5 1) = Lyz(x) === F()f(x ).

It can be shown that (3/9x)F(x) is nonsingular, so (4.12) and (4.13) imply
x=f(x,u)
and (4.4a) gives
y=Cz = h(x).

This completes the proof of the theorem. O

Also, we see that there are some abundances in (4.3). We can drop the equations
concerning a;, i=1,---,m, in (4.3). Let 5, be the corresponding vector functions
obtained by deleting the (o; + 1)th entries, i=0,1,- - -, m—1, and oy is assumed to be
zero. Then, by considering the integrability of the corresponding equations in almost
the same fashion, we have Theorem 4.2.
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THEOREM 4.2. The system (1.1) admits an observer form (1.6) if and only if there
exist m-tuple of integers (k,, ", kn), kyZk, =+ -=k,, >0, and ¥, k;=n, such that
we have the following:

(1)" Conditions (i) and (ii) in Theorem 2.3 hold.

(2)" There exist solutions g',- - -, g™ to (2.26) such that

Al('x’ u)
Am(x, u)
a A
(4.5) rank — | b,(x, u) =m.
ax
By, u)
| h(x)
(3)" If we denote an (m+p)(n—m)Xx(m+p) matrix S'(x, u) as
l;l(x’ u) T T -1l 51(3@“)
d . oh oh(oh [¢] .
46)  Snuy=|—| (—) [——(—) ] el I ,
x| ~ ax ax \ox lou| A
bm+p(x’ u) % bm+p(x’ u)
then S'(x, u) is block symmetric, i.e.,
(4.7) S'(x,u)=(S"(x, u))".
5. Examples.
Example 1. Consider the system
X1 = X2,
. V1= X1,
X12= X12X21,
., V2= Xay,

Xo1 = X)3.

Since
dhy=(100), Li(dh)=(010), dh,=(001),
Li(dh,)=(0 x3, x,5)=0"dh,+x,(L(dh,))+ x,5(dh,),

the coefficient before L (dh,) is x,, # 0, and so, by Theorem 2.3, it is not transformable
to an observer form.
Example 2. Consider the system

X1 = X2,
V1= X1,
(5.1) X2 = X12X21,
. y2=x219
X2 = X171+

This system is in special observable form, thus from the discussion of Example 7.4 of
[6], it is transformable to an observer form. (This can also be seen in our next example.)
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But system (5.1) does not satisfy (5.4) in [6]. Since, g', g° defined by (3.8), i.e.,
(5.3) in [6], are g'=(0 1 0)7, and g°=(0 0 1)”, and since

1
of ,o0g'  of
d»_. [ = C AR R
ad-ng axg axf axg X1 |»
0
0
[ad_;g', g°1=]| -1 |#0.
0

That is, condition (5.4) in [6] fails.
Example 3. Consider system (5.1) again. Since
dhy=(1 00), L(dh)=(010), dh,=(0 0 1),
Li(dhy)=(1 0 0)=dh,+0- L,(dh,)+0 - dh,
with k, =2, k, =1, condition (i) of Theorem 3.1 is satisfied.

Moreover, consider (3.1). Obviously, g' =(0 1 0)”. To determine g°, we have only
two equations:

(5.2) (dhy,g%=0,  (dhy,g*)=1.
It can be easily seen that g>=(0 x,, 1)" is a solution to these equations. And since
, . , 0 0 o0]fo
[¢h g =28 g -2 2 & 01|y o of-|1]=0,
ox ax X 00 0 _0
0o 1 0 1

1
af , og' . ¢
ad(—f)glzagl“a_xf'—‘a—xgl= 0 x5 X2 (1) =1 X21 |,

and thus

12 332 9 1,2
[ad-,)g', g ]=‘a‘)‘c‘ ad,g —E;(ad(*f)g )g
0 0 Of 1 0 0 Of o 0
=1 0 O x|=10 O 1} x,|=|1
0 0 0 O 0 0 Of 1 0
similarly,
[ad,g', g'1=0.

Therefore, (3.7) holds. This implies that the partial differential equations (3.2), which
can now be explicitly written as

” 0 1 o0
(5.3) —={1 x3 xp [°d(2),
0z
0 0 o0
are integrable. In fact,
Z12
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is a solution to (5.3). Hence, under the coordinates transformation
X11= 212, X12= 2t 212221, X2 =2y
or
I = X2~ X X2y, Z12 = Xp1, 221 = X
system (4.1) is transformable into an observer form
in= _Z%2= _)"f,

. 1= 212,
2y =2t 242221 = 21 Vi Yo,
i V2= 2.

2N =Z12= Yy

By employing the computation procedure, we can obtain the state transformation
much more simply. For this example, choose g' and g” as before, and now

0 1 0
Q(x)z'(gl ad(_./-)g‘gz): 1 X X,
0 0 1

da da ~
<_ _) =Q '(x)(ad(_y)g', ad(-/)8")

a.V|’ Y2
—2x“ 0 _"2y1 0
=l Xxn Xu | = Y2 Y1 |
1 0 1 0

Integrating the above equations, which are much more simple than (5.3), we have
-y
a(y)={ »y: |
Wi

and step (iv) gives the state transformation just obtained.
Example 4. Consider the system

. 2 2 2
X1 = XX = XX = XX XoXy X2 — XoXg+ (X34 Xg) U+ (X3 — x3)u’,

Xy = X, = XaX3+ Xo X3+ U’

Xy = 2X3X4 — 2%+ XoU — Xqu>, Xe=X3— X2+ u?
Vi=Xa,  Ya=Xa.
Since
0 1 0 0
1 —x;+x; —X 2%X
sw=ly 9 " o 1
0 0 1 —2x,

is nonsingular, the system is observable with observability indices k, = k,=2. Now
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g'(xu)=(1000)7, g (xu)=(x, 010)7, and
O(x, u)=(g"'ad(;)g'g* ad(_/\g?)

2
1 X3—X3 X5 —Xox2

o1 0 0
1o 0 1 2x, |
0 0 0 1
(i“—,a—“) = §7\(x, w)(ad2_,g", ad?_,,g%) = (by(x, u), ba(x, u))
ayy 0y
0 u
lo o
“fu o
0 0

and by(x, u) computed by (4.1) is bs(x, u)= (x4 2u x, 2u)”. It is easily seen that
b,, b,, b; are functions of y,, y,, and u. Now the matrix S(x, u) is

[01010]
0/01]0
0!o!1
01010
A AR
S(x, u) = g g g

01010
S AEARE
01012
1100
[ 010} 2]

Obviously, S(x, u) is block symmetric. Finally, the computation procedure yields

a(y, u)=(yu u’ you u)"

and the state transformation

z(x) = F(x)
X, —x2x3+x2xﬁ
ot xz
X3“xi
X4
The observer form is

. oy 2
Z) = Yau, ZHr=zZyTu,
2= yu, Zo=zy+ U’

6. Conclusions. In this paper, we have identified a class of nonlinear systems
whose observer design problem can be solved by the observer error linearization
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approach. We have considered systems both with and without inputs. For systems
without inputs, we have obtained a set of necessary and sufficient conditions in terms
of the Lie algebra, which is a correction to a theorem in [6]. Moreover, we have
proposed a computation procedure for the practical computation of the state transform-
ation, and on the basis of this computation procedure we have derived a different set
of necessary and sufficient conditions described in rank conditions of matrices. It is
noted that our approach in dealing with systems with inputs is different from that of
Krener and Respondek in [6]. Also, it may be of interest to consider output coordinates
change that will certainly enlarge the class of nonlinear systems. For this point, we
refer the reader to the paper mentioned above.

However, it should be noted that the conditions given here depend on the choice
of solutions to the linear algebraic equations (2.26). How to choose these solutions
remains open. But, as have been seen, the conditions are useful in understanding the
observer error linearization problem and in giving various sufficient conditions.
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REACHABILITY OF A CLASS OF INFINITE-DIMENSIONAL LINEAR
SYSTEMS: AN EXTERNAL APPROACH WITH
APPLICATIONS TO GENERAL NEUTRAL SYSTEMS*

YUTAKA YAMAMOTOY

Abstract. This paper studies the question of quasi- (approximate) reachability of the standard observable
realizations of pseudorational impulse responses introduced by the author. The framework places the current
theory of retarded and neutral delay-differential systems into a unified input/output framework. Several
necessary and sufficient conditions for quasi-reachability are derived. In particular, new criteria for quasi-
reachability and eigenfunction completeness are obtained for general delay-differential systems with no
restriction on the type of delays. Furthermore, as a byproduct, the theory leads to necessary and sufficient
conditions for approximate left coprimeness of matrices with distribution entries. Examples are discussed
to illustrate the theory.

Key words. pseudo-rationality, infinite-dimensional systems, reachability, eigenfunction completeness,
left coprimeness, distributions, delay-difterential systems

AMS(MOS) subject classifications. 93B05, 93C20

1. Introduction. Consider the following delay-differential system of neutral type:

%x(t) = Fyx(t)+ g Fx(t—h)+ \Z F_x(t—h;)

(1.1) 0
+J' E(7)x(t+7) dr+ Gu(t),

where 0<h, < h,<- - - < hy = h. Approximate controllability of this system has been
investigated by a number of authors ([6], [12], [13], [18]). One of them, Manitius [14],
[15], gave a complete rank condition for the retarded case (i.e., F_;=0,i=1,---, N).
O’Connor and Tarn [17] extended his results to the neutral case, but gave a complete
algebraic condition only for the case N =1 with no distributed delays. Salamon [20]
extended these results to the case with delays in input, as well as giving the discussion
of the general case using the notion of small solutions. However, a concrete algebraic
criterion has not been obtained for the case when there is any distributed delay;
obtaining such a criterion in the situation with general delays is left as an open problem.
In view of the complexity of formulas there, it appears to be difficult to obtain a
generalization in this setting.

These approaches all associate an a priori chosen function state space model (e.g.,
M,- or W3-) to (1.1) and then discuss approximate function space controllability
(reachability) there. There are, however, cases in which a priori association of a state
space is either inappropriate or inconvenient. For example, in the study of a servo
problem, we often need to consider a reference signal generator, which is specified by
the transfer function, and this transfer function does not easily fall into the existing
category of function space models. The recently introduced control scheme called
repetitive control [8],[9], [16], which uses a model 1/(exp (Ls) —1), is a typical example
of such a case. Another example where a priori association of a state space causes
difficulty is the case of (1.1), in which there is a pole-zero cancellation. In such a case,

* Received by the editors May 5, 1986; accepted for publication (in revised form) March 14, 1988. This
work was supported in part by Scientific Research Grant-in-Aid 60750375 from the Ministry of Education,
Science and Culture, Japan.

+ Department of Applied Systems Science, Faculty of Engineering, Kyoto University, Kyoto 606, Japan.
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although we may expect to obtain an irredundant model after pole-zero reduction, the
reduced state space will not be M, or W, because these spaces are not closed under
such an operation.

In view of these, it is also desirable to develop an approach more directly associated
with transfer functions, impulse responses, and realization theory, so that the analysis
is not affected by the presumptive choice of a state space.

In finite-dimensional systems, it is well known that reachability (controllability)
can be studied from both internal and external points of view. It is also known that
the latter is advantageous in relating reachability to irredundancy of the external
representation. For example, given a fractional representation Q '(s)P(s) (Q, P=
polynomial matrices) of a transfer function, we can always associate with it a standard
observable realization £° (known as the Fuhrmann realization), and this realization
is reachable if and only if the matrices Q and P are left coprime [5]. It is, therefore,
natural to attempt to generalize this fact to infinite-dimensional systems. However, in
spite of a number of investigations on fractional representations of irrational transfer
matrices (e.g., [2], [3], [10], [25]), the reachability question above has not been studied
in connection with the external behavior.

It is then natural to ask the following questions in this context:

(i) Given a transfer matrix of a delay-differential equation, what can be said
about its realization? Is there an analogue of the Fuhrmann realization in this context?

(ii) If there is, what can be said about its reachability in terms of the transfer
matrix (or its fractional representation)?

The first question has been studied in [28], and it has been shown that a precise
analogue of the Fuhrmann observable realization exists. This has been done by
introducing a class of fractional representation called pseudo-rational. At least all
transfer matrices of delay-differential systems belong to this class. (In some other
frameworks (e.g., [2], [3]) using the algebra & of stable impulse responses, this is not
true.) Concerning (ii), it is also shown in [28] that the obtained observable realization
39 (see § 2 for the definition) is approximately controllable (from here on we use the
term quasi-reachable for consistency with [28]) if and only if the associated fractional
representation of the transfer matrix is left coprime in some weaker sense. However,
this condition gives only an abstract condition, and its consequence on a concrete
reachability criterion has not been fully investigated there.

In this paper, we shall derive necessary and sufficient conditions for this reachabil-
ity and coprimeness according to the above program. The results, when specialized to
delay-differential systems, generalize the existing ones to those for systems with dis-
tributed/noncommensurable delays. To see the basic idea of the method, let us first
write the transfer function of (1.1) in the folllowing form, by supplementing a fictitious
output equation y(t):=x(t—h):

W(s)=Q(s)™' B(s),
(12) Q=[e ™ (s~ Fo)=Y e """ "(F,~sF_) ~ E(s)],
P=aG.
Their inverse Laplace transforms induce the following representation for the impulse
response matrix A:
A=Q'x P,
(1.3) Q:=08_4(8'I =Fo) =Y 8_p+n(F,—8'F_;)— E,
P:= G,
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where & := Dirac distribution at 0, §':= its derivative, 8_, := Dirac distribution at —a.
These entities are most naturally investigated in the convolution algebra €'(R™), which
is the space of Schwartz distributions having compact support contained in (—c0, 0]
(see the end of this section for the definition).

By using the convolution algebra structure of #'(R7), we will prove the
following:

(i) The Fuhrmann-like observable realization € is spectrally complete (i.e., the
space spanned by eigenfunctions is dense in the state space) if and only if the matrix
Q assumes full rank near the origin (see § 3 for a precise statement).

(ii) £ is quasi-reachable if and only if it is spectrally reachable (i.e., any
eigenspace is reachable) and the matrix [ Q, P] assumes full rank near the origin.

In the above results, Q admits any type of delays (distributed/noncommensurable).
Therefore, they generalize the existing criteria by Manitius [14], O’Connor and Tarn
[17], and Salamon [20] to the general case with no restrictions on the type of delays.

The paper is organized as follows. In § 2 we review the basic realization framework
given in [27]-[29], especially a type of fractional representation and its associated
observable realization 2. Section 3 gives a general necessary and sufficient condition
for eigenfunction completeness. In § 4, this result is applied to derive conditions for
approximately controllability. Section 5 gives an application to delay-differential sys-
tems along with the discussion of an example. It is seen that the obtained criterion is
simpler than the discussion involving small solutions.

Notation and conventions. In what follows, the following notation will be used.
All vector spaces and function spaces are considered over a fixed field k, which is
either R or C. Functions and distributions are also k-valued. As usual, for a set V, V"
denotes the set of n-fold direct product of V. For a vector xe V", x” denotes its
transpose. If V is a topological space, we endow V" with the usual product topology.
For a ring (or algebra) R, R"™™ denotes the set of p X m matrices with entries in R.
When R is also a topological space, R"*™ is understood to be endowed with the
product topology as above. To simplify notation we may sometimes drop these super-
scripts; for example, when it is clear that x(t) is an n-vector, we may write x(t) € L[0, T],
instead of writing x(t) e (L*[0, T])". We shall always consider the bilateral Laplace
transform and regard the one-sided Laplace transform as a special case of it. The
Laplace transform of a distribution a (if it exists) will be denoted by &(s).

We assume standard knowledge on distribution theory, such as can be found in
Schwartz’s account [23]. Some familiarity with basic notions of the theory of locally
convex topological vector spaces is also assumed [21], [23]. However, some of the
following function spaces, although quite fundamental, may not be encountered in
standard textbooks (see [26], [28] for details).

L*[a, b]:=the space of Lebesgue square-integrable functions on [a, b].

L}, [0, ) := the space of functions square-integrable on every bounded interval.

Q:=US5_, L*[-n, 0] as a set. This space is endowed with the natural inductive
limit topology [21], [26] induced by the sequence of spaces {L*[—n, 0]}-,.

9 (R) = the space of C™-functions defined on R with the usual topology (Schwartz
[23D).

9'(R) = the space of distributions on R. The support of a distribution a will be
denoted by supp a. When a € (2'(R))", supp « is understood to be the union of the
supports of its entries.

P[0, ) := the space of C -functions defined on [—00, ©0) having compact support
contained in [0, o).
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@P(—00, 0] = the space of C*-functions defined on (—0, ) having compact support
contained in (—o, 0].

@'[0, ) := the dual space of P[0, ).

9P, = the space of distributions on R with support bounded on the left. This is an
algebra with respect to convolution with idenity 8 (the Dirac delta distribution at the
origin). The delta distribution at point a will be denoted by §,, and its derivative will
be denoted by 8. Convolution will be denoted by *, as usual.

9' = the space of distributions on R with support bounded on the right. This is
also a convolution algebra with identity 8.

&'(R) = the space of distributions on R with compact support.

&'(R7) =the space of distributions on R having compact support contained in
(=00, 0].

Throughout the paper, duality will be denoted by (-, -), that is, the value of a
distribution « evaluated at a test function ¢ will be denoted by («, ¢) or by (¢, a).
Among the spaces above the following inclusions hold:

P(~0,0]c Q<= €'(R7)< €'(R)< D, E'(R)cE(R)=D.

P (—00, 0] is dense in ), and Q is dense in €'(R7). The space P[0, ) is not a subspace
of @, but there exists a surjective (continuous, of course) projection 7 : @', > P[0, 00)
which is induced from the obvious canonical inclusion j: [0, ©) - & _, that is,

(1.7) (ma, @)= (e, jop).

2. Preliminaries. Consider the usual linear (zero-initial state) input/output corre-
spondence:

(2.1) f(w)(t)=JrA(t—T)w(T) dr,
0

where w is an input and A is an impulse response matrix that does not necessarily
induce a finite-dimensional realization. For the purpose of realization theory, it is
convenient to convert (2.1) to another form. In view of shift-invariance and causality
of (2.1), it can be written as

0

2.2) f(w)(t)=J. A(t—71)o(7) dr

if the input w is applied on (=00, 0] and has compact support. Since the system must
be causal, observation of all f(w)(¢) for all =0 must be enough to determine the
internal state space structure from (2.2) [27]. We thus take the input function space to
be Q™ (m = number of input channels), and the output function space I'” (p = number
of output channels), so that inputs are applied before time zero and outputs are
observed after zero. These spaces are naturally equipped with the left shift operators
{o,}, t=0:

w(s—t) fors<-—t,

0 for0=s5s=0, weQ",

(cw)(s)= {

(2.3)
(oy)(s)=y(s—1), yel”

Thus we define a (constant, linear) input/outmap f to be a continuous linear map that

commutes with these left shifts [27]. It is known [26], [27] that f can then be represented

by (2.2), where A is a p X m matrix (Radon) measure on [0, ).

Now note that (2.2) can be written as

(2.4) flw)=m(Axw), weQ"
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where 7 is the truncation operator defined by (1.7). The matrix measure A here is
called the impulse response matrix of the input/output map f Let us introduce a
fractional representation for such impulse response matrices.

DEFINITIONS 2.5. Let Q be a p X p matrix with entries in €'(R7). Q is said to be
of normal type if the following conditions are satisfied:

(i) Q is invertible over @, with respect to convolution, i.e., det Q (computed in

terms of convolution) is invertible with respect to convolution;

(ii) ord (det Q)™'= —ord (det Q),
where ord « denotes the order of a distribution @ [23]. An impulse response matrix
A is said to be pseudo-rational if it can be written in the form

(2.6) A=7(Q '+ P)

for some matrices Q and P over &'(R™), where the p X p matrix Q is of normal type,
Although not all impulse response matrices are pseudo-rational, at least all
delay-differential impulse responses are known to be pseudo-rational [29], [30]. As
can be seen from (1.2) or (1.3), there will be no difficulty in dealing with the distributed
delay case.
We now define the standard observable realization 2 associated with an impulse
response matrix A= Q ' * P. Let X be a subspace of I'” defined by

(2.7) X%={x(t)el"; m(Q * x) =0}.

The condition 7 (Q * x)=0 is clearly equivalent to supp (Q * x) = (—c0, 0]. By the
separate continuity of convolution, X ¢ is a closed subspace of I'”. The family {o,} of
left-shift operators constitutes a strongly continuous semigroup in I'”, and X © is easily
seen to be a o-invariant subspace of I'”. Let F denote the infinitesimal generator of
this semigroup o, in X 9; this is nothing but the differential operator d/dt. Define 3¢
as follows:

(2.8) State space = X ;
State transition equation:
(2.9) ot x,u)=ox+m(Axolu), xeX® (olu)(s)=u(s+1),

where the right-hand side is the state at time ¢ resulting from input u and
initial state x;

Output equation:
(2.10)  y = Hx:=x(0).
This definition yields the mappings g: Q" ~> X © and h: X ¢ >T" as follows:
(2.11) g(w)=¢(T,0,0%0),
(2.12) h(x)(t)= Hox, t=0.

Here T is any positive number such that [~ T, 0] 2supp w and (07w)(t) = w(t—-T).
It is easy to see that (2.11) is independent of the choice of T. We say that € realizes
an input/output map f (or its impulse response A) if f= hg; it is quasi-reachable
(commonly referred to as approximately controllable) if the reachable set g(Q1™) is
dense in X ©; topologically observable if h is a topological isomorphism; and topologi-
cally observable in bounded time if X © is topologically isomorphic to h(XO)I[O,T] for
some T >0.

3? is easily seen to give a realization of A. Furthermore, it is known that this
realization possesses various desirable properties.
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THEOREM 2.13 [27]-[29]. (i) =€ is always topologically observable in bounded time.
This means that the initial state determination is well posed, and can be done based on
the output data y(t)|;o.71 on a uniformly bounded time interval [0, T].

(ii) 2 is quasi-reachable if and only if the matrices Q and P are approximately left
coprime, i.e.,

(2.14) Q*R,+PxS,-5I,

for some sequences R, and S, of matrices with entries in €'(R").

We shall investigate the quasi-reachability of £ using (ii). To this end, we shall
need some technical lemmas which we now summarize.

For a distribution ¢ € @', define r(y) to be the supremum of the support of , i.e.,

(2.15) r(y) = sup {t € supp o¢}.

The following lemma is a consequence of the well-known theorem of Titchmarsh on
convolution [4, p. 224].
LEMMA 2.16. For ¢, e D',

rle * ) =r(e)+r(y).
In § 3, we need to use a representation of the dual space of X ©. To this end, we
first introduce the following duality between Q” and I'”:

0

(217) (o, 7)= J o' (r)y(-7) dr= I o'(=1)y(1) dr=(" * ¥)(0).

-0

Then Q and I' turn out to be topologically dual to each other [29]. (Needless to say,
Q) =TI".) With respect to this duality, we have the following lemma.

LEMMA 2.18. Let X © be as above, where Q is of normal type. Define the polar
(orthogonal complement) of X © by

(X ={weQ’; (v, y)=0forall ye X °}.
Then,
(X={wecQ" 0" +*Q 'c &R}
(2.19)

={Q" * y; ¥ & (D(—0, 0])"}.

Proof. Suppose that ¢ belongs to the right-hand side of (2.16) and vy belongs to
X ©. Observe that

(2.20) (Q"# ¢, y)=(¢" * Q+* y)(0).

Q * y has compact support contained in (-0, 0] because y belongs to X ©. Then the
right-hand side of (2.20) is clearly zero, which implies that the left-hand side of (2.19)
contains the right-hand side.

Conversely, suppose that w € Q" belongs to (X ¢)°. Suppose first that » belongs
to @(—00, 0]. Take any ¢ € (PD(—0,0])”. Then y:=7(Q ' * ¢)e X <. Since it is easy
to see that m(w” * 7(Q '+ @))=m(w” * Q™' * @), we have

(0" * Q7 @)(0)=m(w” * 7(Q 7 *¢))(0)=(w" * m(Q " * ¢))(0)
=(w, m(Q " * ¢))=0

because w € (X ©)°. Since this is true forany 8_, * ¢ (t>0), we have m(w” * Q' * ¢) =
0, and hence w” * Q™' * ¢ € (¢'(R7))". Since this holds for any ¢ € (2'(—0, 0])", we
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must have o’ * Q'€ (€' (R7))". Thus w=Q" * ¢ for some Ye (&' (R7))" Since
P (—00, 0] is dense in (2, this implies that w belongs to the second term of the right-hand
side of (2.19). Then by continuity, we see that this is true for any w € X <. 0

We denote the right-hand side of (2.19) by o X. Then we have the following lemma
characterizing the dual space of X ©.

LEMMA 2.21. The dual space (X °)' of X € is topologically isomorphic to Q"/ , X.

Proof. The proof is immediate from Lemma 2.18 and Schaefer [21, Chap.
4, § 4]. g

Before closing this section, we give a remark on another ‘“realization” obtained
from €. Introduce the graph norm to the domain D(F) of the infinitesimal generator
F of the shift semigroup o, i.e.,

1 = Nl )+ | Pl

where || x| is the norm in X ©. Restricting o, to D(F), we get another strongly continuous
semigroup. Let us restrict the class of input and output functions to the spaces analogous
to Q" and I'” that locally belong to the class of the first-order Sobolev space W3. Then
the state transition and the output equation given by (2.9) and (2.10) are well defined,
and we obtain a well-defined system with state space D(F) (although with different
input/output spaces). Denote this system by =&. The following proposition, which
claims the equivalence of quasi-reachability of £ and 2, will become necessary in
§ 5 for discussing the M,-reachability and Wj-reachability for delay-differential
systems.

ProOPOSITION 2.22. 29 is quasi-reachable if and only if =¢ is also.

Proof. See Appendix A for the proof.

3. Eigenfunction completeness. Let 2 be the system defined in the previous
section. We shall investigate the completeness of eigenfunctions of this system. As
noted in § 2, the results below apply to neutral systems with distributed delays as well
as those with noncommensurable delays. Let us first note that this system shares some
nice spectral properties of delay-differential systems.

THEOREM 3.1. Let 2° be the system given by (2.9), (2.10). Let o(F) denote the
spectrum of the infinitesimal generator F of the transition semigroup o,. Then the following
statements hold: R

(i) o(F)={reC;det Q(A)=0};

(ii) Every A € o(F) is an eigenvalue, and the generalized eigenspace M, , correspond-
ing to A, has finite dimension.

(iii) dim M, = m (det é(s), A), where the right-hand side denotes the multiplicity
of A as a zero of det O(s).

(iv) A vector v belongs to M, if and only if it is expressible in the form

m—1 t] e/\'
v= Z ( -1 aj+19
Jj=0 J:

where ) A
QM) - Q" V(W)/ (m—1)!
o 6w 0 ST
QM) "

Here é‘” is the ith derivative of @, and m is the multiplicity of A as a zero of det Q(s).
For a proof, see [28]. The last statement is not given in [28], but it is obtained
via minor modification of the proof given in Hale [7].
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Let M :=span{M,; A € o(F)}, i.e., the space spanned by all generalized eigen-
spaces. Let us prepare the following terminology.

DEeFINITION 3.2. The system =€ is said to be spectrally complete if the above-
defined space M is dense in X ©.

We raise the following question. Under what condition is 3° spectrally complete?
In other words, when is the set of all eiocenfunctions complete in X °?

The same problem has beer. studied for retarded delay-differential systems by
Manitius [13], [14] and by O’Connor and Tarn [17] for neutral systems. In the latter
treatment, a concrete condition is given only for the case of one point delay. We shall
generalize the results of [17] to 2. When specialized to delay-differential systems,
this means that there is no restriction on the type of delays involved. As we shall see,
the generalization here clearly exhibits the fact that spectral completeness depends
only on the local behavior of Q near the origin.

The following lemma is an immediate consequence of Lemma 2.21, which asserts
that the zero element of the dual space of X © is precisely o X:

LEMMA 3.3. M is dense in X © if and only if the following statement is true: If
¢ €O’ satisfies (@, o) =0 for all ¢, € M, then ¢ belongs to o X.

The following proposition gives a characterization for the statement (¢, ¢;) =0
for all ¢, e M:

PrOPOSITION 3.4. An element ¢ € Q' satisfies (¢, ¢ ) =0 for all ¢, in M if and only
ifgia‘(s)T(j(s)*I is an entire function of s.

Since we have Theorem 3.1, the proof is entirely similar to that for the correspond-
ing result of O’Connor and Tarn [17], and hence is omitted.

The following stronger version of Lemma 3.3 is also an easy consequence of the
separate continuity of the bilinear functional (-, -), the denseness of Q< €'(R7) and
Proposition 3.4.

ProposiTION 3.5. =2 is spectrally complete if and only if ¢(s)7Q7'(s) = entire,
v e(E'(R)), implies " * Q' (&' (R7))".

Proof. Necessity. Take any ¢ € (4'(R7))” such that (ﬁ(s)T(:)_'(s) is entire. Take a
sequence {p,} € (-0, 0] such that

(3.6) supp p, <[-1/n,0];

(3.7) Jpn(t) dr=1.

Then it is well known (e.g., Schwartz [23]) that (i) p, * ¢ > ¢, and (ii) p, * e € Q. It
follows that p, * ¢ satisfies the same hypothesis as ¢, so that p, * ¢ must belong to
(X?)°=,X. Hence p,*¢" * Q" all belong to ('(R7))” by Lemma 2.18. Since
{pa*@" * Q"} is convergent, it follows that ¢ * Q"' belongs to (&'(R"))".

Sufficiency. Conversely, suppose that ¢ € Q" satisfies go(s)TQA“ =entire. Then we
have ¢” * Q '=w" € (&' (R7))" by hypothesis. Since there exists a sequence {w,} < Q”
that converges to w, we have ¢ =lim w, * Q, which implies ¢ € ;X by Lemma 2.18.
Hence, by Lemma 3.3, € is spectrally complete. 0

The proof of the following key lemma will be given in Appendix B.

LeEMMA 3.8. Let ¢ € (8'(R7))" and suppose that é(s)Té“'(s) is an entire function.
Then @™ * Q™" belongs to (€'(R))’, i.e., each of its entries is a distribution with compact
support (which is not necessarily contained in (—c0, 0]).

This lemma shows that if ¢ is orthogonal to M, then it is always expressible as
¢=Q" x ¢ for some ¢ in (Z'(R))”. However, this ¢ does not necessarily belong to
('(R))", i.e., its support may not be contained in (—00, 0]. Therefore, the condition
of Proposition 3.5 may not be satisfied. To obtain a condition for spectral completeness,
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we need only to exclude the possibility of ¢ € (4'(R7))", but ¢ ¢ (%'(R7))". This leads
to the following theorem.

THEOREM 3.9. The system X9 is spectrally complete if and only if there exists no
Y e (€'(R)) such that r(y)>0 and r(y" * Q)=0.

Proof. In view of the definition of r(¢), ¥ € (€'(R))” belongs to (£'(R7))” if and
only if r(¥)=0. Then the theorem is immediate from Proposition 3.5 and Lemma
3.8. a

To give a more concise expression to Theorem 3.9, let us prepare the following
algebraic notions.

LEMMA 3.10. Let J:={p € &'(R"); r(¢)<0}. Then J is a prime ideal of €'(R™).

Proof. That J is closed under addition is obvious. Suppose ¢ €J and ae &'(R").
Then we have

r(a*g)=r(a)+r(e)=r(e) <0,

by Lemma 2.16. Hence a * ¢ € J, so that J is an ideal.
Now suppose that a * be J, i.e., r(a * b) <0. Since

r(a*b)=r(a)+r(b)

by Lemma 2.16, either r(a) <0 or r(b)<0. That is, a€ J or be J. Thus J is a prime
ideal. 0

Lemma 3.10 enables us to form the quotient ring (algebra) & = %’(R“)/J,: and
this ring is an integral domain (i.e., it has no zero divisors) because J is a prime ideal.
Therefore, we can further construct its quotient field & (the field of fractions formed
by elements of /). Let 8: €'(R™) > & denote the composition of the canonical projec-
tion: &'(R7)~> o = &'(R7)/J with the inclusion: & > %. In what follows, when we
speak of the rank of a matrix We (€'(R7))"™"™ over ¥, we shall always mean the rank
of the matrix 0( W) considered over ¥. Observe that an element we (€'(R7))" is nonzero
when considered over o (or F) if and only if r(w)=0.

We are now ready to state and prove the main result of this section, which is a
generalization of the existing results in [14], [17], [20]. Note that no restriction on the
type of delays is imposed.

THEOREM 3.11. The system 2 is spectrally complete if and only if
(3.12) rankz Q = p,
where & is the field introduced above.

Proof. Necessity. Suppose that det Q =0 over & Then there exist o, - -, o, € &,
not all zero, such that Y «; * q; =0 where g; is the ith row of Q. Since each «; is an
element of the quotient field of &'(R7)/J, this means that there exist a,, -, a,€
&'(R7)/J, not all zero, such that Y a; * ¢; =0. In view of the definition of the ideal J,
we see that there exist by, - - -, b, € €' (R7) such that r(}. b, * g;) <0 and r(b;) =0 for
some i Let ry:=r(} b; * g;), and put

d’:: 8_,0* [bl’ T, bp]T'
Then r(¢) > 0but r(¢y " * Q) =0, and hence by Theorem 3.9 this system is not spectrally
complete.
Sufficiency. Conversely, suppose that rank Q=p over & but there exists ¢ €
(€'(R))" such that ry:==r(¢)>0 but r(yy" * Q)=0. Put
P=0 %y

Then ¢ belongs to (€'(R7))”, r(¢)=0, and r(¢" * Q)< 0. But this clearly contradicts
rank Q=p over Z. O
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The following corollaries are now easy to prove.
CoROLLARY 3.13. Suppose that Q can be written in the form

(3.14) Q=Q,+ 0,

where Q, is atomic at the origin and supp Q, is contained in (—o0, ty] for some t,<0.
Then 2° is spectrally complete if and only if

(3.15) rank Qp(A) =p

for some A € C.

Proof. In view of the well-known result on distributions atomic at the origin, each
entry of Q, is a polynomial in the derivative 8’ of the Dirac distribution [23]. Hence
its Laplace transform is a polynomial in s. By Theorem 3.11, =€ is spectrally complete
if and only if rank Qy,=p over %. In view of the definition of the ideal J, this is true
if and only if det Q, is a nontrivial polynomial of &'. This is clearly equivalent to
condition (3.15). O

CoroLLARY 3.16. Consider the scalar case, that is, assume that the number of output
channels p = 1. The system 3° is spectrally complete if and only if r(Q) =0.

Proof. The proof is immediate from Theorem 3.11. 0

Remark 3.17. The relationship of the above theorems in terms of the existing
results is now clear. For simplicity, consider the scalar case. If the system =€ is not
spectrally complete, then r(Q) <0; that is, Q can be written as Q =§_, * Q, for some
a>0 and Q,€ &' (R") with r(Q,)=0. We then easily see that X © = L*[0, a]® X °".
Here L’[0, a] is nothing but the totality of “small solutions considered in the literature
[13], [20] (see Fig. 1).

Remark 3.18. The theorems above include some of the classical results on eigen-
function completeness. For example, consider the simplest case O(s)=
e —1(Q=28",-25). It is easy to see that X © is the space of locally L? functions on
[0, ) of period 1. The set of eigenfunctions is {exp (2nmjt); n=0, £1, £2,- - -}, and
since r(Q) =0, this set of €igenfunctions is complete in X <, as expected.
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4. Necessary and sufficient conditions for quasi-reachability. In this section, we
shall further assume that our impulse response matrix A=mw(Q ' * P) is a regular
distribution (i.e., locally integrable function) in a neighborhood of the origin. Since all
strictly causal impulse responses satisfy this requirement, this is not a very severe
restriction. Then it follows that ¥:= Q™' * P— A must be a distribution belonging to
€'(R7), and so is Q * . This implies that A can be rewritten as

A=Q '« P-¥=Q '« (P-Q=*V).

Obviously, the new pair (Q, P—Q*V¥) is also pseudo-rational, and by this
modification, the truncation mapping 7« becomes unnecessary. In what follows, we
shall assume that (Q, P) satifies this condition, i.e., A=Q '* P. (Note that the
modification above does not change any of the conditions of the subsequent theorems.)

We are now ready to state and prove the following necessary and sufficient
condition for quasi-reachability. As is the case with Theorem 3.11, there is no restriction
on the type of delays involved.

THEOREM 4.1. The system 3° is quasi-reachable if and only if the following two
conditions hold:

(4.2) (i) rank[Q(A), P(A\)]=p forallreC;
(4.3) (ii) rankgs [Q, P]=p.

Proof. Necessity. Condition (i) is clearly necessary, since it is a condition for
spectral reachability (see [28]). Suppose that condition (ii) fails. Then there exist
a,,-+,a,€ %, not all zero, such that a” *[Q, P]=0in ¥ (a=[a,, -, a,]"). This
readily implies that there exists ¢ € (%€'(R))” such that r(¢)>0 but r(¢” * Q)=0,
r(yT * P)=0. If 29 were quasi-reachable, there would exist sequences {R,} and {S,}
of matrices over €’(R”) such that

(4.4) Q*R,+Px*S,-8I,

i.e., Q and P are approximately left coprime by Theorem 2.13. Taking the convolution
of (4.4) with " from the left, we see that the sequence " * Q* R,+ ¢ * P* S, in
(Z'(R7))” must converge to ¢’ £(%(R7))” (because r(y)>0). But this is clearly
impossible.

Sufficiency. Conversely, suppose that the above two conditions hold. Since
rank [Q, P] = p over %, there exists a matrix K consisting only of zeros and ones such
that rank [Q+ PK]=p over %. Furthermore,

(4.5) rank [Q(A)+ PV K, P(A)]=rank [O(1), P(M)]=p

for all A € C. According to Lemma 4.11 below, the pair (Q + PK, P) is pseudo-rational.
Thus we may consider the system =°*7% defined by the pair (Q + PK, P); this system
is quasi-reachable because it is spectrally reachable and, in addition to that, spectrally
complete by Theorem 3.11. Therefore, by Theorem 2.13, there exist sequences {R,}
and {S,} of matrices over €'(R7) such that

(4.6) [Q+PK]*R,+P=*S,-8l,
Thus

(4.7) Q*R,+P*[KR,+S,]~ I,
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so that the pair (Q, P) is also approximately left coprime. Then again by Theorem
2.13, the system =€ is quasi-reachable. [
In view of Theorem 2.13 we have simultaneously obtained the following theorem.
THEOREM 4.8. The pair (Q, P) is approximately left coprime, i.e., there exist
sequences of matrices R, and S, over €'(R™) of appropriate sizes such that

Q#*R,+P*S,>8[ in(&(R))

if and only if the above conditions (4.2) and (4.3) hold.

Proof. The proof is immediate from the fact that (Q, P) is approximately left
coprime if and only if =€ is quasi-reachable. 0

The following corollaries are also direct consequences of Theorem 4.1.

CoOROLLARY 4.9. Consider the scalar input/output system, i.e., the case m=p = 1.
The system X9 is quasi-reachable (and hence canonical) if and only if

(i) rank [Q(A), P(A)]1=1, for all A € C;

(ii) max {r(Q), r(P)}=0.

Proof. The proof is immediate from Theorem 4.1. 0

CoroLLARY 4.10. Consider a pair (Q, P) such that Q and P can be written in the
form

Q=QO+QI’ P=P0+Pla

where Q, and P, are atomic at the origin, and supp Q,, supp P, < (—©0, —t,] for some
to>0. Then 2° is quasi-reachable (and hence canonical) if and only if

(i) rank [Q(A), Ii()t)] =p forall A eC;

(ii) rank [Qy(A), Py(A)] = p for some A € C.

Proof. Observe Q= Q, and P = P, modulo the ideal J. Then the result follows by
the observation that rank [Q,, P;]=p over &% if and only if the above condition (ii)
holds as in the proof of Corollary 3.13. 0

It remains only to prove that the pair (Q+ PK, P) considered above is pseudo-
rational.

LEMMA 4.11. Suppose that a pseudo-rational impulse response A= Q' * P satisfies
the hypothesis of the beginning of this section. Then the impulse response given by
[Q+ PK] ' % P, where K is a constant matrix, is also pseudo-rational.

Proof. We need to show the following:

(i) Q+ KP is invertible over @', with respect to convolution;

(ii) ord (det (Q+ KP)™')=—ord (det (Q+ KP));

(iii) [Q+PK] ' * P is a valid impulse response.

Let us first show that (8] + AK)™' exists. Since we have assumed that A is a regular
distribution (i.e., a locally integrable function) in a neighborhood of the origin, we
may decompose A as A= Ay+ A,, where A, is locally integrable and supp A, < [t,, )
for some t,>0. It suffices to show that the Neumann series

(4.12) § (-AK)"

converges in &’.. In view of the topology of @, (Schwartz [23]), it is enough to see
that the series (4.12) is convergent when applied to any C*-function ¢ with compact
support. Note here that the support of A} eventually becomes disjoint with that of ¢.
Then, expanding (Ao+A,;)" by the binomial formula, and using the fact that the
Neumann series (4.12) converges whenever A is a locally integrable function, we can
easily show that (4.12) actually converges in 9. Clearly, (4.12) gives (6] + AK)™" and
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it is also a measure. Writing [Q+ PK]™' as
(4.13) [Q+PK] '=[8I+AK] '+ Q7

we see that [Q+ PK]™' exists and is given indeed by (4.13).

Let us prove ord (det[Q+ PK]™')=—ord (det[Q+ PK]). Since ord (a * B)=
ord @ +ord 8 is always valid, and since det [8] + AK]™' is clearly a measure of order
zero, we have

(4.14) ord (det[Q+PK] ')=ord (det Q7"),

by (4.13). Conversely, since Q™' =[8I+ AK]*[Q+ PK] ' and since det [8] + AK ] is
also a measure of order zero, we have

(4.15) ord (det Q7')=ord (det[Q+ PK]™"),
so that ord (det Q') =ord (det[Q+ PK]™'). Now rewriting (4.13) as
(4.16) Q+PK = Q + [8] + AK],

we also see that ord (det [ Q + PK]) = ord (det Q). Hence by the identity ord (det Q7') =
—ord (det Q), we have ord (det[Q+ PK]™') = —ord (det[Q + PK]).

Finally, since [8]+ AK]™' is a measure, [Q+PK] '* P=[8]+AK] '+ Q '=
P=[8I1+AK] '+ A assumes the same regularity as A. Hence it is an impulse response
matrix. 0

5. Application to delay-differential systems. Consider the following neutral delay-
differential system (with noncommensurable delays):

(5.1) %x(z) = Fyx(t)+ § Fx(t—h;)+ g F_x(t—h)+ Gu(t),

where 0 < h, < h,<---< hy. Let us temporarily take the output equation to be y(t)=
x(t—hy). It is then appropriate to take Q and P as follows:

(5.2) Q=[8"p I~6_4 Fo—3Y 6_per,Fi =Y 8L ppn F-il,
(5.3) P = Gbé.

Let r;:= h; — h;_,(hy'=0), and X =R” ><H,.N=1 (L*[0, r;])", where p is the dimension of
x. Then, the realization < corresponding to the factorization Q' * P turns out to be
of the following “M,-type’:

i x| FOX+Z:V___,[E+F0F~,‘]Z£(0) G
dt[z] "[ (3/20)2(0) ]*[o]"(’)’
=F(x,z)" + Gu(t),

(5.4)

where x € R” and z,(6) € (L*[0, r;])". Here the domain D(F) of the operator F is given
by
D(F)={(x,z)e X; z G(W;[O, 11’ zi(ry) =x+z F_z;(0),
(5.5) ’
Zk(rk)= zk—](o)a k=2’ T, N}’

(For details, see [30]; the difference between neutral and retarded is expressed in the
definition of D(F).)
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THEOREM 5.6. The neutral system 3°, where Q and P are given by (5.2) and (5.3),
is quasi-reachable if and only if

(i) rank[Ae"M T —e"*Fy—Y e'n"hAE 3 pe"TPOAE G =p for every A € C;

(ii) rank [Fy+AF_n, G]=p for some A € C.

Proof. The proof is immediate from Corollary 4.10. 0

Theorem 5.6 extends the result of O’Connor and Tarn [17] to the noncommensur-
able delay case. It is also easy to consider the generalization to systems with distributed
delays and to those with delays in input via Corollary 4.10, but the condition will look
a little more involved for the distributed-delay case (in such a case, Theorem 4.1 is
the final form). Note that there is no need to consider noncommensurable delays in
any special way, since this is automatically taken care of by the framework itself.

Remark 5.7. According to Salamon [20, p. 39], the Wj-model of the neutral
system (5.1) is nothing but the restriction of the M,-realization (5.4) to the domain
D(F) of the infinitesimal generator F. In view of Proposition 2.22, this means that
quasi-reachability is invariant for both systems. Thus the above condition also applies
to the Wi-model.

The following example is taken from Salamon [20, Ex. 4.3.10].

Example 5.8. Consider the following neutral delay-differential system:

xl(t)=x1(t)+J X (t+7) dr+%(1=2),
0
xz(t)=x2(t—l)+J x;(t+7) dr,

X5(t) =J u(t+r7) dr.

In conformity with the discussion there, take matrices é and P as follows:

se* —e* (e*—e")/s -5 0
(5.9) 0= 0 se'—1  (ef=1)/s|, P= 0
0 0 se’ (e*—=1)/s

It is easy to check that condition (i) of Theorem 4.1 is satisfied. Condition (ii) is also
satisfied; i.e., the system is quasi-reachable. In fact, the matrices Q and P take the
following form when considered over the ring €'(R™')/J:

0 0 -8 0
(5.10) 0=|0 -5 [11| P=|o |
0 0 0 [1]

where [1] denotes the equivalence class in €'(R™')/J of an element that is identically
1 for —¢ =t=0 and zero for t=0. Since this function has a jump of 1 at the origin,
the determinant (with respect to convolution) formed by the second and third columns
of Q and P is equal to —8, so that the pair (Q, P) assumes full rank over the quotient
field #. Hence by Theorem 4.1 the system X is quasi-reachable.

Salamon [20] claims that this system is not quasi-reachable, contrary to the
conclusion above. A detailed analysis shows that it is impossible to take a nontrivial
small solution in his discussion [20, p. 155], and the system is in fact quasi-reachable.
As can be seen from above, our test relying on (5.9) is much simpler than a discussion
involving small solutions.
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6. Concluding remarks. We have proved necessary and sufficient conditions for
our standard observable realization 29 to be quasi-reachable (and hence canonical in
the sense of [27]). When we choose Q as a delay-differential operator, these results
extend the known results on quasi-reachability of delay-differential systems. In par-
ticular, the results do not require any restriction on the type of delays (points or
distributed). Aside from this, the approach here has the following advantages:

(1) It is suitable for the situation in which a priori association of a state space is
not appropriate. A recently introduced control scheme called repetitive control is an
example of this situation. The method here can be effectively used for proving the
internal model principle for this nonclassical servo problem [8].

(2) The framework is closed under pole-zero cancellation. The existing state space
approaches using M, or W}, etc. do not possess this property.

(3) As a result of dealing with the input/output behavior, it clarifies the role of
the distribution algebra &'(R™), which has not been considered in the literature. This
is much more general than that considered by Manitius [14] (his algebra is not
applicable to neutral systems).

(4) By virtue of the investigation of the convolution algebra structure, the obtained
criterion (Theorem 4.1) is much simpler in the general case. The existing method
requires an individual inspection of the nature of small solutions, which can often be
quite complicated (see Example 5.8).

Appendix A.

Proof of Proposition 2.22. Sufficiency is obvious since D(F) is always dense in
X 9 (Yosida [31]).

Suppose that £ is quasi-reachable. Take any x in D(F). Denote the reachable
set of =€ by Xg. We need to find a sequence in X converging to x with respect to
the graph topology of D(F). By hypothesis, the closure of X in X < is the whole
space. Hence there exists a sequence {y,} in X such that y, > Fx in X ©. Let us again
use g to denote the linear map sending inputs to states under the assumption of
zero-initial state for =. Let u, be an input such that y, = g(u,). Define

v,(t) = J' u,(7) dr.

In view of the shift invariance of g and the fact that F is just the differential operator
in X 9, it is easy to verify that g(v,) > x+ X, in X <, where x, is some constant function.
Since x and x + x, belong to X ©, x, does also. If x, were zero, there would be nothing
left to prove, because we would have Fg(v,)=g((d/dt)v,) =g(u,)—> x and therefore
find a desired sequence {g(v,)}. Suppose x,# 0. This means that zero is an eigenvalue
of F and x, is an eigenvector. By the assumption of quasi-reachability, every eigenvector
must be reachable, and hence there exists v, such that x, = g(v,). Now let w, = v, — v,.
It readily follows that g(w,)~ x, and Fg(w,)~ Fx in X ¢ so that g(w,)~> x in D(F).
This completes the proof. 0

Appendix B. We give a proof for Lemma 3.8. Let us first prove the following lemma.
LeMMA Bl. Let (s) and q(s) be entire functions of exponential type, i.e., there
exist C, K >0 such that

lg(s)|=Ce M, |q(s)|=Ce*.

Suppose that (s)q~'(s) is an entire function. Then it is also an entire function of
exponential type.
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The result is nontrivial because, although q(s) is of exponential type, there is no
a priori guarantee that q(s) ' is of exponential type near a zero of q(s). Indeed, the
proof requires a deep result on the growth order of entire functions due to Lindelof.

TueoreM B2 ([11], [1, Thm. 2.10.1]). Let f(s) be an entire function of order 1,
i.e., for any ¢ >0

If(s)l =exp (Is]"™)

for all sufficiently large |s|. Let n(r) be the number of zeros of f(s) in the circle |s| =,
andlet{,, -, ¢, - be the (nonzero) zeros of f(s), counted according to multiplicities.
Then f(s) is of exponential type if and only if

(i) n(r)=0(r);
(B3) (i) S(N=X, = Vi

is bounded with respect to r.

Proof of Lemma B1. Let f(s):= ¢(s)q(s)”". Writing (s) and g(s) in the form of
the Hadamard factorization theorem [1, Thm. 2.7.1], we readily see that f(s) is of
order 1. Since all zeros of g(s) must be cancelled by zeros of (s), it is clear that n(r)
of f(s) is at most of O(r). It remains to check the above condition (ii). Let
{1, ¢, &, -} and {n,, "+, M., -} be the sets of (nonzero) zeros of Y(s) and
q(s), respectively. Let S,(r), S,(r) be the S(r)-functions for ¢ and gq, respectively.
Again by the fact that all zeros of q(s) are cancelled by those of (s), we have

sl=| 3 - % &

16l=r En Iml=r Mn
=|8:(r)|+]S,(r)],

and the right-hand side is bounded by hypothesis on ¢, g. Hence f(s) is also of
exponential type. 0

We are now ready to prove Lemma 3.8.

Proof of Lemma 3.8. Since Q' =(det Q)" * (adj Q), we can apply the following
argument to each entry of ¢ * Q™', so we assume that  and Q are scalar distributions
without loss of generality.

Case 1. Suppose that f(s)=(s)Q '(s) has only finitely many zeros. Then by
the Hadamard factorization theorem [1, Thm. 2.7.1] we see that f(s) must be of the form

(B4) f5)=C exp (as) T (s,

where C and a are suitable constants. Since ¢ * Q' is Laplace transformable, there
exist b, B R such that its Laplace transform e”f(s) is bounded by a polynomial in
|s| for Re s> B (Schwartz [22], [23]). In order that (B3) satisfy this requirement, the
above constant a must be a real number. Then it is clear that its inverse Laplace
transform is a distribution with compact support.

Case 2. Now consider the case in which f(s) has infinitely many zeros. Since
¢ * Q' is Laplace transformable (i.e., f(s) is inverse Laplace transformable), there
exist b, B € R such that e”f(s) is bounded by a polynomial in |s| for Re s > 8. We can
take a vertical line Re s = B’ such that there are infinitely many zeros of f(s) except
on this line. Collect suitably many of them, say A,, - - -, A,, so that

(BS) F&)=1()/(s=x) - (s=A,)
remains an entire function and satisfies
(B6) le”f(s)|=C/Is]’,  Res=p".
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By suitably shifting the coordinates, we may assume that this vertical line Re s =B’ is
the imaginary axis. Denote this shifted function by f(s). It is easily seen that this
shifted f(s) is square integrable on the imaginary axis and that it satisfies the estimate

(B7) |7 (s)|=M exp (K]s])

for some constants M and K. Then by a special version of the Paley-Wiener Theorem
(Rudin [19, Thm. 19.3]), we see that f(s) is a Fourier transform of a function F(t) e L*
that has compact support in [—K, K]. This means that f~'(s) = f(s—pB’) is a Laplace
transform of F(t) exp (B't), which still has compact support. In view of (B4), ¢ * Q"
can be obtained by applying the~diﬁerential operator (d/dt—A,)---(d/dt—A,) to
the inverse Laplace transform of f(s), and hence ¢ * Q”' has compact support. 0
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A ROBUST ADAPTIVE MINIMUM VARIANCE CONTROLLER*

L. PRALYT, S.-F. LIN%, anD P. R. KUMAR?

Abstract. This paper addresses the twin questions of performance and robustness of an adaptive controller
for single-input, single-output, linear, stochastic systems. The authors present an adaptive controller that
has the following properties:

(1) Attaining optimal regulation and tracking in the ideal, minimum phase, known upper bound on
system order, known sign and lower bound for the leading coefficient (b,), positive real condition on noise
case, and self-tuning in a Cesaro sense to a minimum variance regulator in the case of pure regulation.

(2) Providing mean square stability when the system is of minimum phase, with known upper bound
on order but not necessarily satisfying a positive real condition on the noise.

(3) Providing mean square stability when the system is in a graph topological neighborhood (of computable
size) of an ideal plant as in (1), and the statistical properties of the disturbance are violated.

(4) Continuing to stabilize the system when the adaptation gain is prevented from vanishing.

Key words. robustness, performance, adaptive control, optimal control, minimum variance control,
graph topology, minimum variance regulator, self-tuning regulator

AMS(MOS) subject classification. 93C40

1. Introduction. Over the past 15 years, stochastic adaptive control theory has
seen much development. The notable pioneering contributions of Astrom and Witten-
mark [2] and Ljung [14], [15] analyzed, respectively, the possible equilibrium values
of the parameters to which an adaptive control law could converge, and the stability
properties of these equilibrium points. This set the stage for the subsequent rigorous
development of the foundations of the asymptotic theory of the so-called self-tuning
controllers.

In 1981, Goodwin, Ramadge, and Caines [6] were able to successfully use some
extensions of the martingale convergence theorem to show the convergence of a certain
stochastic Lyapunov function. They were thus able to establish that for a variety of
stochastic gradient algorithms the time average of the squared tracking error is almost
surely optimal, a property we shall refer to as self-optimality. These results were then
extended by similar arguments to some other algorithms; for example, an adaptive
controller based on a modified least-squares estimate was analyzed by Sin and Goodwin
[24]. In 1985, Becker, Kumar, and Wei [3] addressed the issue of convergence of the
parameter estimates, and, in so doing, they also established the convergence of the
adaptive regulator. By exploiting some geometric properties of the parameter estimate
sequence, and some subsequent probabilistic analysis, they were able to show that
while the parameter estimates converge almost surely (a.s.), they do not converge to
their true values. Instead, the parameter estimate vector converges to a random scalar
multiple of the true parameter vector. However, since the particular control law used
for the regulation problem employs only ratios of estimates of individual parameters,
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+ CAI/ENSMP, 77305 Fontainebleu Cedex, France. This author is a member of the Groupe de Recherche
Coordonée-Systemes Adaptatifs en Robotique, Traitement du Signal et Automatique of the CNRS.

1 Department of Electrical and Computer Engineering and Coordinated Science Laboratory, University
of Illinois, 1101 W. Springfield Avenue, Urbana, Illinois 61801. The research of this author was supported
in part by National Science Foundation grant ECS-84-14676, in part by the U.S. Army Research Office
under contract DAALO03-88-K-0046, and in part by the Joint Services Electronics Program under contract
N00014-84-C-0149.

235



236 L. PRALY, S.-F. LIN, AND P. R. KUMAR

the adaptive control law remains invariant under scaling of the parameter estimates.
Hence convergence of the adaptive regulator to the true optimal regulator takes place
almost surely. This result therefore proved the so-called self-tuning property of the
adaptive regulator. Recently, this self-tuning property has been extended by Kumar
and Praly [11] to the tracking problem, where the goal is not to regulate the system
output to stay close to zero, but to track a given reference trajectory while optimally
rejecting the noise entering into the system. The essential difference between the
regulation and tracking problems is that in the former problem it is not necessary to
estimate the coefficients of the colored noise polynomial (in the ARMAX representation
of the system), while in the latter it is necessary to do so if we want to track arbitrary
reference trajectories. Since an additional number of parameters have to be estimated
in the tracking problem, it turns out that more “excitation” of the system is needed.
This excitation is in turn guaranteed if the reference trajectory is sufficiently exciting
of appropriately high order (see Kumar and Praly [11]). In many practically important
situations, such as, for example, the set-point problem, however, the reference trajectory
may only be a constant level, which is sufficiently exciting of order one, or some other
trajectory that has a low order of excitation. In these situations, it turns out that not
all the coefficients of the colored noise polynomial need be explicitly estimated, but
rather knowledge of a smaller set of parameters derived from the coeflicients is adequate.
This allows the design of an adaptive tracker that uses a smaller dimension parameter
estimator (which is still of larger dimension than is needed in the regulation problem).
Such smaller dimensional adaptive trackers have also been proved to be self-tuning
(see Kumar and Praly [11]).

The successful results quoted above essentially show that the adaptive regulators
and trackers tune themselves to optimal regulators and trackers for the unknown system.
Inevitably, such results are crucially dependent on making some “‘exact” assumptions
about the unknown system being controlled. In particular, for such exact asymptotic
optimality and strong convergence results to hold, it has been assumed that the
stochastic system being controlled is linear, of minimum phase, of known order, and
the disturbance entering into the system is a stochastic process satisfying some specified
statistical properties.

Assumptions of the above type have been called “ideal” assumptions, and ques-
tions have been raised, especially in deterministic adaptive control (see Egardt [5],
Rohrs, Valavani, Athans, and Stein [22], and Ioannou and Kokotovic [7]), about
whether the adaptive controllers designed on the basis of these assumptions, and for
which a successful “ideal” theory has been built, are robust with respect to these
assumptions. Specifically, do “small’ violations of these assumptions lead to drastically
different behavior from that predicted by the ideal theory?

The order requirement arises since we must choose the dimension of the adaptive
regulator before we can tune it. However, the true system need not necessarily be (and
is frequently not) of the exact order that is assumed. It is well known that ‘“‘small
perturbations” of an nth-order linear system can lead to systems of arbitrarily high
order.

Regarding the disturbance, the assumption made is that it is a stochastic process
with a rational spectral density, and thus is representable as the output of a system
driven by white noise. Moreover, the order of this “coloring” filter is assumed known.
Finally, it is also assumed that the noise satisfies a certain “positive real’’ condition.
This is essentially a requirement that the disturbance be close to a white noise and be
not too colored. However, none of these assumptions need be strictly satisfied in
practice. The positive realness condition also arises in recursive system identification
using the pseudolinear regression method (see Solo [25], Ljung and S6derstrom [16],
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and Kumar and Varaiya [12]). It is basically a pseudogradient condition (see Ljung
and Soderstrom [16] and Kumar [10]) guaranteeing that the direction in which the
parameter estimates are recursively adjusted (in the types of recursive identification
algorithms being employed) is appropriate.

Regarding the minimum phase restriction, it is well known (see Astrom [1], Peterka
[17], Shaked and Kumar [23], and Kumar and Varaiya [12]) that when a stationary
control law that minimizes the output variance is used to control the system, then the
control actions used become unbounded if the system is of nonminimum phase.
However, for adaptive control where a nonstationary, nonlinear control law is used, it
is not necessary that the minimum phase assumption be satisfied in order for the
control inputs to be bounded. Hence the minimum phase assumption is a restrictive
condition; it is easily violated by a very fast unstable zero that corresponds to a very
small numerator perturbation of the transfer function.

Much attention has therefore been given in recent years to the issue of robust
adaptive control, especially in deterministic adaptive control, to determine under what
conditions signals in the system remain bounded under violations of assumptions (for
example, see [8], [9], [20]). In the adaptive control of stochastic systems, however,
noise is an essential feature of the system, and it is of interest not only to guarantee
boundedness of signals, but it is also important to reject the noise optimally, or at
least much of it. Thus, performance of the adaptive control algorithm in rejecting the
corrupting noise, and thus tracking the desired reference trajectory with small tracking
error, is also an important goal in stochastic adaptive control.

In this paper, therefore, we address the twin questions of performance as well as
robustness of adaptive control laws for linear stochastic systems. In particular, we
address the issue of adaptive controllers that are performance-optimal when the ideal
assumptions are satisfied, and that are robust with respect to perturbations of the system
from the ideal assumptions.

We will consider two types of perturbations of the system from optimality. First
we consider perturbations of the coefficients of the colored noise polynomial that can
be large and that allow gross violation of the positive real assumption. This problem
has been treated by Egardt [5] for bounded noise and extended in Praly [18] for
mean-square bounded noise.

Second, we consider system perturbations. Vidyasagar [26] has identified the
appropriate topology on the set of linear systems, called the graph topology, which is
the weakest topology such that there is a stabilizing linear controller for a nominal
ideal system that remains stabilizing, and such that the closed-loop transfer function
is continuous (uniformly over all frequencies) when perturbations with respect to this
topology are allowed. Thus, for any given weaker topology which thus allows more
perturbations, there is not necessarily any single linear control law that continues to
maintain stability. Since self-tuning or adaptive control is really an online or real-time
search over the space of linear controllers, we cannot expect to do better than allow
for perturbations with respect to this graph topology. Thus while (nonadaptive) linear
controllers are designed for perturbations with respect to the graph topology from a
given nominal system, adaptive control laws should be designed to maintain stability
with respect to the graph topology from all possible nominal systems. This indeed is
the goal of this paper. We will achieve it by extending the approach of Praly [19] to
the vanishing gain case.

Last, asymptotic optimality and convergence results for adaptive controllers rely
on adaptive parameter adjustment schemes that use an asymptotically vanishing step-
size, i.e., the gain converges to zero. However, to maintain the ability to adapt, the
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gain should be nonvanishing. Thus we also need to analyze the effect of nonvanishing
gain on the ideal adaptive control algorithm.

In this paper we therefore exhibit an adaptive controller for linear stochastic
systems that is optimal for all ideal plants, and remains stable with respect to violations
of the positive real condition, and with respect to perturbations of the system, in the
graph topology, from all ideal plants. Moreover, we show that stability is preserved
when the gain is prevented from going to zero.

Specifically, we present an adaptive controller for which we prove the following
performance and robustness properties:

(1) Attaining optimal regulation and tracking in the ideal case when the system
is of minimum phase with a known upper bound on the system order, and when the
coefficients of the colored noise polynomial satisfy a positive real condition (Theorem
5.1). In the case of the regulation problem, we also show that the adaptive controller
self-tunes in a Cesaro sense to minimum variance regulator (Theorem 5.2).

(2) Providing mean-square stability when the system is of minimum phase with
a known upper bound on the system order but does not necessarily satisfy a positive
real condition (Theorem 4.6).

(3) Providing mean-square stability when the system is in a graph topological
neighborhood of computable size of an ideal system as in (1) (Theorem 6.8).

(4) Continuing to stabilize the system when the adaptive gain is prevented from
vanishing to zero (Theorem 7.7).

There are still many unresolved questions. Maybe the most important is to
determine whether adaptive controllers without the modifications we have used are
already robust, even though our modifications are well motivated. Moreover, we have
not really been able to deal with the removal of the minimum phase assumption, even
though, as we will show later, our adaptive controller is robust with respect to graph
topological perturbations that do result in nonminimum phase systems.

2. The adaptive controller. In this section we present our adaptive controller. In
the next five sections we analyze the effect of the adaptive controller when it is applied
to a variety of systems satisfying varying assumptions. (Thus we are reversing the usual
order of presentation, where the intended systems are first described before the adaptive
controllers are defined!)

We will suppose that the system under control is a single-input, single-output
system with input sequence u(t) and output sequence y(t). We will also suppose the
following:

(A2.1) The reference trajectory y™(t) is bounded.

There are several fixed parameters that are chosen a priori. We choose the
following:

(A2.ii) Three integers ng, ng, and no (which describe the dimensions of our
adaptive controller, but not necessarily those of the system);

(A2.iii) Two positive numbers 0 <A, < A; (which serve as bounds on certain eigen-
values);

(A2.iv) Three positive numbers p >0, 0,>0, and K > 0;

(A2.v) A parameter vector 0 of dimension (ng -+ ng+ne+2) whose first com-
ponent is larger than or equal to oy;

(A2.vi) An integer d =1 (which models the delay but may not be equal to it).
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We use the regression vector ¢(t) defined as
¢(t):= (u(t)a T, u(t_"s),)’(t), Tt ay(t_nR)’ym(t+d—l)s e ,ym(H'd_"c))T-

Given 0(n), F(n), and p(n)>0 for all n=1t—1, and having applied a new control
input u(t—1) and observed a new output y(t), we recursively define the adaptive
controller as follows:

(2.1) p(t)=p(t—1)+max (p, |¢p(t—d)|?), t=1 (wechoose p(t)=0fort=0),

_ ¢(t d)

(22) ¢(t_d) 1/2(t)
_ 1
(2.3) g(t)'_1+$T(t—d)F(t—d)$(t—d)’
(2.4) e()=y(1)—0"(t—d)p(t—4d),
ooy

(2.5) é(t): (1)’
(2.6) F'(1)=F(t—d)—g(t)F(t—d)$(t—d)¢ (t—d)F(t—d),
2.7) F(t):=(1_A )F (t)+ Aol (wechoose AGJI=F(0)=A,1),
(2.8) 0'(t)=0(t—d)+g(t)F(t—d)p(t—d)é(t),
(2.9) 0%(t) = 0'(t)+max (0, oo—s5(1)) Flll((tt))
where

so(t) = first element of the vector 6°(¢),
F,(t) = first column of the matrix F(t),
F;,(t):=(1, 1)th element of F(t),

KA
(2.10) 0(t):=0°+(6%(t)—0°) min (1,—‘c>.
Aoll6%(1) —6°|
Finally, the control input is defined implicitly through
(2.11) 07 (1)p(1)=y"(t+d).

Explanation of adaptive control algorithm. There are essentially only three features
of our adaptive control law that are different from the usual adaptive control laws.

Normalization. The sequence p(t) is a normalization (or scaling) sequence. The
vector ¢(t—d) obtained by normalizing (i.e., dividing) ¢(t—d) by p'/?(¢) is then the
normalized regression vector, and similarly &(t) is the normalized prediction error. These
normalized signals are then used to update the parameter estimates.

Condition number bounding. The matrix F(t) is what is usually called the “covari-
ance matrix.” It is well known in recursive identification (see Lai and Wei [13] and
Kumar and Varaiya [12]) that if the condition number of the so-called “covariance
matrix” remains bounded as ¢ - 00, then the parameter estimates converge to their true
values. Equation (2.7) ensures that the eigenvalues of F(t) remain within the interval
[Ao, A], thereby keeping the condition number uniformly bounded. (In fact, as the
reader can verify, any F(t)= F'(t) satisfying the property that its eigenvalues lie in
the interval [Ay, A,] can be used.)
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Parameter estimate projection. Finally there is a set of two modifications that
ensure that the parameter estimates are kept bounded, while at the same time making
sure that the first component of the vector 6(¢) (which is an estimate of the so-called
“high-frequency gain” of the system) is kept positive and bounded below. This is done
in two stages. The first stage, (2.9), ensures that the first component is larger than o,.
The second stage, (2.10), keeps the parameter estimates inside the sphere with center 6°
and radius K,/ A, by projecting them radially onto the surface of the sphere whenever
they wander outside.

Remarks on modifications. The reasonableness of the modifications of normaliza-
tion and eigenvalue bounding can be seen from the following calculation. Normal
unmodified adaptive control laws using least-squares parameter estimates would use
the (d interlaced) recursions

R7(1-d)¢(1—d)
1+¢"(t—d)R'(t—d)p(t—d)

6(t)=6(t~d)+ (y(1)-6"(t—d)p(t—d)),

R(t)=R(t—d)+¢(t—d)¢ " (t—d).
These recursions are clearly equivalent to

(R(t—d)>" ¢(t—d)
p(t) p"/3(1) (y()—0"(t—d)¢p(t—d)

0(t)=0(t—d)+

1+¢T(t-—d)(R(z—d)>—1¢<t—d) p"3(1) ’
p'2(1) p(1) p'2(1)
ie.,

—d)\7!_

() -
6(1)=0(t—d)+ £ RGN &(1).
1+$T(t—d)(——> $(t—d)
p(t)

Thus we see that modified adaptive control uses F(¢t—d) instead of (R(t—
d)/p(t))”". This is reasonable since R(t—d)/p(t)=1I, and F(t—d) also has a lower-
bounded minimum eigenvalue. Hence both R™'(t—d)/p(t) and F(t—d) are of the
same order and grow at the same rate. Last, the bounding of the maximum eigenvalue
of F(t—d) is a reasonable effort at keeping the condition number bounded.

An intuitive rationale for the introduction of normalization is the following. Let
us consider the case where the system is not of the order assumed. Then, generally we
can assume that the system can be represented in the following form (which also allows
infinite-dimensional systems):

Y(0)=ay(t=1)+bu(t—1)+ ¥ (arp(t—i)+Bu(t—i))

where the summation represents the portion of the system dynamics that has not been
modeled. Then, under the assumption that ng=ng =0, we have ¢(t—1)=
(u(t—1), y(t—1)), and so for any 6=(6,, 6,)",

y(1)=¢ (t—1)0=(a—0,)y(t—1)+(b—6)u(t—1)+ éz (eiy(t—i)+Bu(t—1i)).



A ROBUST ADAPTIVE MINIMUM VARIANCE CONTROLLER 241

This modeling error may be unbounded irrespective of the choice of 6. However, the
neglected component can be bounded by

t 1/2/ ¢
éﬁ(z a?+ﬁ?) (Z yz(t—i)+u2(t—i))
i=2 i=2

1/2

¥ (ap(t=0)+ puu(t=1)

by the Cauchy-Schwarz inequality. Noting that Y| _, (»*(t — i)+ u?(t—i)) = p(t), where
p'/?(1) is the normalization factor, we see that |7(t) — ¢ " (t—1)8| = M,, when {a;} and
{B;} are in I,. Hence the error due to mismodeling is bounded when we use the
normalized quantities instead of the original variables. This is the heuristic reason for
our use of normalization.

The purposeful bounding of the parameter estimates (by keeping them in a certain
sphere), which is our last modification, does not cause any problems, at least when
the “true parameter vector” is known to satisfy a similar bound, thus allowing conver-
gence of the parameter estimates to their “‘true values” if that is necessary. As we show
later, there need not even be a “true parameter vector” for this modification to be
reasonable. In fact, Egardt [5] has shown that some sort of parameter boundedness
is necessary for good behavior. Similarly, keeping the first component of the parameter
estimates bounded below is tolerable at least when the true parameter vector also has
the same lower bound on its first component.

It should be noted that our bounding of the eigenvalues of F(f) is somewhat
similar to the case of the stochastic gradient algorithm (see Becker, Kumar, and Wei
[3]). In fact, the stochastic gradient algorithm is a special case of our modified adaptive
controller that is obtained when we choose A,=A, in (2.7). In general, however, we
expect that the initial transient performance of the adaptive controller will be closer
to the least-squares algorithm, but that the asymptotic convergence rate will be governed
by that of the gradient algorithm, although we have not been able to establish either
of these results analytically.

The modifications present in our adaptive controller, which were first proposed
in Praly [21], therefore, all stem from reasonable motivations. In what follows we
actually show the power of these modifications in a variety of situations.

3. Some properties of the adaptive controller. Interestingly enough (and very useful
to us), the adaptive controller that we defined earlier satisfies some useful conditions
irrespective of the system to which it is applied.

Let us define @ as the intersection of the closed sphere with center 6 and radius
K, with the closed half-space s, = o, (Where s, = first component of vector 6 € ®). Note
that by construction (see (A2.v)) 0° belongs to ®. For any 6 € ©, we define the prediction
error by

(3.1) wo(t):=y(t)—0"p(t—d)

and its normalized version by Ww,(t) = w,(t)/p"?(1).

We wish to emphasize that the results of this section are obtained without any
assumptions on w,(?). The following preliminary results are of much interest, and will
be very useful to us. Since they are a direct consequence of our definitions, their proofs
are omitted.

LEmMA 3.1.

(i) 1zg(nN=1/(1+1y);
(ii) If 6 €O, then ||6(t)— 0| = K,, for some constant K, ;

(iii) p(T)ZX,, [$(t—d)|*.

Proof. The proof is trivial. 0
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It should be noted that g(t) is the only eigenvalue of the matrix [I—
g(1)F(t—d)$(t—d)¢ " (t—d)] that is not equal to 1. Since (2.8) can be rewritten as
0'()=[I-g()F(1=d)p(t—d)d"(1—d)]16(1—d)+g(t)F(t—d)$(t—d)7(1), it is
then clear that g(t) tells us how contractive the homogeneous part of this update
equation is, and (i) provides a lower bound on the rate of convergence of the parameters.
Statement (ii) above merely makes note of the fact that 6(t) is kept bounded.

LEMMA 3.2. Define a Lyapunov function V,(t):=(0(t)—0)"F~'(¢)(6(t)—6), for
0€@. Then

Vo(1) = V,(t—d)+wi(1) —g(1)&(1).

Proof.
Step 1. (F'(1)) '=F (t—d)+ ¢(t—d)¢ " (t—d). After some algebra and (3.1),
we have

(3.2) (8'(1)= )" (F'(1)7'(8'(1) = 0) = V(1 — d) + wi(1) — g(1) &*(1).
Since (F'(1))"'= F~'(t) and because of (3.2), we have
(3.3) (0'(1)—0)TF~'(1)(0" (1) — 0) = V, (1 — d) + wi(1) — g(1)&(1).

Step 2. Let A'(t)=(6%(t)—0)"F '(1)(6°(t)—0)—(6'(t)—60)"F~'(¢)(6'(t)—0).
Then some algebra yields A'(t) = (0%(t)+ 6'(t)—20)TF'(1)(6(1) — 6'(1)).

Now we consider two cases.
Case 1. If oy=s4(t) then 6'(¢) = 6*(t) and so A'(¢)=0.
Case 2. If oy> so(t) then

, 2 1 _ T O'O_S(I)(t)
A1) = (63(0)+6'(1) ~20)Te, =

=0'0_S(1)(t)

Fi(t)

where e, =(1,0,---,0)".
Hence, in any case we have

(3.4) (6%(1) = 6) "F~'(1)(6°(1) — 6) = V(1 —d) + wi(1) — g (1) &*(1).

[so(t)+ (og—so(t)) +s0(t) —25,]=0 (since so(t) < oy <so)

Step 3. For convenience, let M, and d, denote

e (P2 1) — A\ TE-1 204y _ — A1
Myi= (%)= O)F(0(6()=0) and dyi= K3

Now consider two cases again.
Case 1. If d, =1, then 6(t) = 6°(t) and so M, = V,(1).
Case 2. If d, <1, using (2.10) and the Cauchy-Schwarz inequality, then

M, = V(1) = (62(1)+ 8(1) —26)TF~(1)(6%(1) - 6(1))
= (1= = 0 125 (1= d) |6 (0) =o'

IO

Ay

Hence, in any case, M, = V,(t) and the result follows. 0
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The above recursive bound on the “Lyapunov function” will be useful sub-
sequently.

Lemma 3.3.

(i) so(t) = 005

(i) 61| =]6°+K(Ai/Ao)= R

(iii) e(t)=y()=y"(1);

(iv) 6(1)—6(1—d)|| = VA, (A+VA/VAe(D)];

(v) Forany 0€0®, e*(t)=p(t)(1+A,)(Vo(t—d)— Vo(t))+(1+ A1) wi(2)
and 0= V,(1) = V,:=1/ (K + K(A,/ o))

Proof. Formulas (i)-(iii) follow almost by definition.

(iv) Because ||g(t)F(t—d)¢(t—d)|=v1,/2, it follows that

(3.5) ||0‘(t)~B(t—d)lléyzi_'lé(t)l-

From the algorithm, we can easily see that

(3.6) (02~ 0" ()P (1) (0%(1) - 0' (1)) 5 2=
(3.7) %)= 6 (0= 16(t=d) =60,
(3.8) () —6*(0)||=6*(2)—6(t—d)].

Using (3.7) and (3.5), we have
39 l6%(r) -6 (t)||2< |e(z)|2

Combining (3.8), (3.9), and (3.5), we have
l6(t)—6(r—a)|=]6(r)—6*(1)]| +|6°(t)— 6(1—d)||=2[6°(t) — 6(z )|

_J_(1+ )l é(1)|.

(v) From Lemmas 3.2 and 3.1(i),

&1

1+A1<g(')é2(’)< Vo(t=d)— V(1) +we(1),

and the bound on e*(t) follows readily. On the other hand,

Vot =5 (0 - ol = o — ol + K22)

and the claimed bound follows, since ||6°—6| =K due to the requirement that
0e0. 0

The first result above merely states that the subsequent projection onto the surface
of the sphere continues to preserve the property (i). The fourth result above gives a
bound on the increments of the parameter estimates in terms of the normalized errors,
while the last result gives a bound on the normalized errors themselves.

This last result is fundamental. It shows that insofar as the norms of the sequences
are concerned, the adaptation law may be regarded as a static gain operator with
inputs w,(t), Vp(t) and output e(t). The gain from w3(z) to e*(¢) is simply (1+A,),
which increases as the speed of adaptation measured by the largest eigenvalue A, is
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concerned. It tells us that the error given by the parameter estimates will be smaller
than v1+ A, times the error given by any vector 8 € ®. The gain from p(t) to e(t) is
(1+A)(Ve(t—d)— Vy(t)). Suppose now that, due to the boundedness of V,(-), the
“mean” value of V,(t—d)— V,(t) is close to zero. Then boundedness of e(t) will
follow from the small gain theorem [4] if the operator e(t) > +/p(¢) has bounded gain
and the operator e(t) > wy(t) is an operator whose gain multiplied by v1+ A, is smaller
than 1. Moreover, since this result holds for all § € ®, we have

11+T2‘<11+T i . . A lt+T2.

"T" Et e (i)= T Et p(D)(1=A)(Ve(i—d)— V(i) +(1+A,) rgél(-l;l T E: wi(i)
for all t=d and T. This tells us why optimality can reasonably be expected to hold.

4. Stability in ideal, not necessarily positive real case. In this section we analyze
the performance of the adaptive controller when it is applied to minimum phase
ARMAX systems of known order. We do not make the usual positive-real assumption
on the coefficients of the colored noise polynomial; in fact, we do not even assume
any stochastic properties of the disturbance except for mean-square boundedness.
Nevertheless we show that the adaptive controller proposed in the previous section
mean-square stabilizes the system. (In the next section we show that stability result
can be strengthened to one of optimality when a positive real condition is satisfied.)

We consider therefore the following ideal system:

(4.1) A(g )y(t)=q B(g Hu(t)+C(q ")w(1), =1
where

A(@)=1+Y aq™’, B(gH)=Y bg™, b#0, C(g)=1+Y cq "
i=1 i=0 i=1

Note that we assume the following:

(A4.) Positive numbers Ay, A,, delay d and reference output y™(¢) are the same
as that used in the adaptive controller (see § 2).

We only assume that the noise or disturbance {w(t)} is mean-square bounded, i.e.,
1 T
(A4.ii) limsup— ¥ wi(t)=SK<© as.
T-—>00 T t=1
Regarding the polynomials A, B, and C, we make the following assumptions.
(A4.iii) B(z) has all zeros outside the closed unit disk.

Given A(q™"), B(q™"), and C(q7"), there exist polynomials S*(¢~'), R*(q""), and
Q*(q™") so that

(4.2) S*(g")A(g™)+q ‘R*(g")B(q"")=B(q7 "),
(4.3) S*(g7")=Q*(g")B(qg™").

We will assume that, with ng and ng corresponding to the choices in the adaptive
controller, we have

(A4.iv) S*(g") is of degree ng,
(A4.v) R*(gq7") is of degree ng, i.e.,
Ns "R .
$*(q™")=Y s¥q”" and R*(q)=Y rfq""
i=0 i=0

We define

(44) o*z(sg,,,,,S:X:S,rg’_,_,r:'kR,O,,,,,O)T,
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and make the following assumptions:
(Ad4vi) (0°—0%)7T(6°—0*)=K;

(Adwvii)  sE¥=o,, where s¢ is the first component of 6*.
With these assumptions in hand, we can proceed to our proof of stability. In what
follows we denote the components of 6(t), the parameter estimate, by

(4‘5) o(t) = (SO(t)’ Y sns(t)’ rO(t)’ Y rnR(t)a —Cl(t)’ Y _Cnc(t))T‘

As we have observed at the end of § 3, we must first understand how the normalizing
sequence p(-) is related to e*(t), the sum of the squares of y(-) and u(-).
LEMMA 4.1.

Tpép(T)éKz(ZTj y'”z(t)+TZ—l (ez(t)+w2(t))>+Tp for some constant K.
Proof. Let o .
¢ ()= (u(t=1), -, u(t—ng), y(t), - - -, y(t—ng), y"(t+d —1),- - -, y"
“(t+d=nc))T,
07(1):=(51(), "+, sug(1), 1o(1), * =+, 1 (1), =4 (1), - =+, —Can ().

Note that these “reduced” vectors are obtained by removing the first component
from the vectors ¢(t) and 6(¢). From Lemma 3.3(iii) and assumption (Ad4.iii), we
obtain that

(46) L I8 -DIPSC T "W+ e+ wi0),
for some constant C;. From (2.1) we have
(@) p(TISTp+ 3 (Wi-d)+ 16 -d)IP).
Using (2.11), (4.6), and Lemma 3.3(ii), we get

>f W(i-d)=3 (y’”(t+d)s—0-(ti;T(t)¢'(t))2

t=1

(48) DOV N PTG

T
=G, Y (y"(t)+e*(t)+wi(t)) forsome constant C,.
(=1

When we combine (4.6)-(4.8) the result follows. O

The following is a technical result that we use below.

LEMMA 4.2. Let v(t)=0 be a sequence of positive real numbers for all t=1. If
l/TZ, LU()=YV, for all Tz 1, then

atk +k
() % v(t)<V<1+l gg—q—-) whereq =1,

t=q-+1

@ oy WV

tq+1t

( +k)'™* whereqz1, 0=a<l.
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Proof. Let X(T)=(1/T) Y|, v(1); then v(t) = tX(£)—(t—1) X (t—1).

q+k v(t) q+k 1
(i) Y —= Y X)) -X(t-1D+-X((t-1)
t=q+1 1 t=q+1 t
atk X(t—1
~X(g+i-X(g+ 3 =D
t=q+1 t
q+k +
gv(1+ 5 1)§V(1+10gu>;
t=q+1t q

q+k q+k —_
@ % M- x-S X

o o
t=q+1 I t=q+11

=(q+h)X(q+h)+ Y (t—l)(

t=q+1

(t_ll)a—tia)x(t—l).

If0=a<1,then t*—(t—1)*=a(t—1)*"". Therefore we have

I ) T U Rt )
t— —— =« e =—- e,
t=q+1 (t_l)a ta t=q+1 l_a q

Hence the result follows. a

LEmMMA 4.3. For any a, 0= a <1, and with V,(-) the sequence shown to be bounded
in Lemma 3.3, there exists a constant C such that

qik t*(Vo(t—d)—Vo(t)) = C(q+ k)%, gzd=1.

t=q+1

Proof. The proof is by induction. Consider the case where d =1. Then,

q+k
Y t*(Ve(t—1)—Vy(t)) (where 0= V,(t)= V,from Lemma 3.3)
t=q+1
q+k
=q°V,+aV, ¥ (t—-1)*""'s2Vi(qg+k)*
t=q+1

The induction is now on d. Suppose that for i=1,-- -, d —1 there exist C; such that

q+k
Yt (Ve(t—i)= V(1)) =Ci(q+ k), q=d

t=q+1

Then, let us consider

q+k
Lt (Ve(t—d)— V(1))
t=q+1
q+k q+k
= L t°(Ve(t=d)=Vo(t=d+1))+ Y 1°(Vo(1—d+1)=V,(1))
t=q+1 t=q+1
q+k
= Y t"(Ve(t—=d)—Ve(t—d+1))+Cy_(q+k)*
t=q+1
=2(q+k)*(d-1)V,+(2Va+ Cai)(g+ k)" =t Ca(q+k)*
and the induction is complete. O

We now reinterpret Lemma 3.3(v) to show that &(¢) is small in the mean-square
sense. This will then show that the operator e(t)>+/p(f) can be considered small in
the mean static gain operator, at least as far as norms are considered. Unfortunately,
this property holds true only for time intervals where p(t) is much larger than ¢
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LEMMA 4.4. There exist almost surely finite random variables L and w such that for
some given e>0, gq+1=t=q+k q=1, if t/p(t)=e then Z:’:‘l;ﬂ (1) =
L+ew(1+A,)log(g+k)/q.

Proof. From Lemma 3.3(v) and Lemma 3.2, we have

(4.9) )= Cor(14A,) 13123( e vT)o(t))

t=q+1 t=q+1

for some constant C,. By the definition of 6*, we have
(4.10) wex() = Q*(g")C(q )w(1).

Because w(t) is almost surely mean-square bounded, i.e., limsup+ (1/T) ¥, Ll w?(t) <o
as., Q*(q7") and C(q™") are polynomials, from (4.10) we see that there exists an
almost surely finite random variable w such that

1 T
(4.11) sup—= Y wi(t)=Ww as.

T 5,
If t/p(t)=e, then wi(t)=se(wp(t)/t) for te[q+1,q+k], g=1. Combining this
inequality, Lemma 4.2(i), and (4.11), we have

+k
qz E(=Co+(1 +A1)sﬁz<1 +logq—+k) =L+ew(1+A,) log g+—k. a
t=q+1 q q

With Lemmas 4.1 and 4.4 now established, we are in a position to “close the
loop.” To do so we need an appropriate version of the small gain theorem given in
the next result.

LEMMA 4.5 (Bellman-Gronwall Lemma). If p(T)§M4T+M2p(TO)+
Y Y gy E()p(1), then

. T-1 . T-1 T-1
p(M=EMT+Mp(To) [I (A+y&()+yM, T &%) [1 (1+y&(i)
t=Ty+1 1=To+1 i=t+1

for some positive constant M, and some positive random variable M,.

Proof. The proof uses mathematical induction and we provide a sketch. For
T = T,+ 1 statement is obviously true. Suppose that the statement is true for To+1=T=
T,, then p(T,+1) = M,(T,+1)+ M,p(To) X, + yM, X,, where

T, -1 T,
X;=1+y Y &) [l Q+ye’()= 11 (+v&y))
t=Ty+1 j=To+1 Jj=To+1
and
T, ) T, 5 -1 5 -1 )
X= Y w@()+y Y &) Y jer(j) Il (1+ye(i)
1=Ty+1 t=Ty+1 j=To+1 i=j+1
Tl Tl
= Y @) [1 (1+ye%i). o
t=Ty+1 i=t+1

We now show that the adaptive controller mean square stabilizes the system under
the assumptions stated at the beginning of this section. Note that we are not assuming
a positive real condition on the noise.
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THEOREM 4.6. For system (4.1), subject to the assumptions (A4.i)-(A4.vii), our
algorithm ensures that:

(i) lim sup—j—, Z Y (1)< as.,

T o0 t=1

.. 1 »

(ii) hmsup—— Z u’(t)<oo a.s.
T -0 !=l

Proof. For w (given by (4.11)), K, (given by Lemma 4.1), and A,, there exist
random variables £ and & such that

(4.12) a=1-K,ew(l1+A;) and 0<a<1 as.

Suppose now that there exists a time interval (T,, T;] such that

T =¢ forall Te(T,, T\] and Tof/p(Ty)>¢
p(T)

where T, may be infinite. (Note that if such an interval does not exist, then we are done.)

Because y™(t) is uniformly bounded and w(t) is almost surely mean-square
bounded, by means of Lemma 4.1, there exists 1\~41 such that p(T)=
M, T+K,Y ) e(t) almost surely

Since e(t) =(6*— 0(t—d)) ¢(t—d)+ wes(1), from Lemma 3.1 and (4.11) there
exist M, and M3 such that Z, L€ (1) = M,p(Ty)+ M3 T,.

Using this inequality and the Bellman-Gronwall Lemma, we have

. T-1 L T-1 T-1
p(TV=EMT+Msp(To) Tl (+K&(1)+K.M, Y t&*(r) 1 (1+K,&(i)).
(=To+1 (=Ty+1 i=t+1

From Lemma 4.4 and (4.12), we have Hq+";+] (1+ K,&%(1)) §-e"2£((q +k)/q)*"%. There-
fore there exists an almost surely finite random variable My such that

T-1

0

) +(T—1)““ Til t&éz(t)].

=To+1

(4.13) P(T)<M6[T+P(To)(

Choosing 6 =6* in Lemma 3.2, we have (1/(1+X,))&%(t)=(Vy=(t—d)— V(1)) +
wa+(t). Hence we get

T-1 .
T @) =(1+1) Z t*(Vou(t = d) = V(1) + Wou(1)).
t=T0+l t=To+1
From Lemmas 4.3 and 4.2(ii), we have
T-1 &2 & . T-1 Wo*(t) s
Y ot ()sCUT-1)*+A+1)E Y —= M,(T—-1)%,
t=Ty+1 t=To+1

for some M,. We can rewrite (4.13) as p(T)/T= M,(1+1/&+ M,). Hence there exists
a random variable £, such that

(4.14) = £,>0.

p(T)

From Lemma 3.1(iii), we know that 1/5>(1/T)Z, R yz(t) This 1mp11es that

limsupr.1/TY,_, y*(t)<co as. Similarly, limsupr..(1/T) Y., u*(t) <o
a.s. O

5. Optimality in the ideal, positive real case. Now we turn attention to the so-called
ideal case, where the noise satisfies a positive real condition, and show that the preceding
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stability results can be improved to prove that the sample mean-square variance of the

output error is actually optimal. Also, in the case of regulation, we prove that the

adaptive controller self-tunes in a Cesaro sense to a minimum variance regulator.
Given the system in the previous section, let us suppose that the polynomials

S(™)= sq”' and R(g™)=3 rg”
satisfy the equations
(5.1) S(g)A(g™)+q “R(¢7)B(g7)=C(q7)B(g™"),
(5.2) S(g7)=Q(g™"HB(g™).
Then we can define 6°(1):= (S0, * » Sng> F0>* * * » Fngs —C1»* " * » —Cnc.) -
Regarding the noise {w(¢)} we assume the following:
(A5.1) It is a martingale difference sequence on a probability space (£, F, P).

Specifically, denoting by F, the sub-o-algebra generated by the observation up to
and including time ¢. We assume that:

(A5.ii) E{w(t)|F,_;}=0 as.;

(AS.iii) E{w*(t)|F,_}=0> as,;

(A5.iv) sup, E{|w(#)]**°|F,_,} <0 a.s. for some 6 > 0.
Next, let v(t):=Q(q ")w(t); then

d—1 d-1
(5.3) E{v’(t+d)|F}=0" ¥ qi="v" as. whereQ(q )= Y qq "
i=0 i=0

Clearly the minimum tracking variance is v* (see Kumar and Varaiya [12]). We
now show that our adaptive controller achieves this optimal tracking performance.

THEOREM 5.1. Suppose that the system (4.1) satisfies assumptions (A4.i), (A4.iii)-
(Ad.vii), and (AS5.i))-(AS5.iv). Furthermore, assume the positive realness condition
sup,, |C(e*)—1|<1/vITA, and also that 6°c®. Then limr.o1/TY. "5 (y(t)—
y™(t))*>= v almost surely.

Proof. From (5.1) and (4.1), it is easy to see that (e(t) —v(?)) is F,_4-measurable.
Now let

(5.4) z(t—d)=-e(t)—v(1),
(5.5) b(t):=(08°-0(1))"¢(1),
(5.6) h(t)=b(t)—z(1);

then it is easy to see that C(q~")z(t) =b(t). Hence h(t)=(C(q™")—1)z(1).
Because C(e™) is strictly inside the circle with center 1, and radius 1/vV1+A,,
there exists a positive & such that ¥;_, (z°(j)/(1+X,)=h*(j))Z e 3;_, 2°(j) for all &
Let us define a function

t 2 i—d
(5.7) S(t)= Y (M—hz(j—d)-azz(j—d)), t=d+1
j=d+1 1+A,
with S(d):=0. Obviously, S(¢)=0 for t=d and
2 —
S(t)-S(t-—l)=M—~h2(t—d)—ezz(t—d) fort=d+1.

1+,
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Since wgo(t) =e(t)—b(t—d), from Lemma 3.2 and (5.4) we get
Veo(t) = Vio(t—d)+(e(t) —b(t —d))*— g(t)&*(t)
=Ve(t—d)+(Z(t—d)+5(1))*—2(z(t—d) + 6(t))b(t —d)+ b*(t— d)
—g(1)(2(t—d)+ (1))

where b(t—d):=b(t—d)/p"*(t), 5(t):=0v(t)/p"?(t), and Z(t —d) = z(t—d)/p"*(¢).
Taking the conditional expectation and using Lemma 3.1(i),
2

v = i 2 =204 _
E{Vo(’(t)lFr—d}:Vo°(t—d)+(1-g(t))p(t)+(2(t—d)—b(t—d)) 1+)t12(t d)
= Volf— _ v? S(t-l)—-S(t)__ S
=Ve(t—d)+(1 g(t))p(t)+ () ez (t—d).
However,
S(t—1)<S(t—1) S(d)<_1\ﬁ
p(t) ~p(t—1)  p(d)” dp’
and so,
S E(Ve)|Fs= ¥ Vet-d)+o? 5 M5 2,
t=d+1 t=d+1 t=a+1 p(1) dp t=d+1

Because

1-g(1) _ $T(t—d)F(t—d)<5(t—_d)

p(t)  p()(A+¢T(1—d)F(t—d)p(t—d))
_ MeT=d)g(t=d)
“p((p()+ 19T (1~d)p(1~d))

p(t)—p(t—l)sl\( 1 1>

P’ (1) T N\p(t=1) p(1)/)
This implies that ¥7_,,, (1—g(1)/p(t) = A,/ dp.

Taking unconditional expectation, and noting that Vge(t) is bounded (surely),
there exists M, such that sE{ZLﬂ,+1 7°(t—d)}=M,. Hence
2 (e(n)—ov(1))?

(5.8) r=§+1—p(—t)-<oo a.s.

=\

From Kronecker’s lemma and (4.14), we get
1 T
(5.9) lim — ¥ (e(t)—v(1))*=0 as.
T>o T /2

Hence E{(y(t)—y™(¢))*| Fi—a} = E{(e(t) —v(£)+ v(£))*| Fi_a} = (e(t) —v(1))*+v°.

Now, continuing as in Lemma 7 of Becker, Kumar, and Wei [3], we get the desired
result. 0

It should be noted that as (1+ A,) increases, the speed of adaptation is increased.
However, the condition sup,, |C(e™)—1|<1/v1+2X, then becomes more stringent,
requiring that the noise be even closer to pure white noise. Hence we see that A, allows
a tradeoft between the rate of parameter convergence and the tolerance of the algorithm
to colored noise.
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In fact, we can even prove that the adaptive regulator self-tunes in a Cesaro sense
to the set of optimum minimum variance regulators. To exhibit this result, we concen-
trate temporarily on the regulation problem. In this case,

y™(t)=0 foreveryt,
OT(t) = (el(t)s T, 0n5+1(t)3 0n5+2(t)’ T, 0n5+nR+2(t))’
¢T(t)=(u(t)9 Y u(t_n5)9 }’(t), T ’y(t_nR))

and (2.11) can be rewritten as
(5.10) 0" (t)(t)=0.

Let us define R'(q™", 8(1)) =%, 6,.2i(1)g ™ and S'(g ™", 0()) =315, 0 (1)g ™"
Then from (5.10), we have u(t)=—(R'(q”", 6(1))/S'(q”", 6(1)))y(t).

Note that D:={0|R'(q"", 0)S(q")=S'(q”", 8)R(q™")} is the set of parameters
that yield a minimum variance regulator. We now have the following result on self-
tuning in a Cesaro sense.

THEOREM 5.2. For every open set O > D, limy_ l/TZ,T=1 1(6(t) e O) =1 almost
surely, where 1(-) is the indicator function.

Proof. Because z(t)=y(t+d)—Q(q ")w(t+d)=E{y(t+d)|F}, from (5.9) we
know that (14.i) in Becker, Kumar, and Wei [3] is true. From Lemma 3.3(iv), we have

VA, 2[(e(t)~ v(1)) vz(t)]
- — 2 < At Y

l6(t)—6(t—d)| _2A,(l+m) 0 +p(t) )
It is easy to see that {X(t):=Y,_, (v’(i)—v)/i; F,} is a martingale. Due to (A5.iv)
X (t) converges and so on (v°(t)—v)/t->0 almost surely and this implies v*(t)/t>0
almost surely. Because 1/ p is the upper bound of t/p(t) for every t >0, so v*(t)/p(t) =
(v*(t)/t)t/p(t)~> 0 almost surely. Combining with (5.8), we get ||0(t)—68(t—d)||*>0

almost surely. Therefore (14.ii) in [3] is true.

From Lemma 3.3(ii), (5.10), Theorem 4.6(ii), and Lemma 3.3(i), we can see that

(14.iii)-(14.vi) in [3] are true. Hence our result follows from Theorem 19(ii) in [3]. 0

6. Robustness of optimal adaptive controller. Having proved in the previous section
that our adaptive controller yields optimal performance for ideal systems, we now turn
in this section to proving that the preceding adaptive controller is robust. This means
that if mean-square stability holds for an ideal system II, (and it does, as we have
shown), it will continue to hold for all systems in an open neighborhood of I1,. For
this to make sense, we need to define a topology on the set of linear systems. We will
consider the graph topology (see Vidyasagar [26]) and show that the adaptive controller
applied to systems in a graph topological neighborhood retains mean-square stability.
Furthermore, we will also give lower bounds on the size of these graph topological
neighborhoods.

Let I be the set of proper rational functions F(q) whose poles are all in the open
unit disk. I is equipped with the norm y(-), defined as y(F) = supj, - |F(q)|, for all
FeT. For a sequence x(t), we define its L,-norm as ||x|%:=Y x*(1).

We will prove that our adaptive controller stabilizes nonideal systems Il if they
satisfy the following assumptions:

(A6.1) Let the system II be described by the equation
(6.1) A(g)y(1)=B(qu(t=1)+C(q)w(t), =1
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where A, B, CeI', A, B are coprime, B/A is a proper rational function,
A(o0) =1= C(c0), and the noise is a stochastic process that satisfies merely
supr (1/TY.|_, w(t))"/*= V, where V is a deterministic finite number. (This
clearly holds if, for example, the noise is bounded.) We also assume that
ly™(¢)|= M for all t>0 and y™(t) =u(t)=y(t) =w(t)=0 for all t=0.

Because B(q) is an analytic function outside the unit disk, we can write a Laurent
series B(q)=ZC,.’°=o hiq~" and, for d =2, set P(q7") equal to 2:1;02 hiq™'; otherwise it
equals zero, and D(q) =Y., hi+qa_19 "

It is easy to see that
(6.2) B(9)=P(¢™")+4'“D(q).

Note that for the ideal system II, (as in § 5), Py(¢~") =0 and Dy(q) = Bo(q~ ') eT.
Because I1, is minimum phase, Dy(q) is strictly stably invertible. Motivated by this,
we assume the following:

(A6.ii) D(q) is an invertible element of I (i.e., D(q) and D~'(q) belong to T, or
we can say D(q) is a unit of I').

For a system II, we define
T(q)=(A(q), -+, q "A(q), ¢ 'B(q), - -, g """ B(q),0,- -, 0)".
With D(q) a unit of T', for every 6 we can define a new element of I" by
(6.3) Ho(q)=1-D (g T"(q)6.

Clearly y(H,) is a continuous function of 6. Hence we can choose 6O so that
v(Hg)=y(H,) for all 6 € ®. Next we assume the following:

(A6.iii) v(Hz) <y, where y, =1/v,=1/V1+A;

(A6iv)  y(P)<(vw—v(Hz)/(y(D™)(kiy(D™")y(A) + kot ks(ys = y(H3)))v3 "),
where k,, k,, and k; are strictly positive constants given in the Table 1 in
the Appendix (as is y; also).

We illustrate these assumptions by the following two examples.

Example 1. Consider the adaptive controller with ng=0, ng =0, nc =0, i.e.,
& (1) =(u(t), y(t)). We now examine the above assumptions by allowing only one
parameter to vary. Consider 6 = (1, r), which denotes that the adaptive controller is
associated with the idealized plant

(1+rg y(t)=u(t—1)+w(t).
However, suppose that the true plant is given by
A(g)=1+a,g ' +aq?, B(g)=1, C(q)=1

Then straightforward computations give

T(9)=(1+a;q '+aq 7,9 )",  D(g)=1,

Hy(q) = “qvl(al +r+ azq_l)
and it follows that

y(Hp)= sup ~(a,+r)*+2ay(a,+r)cos a+a’=|a,+r|+|ay.

O=a=2m

Therefore we get 6 = (1, —a,)”, Hj=—a,q 2, and y(Hj) =|a,|.
Hence, for this problem, with the expression of v,, assumption (A6.iii) is just
equivalent to |a,] <1/V1+A,.
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Note that all the other assumptions are satisfied. Thus by this inequality we see
that A, also allows a tradeoff between the rate of parameter convergence and the size
of the allowed value of a, (see also the last comment of § 5).

Example 2. To illustrate that our assumptions do not require the system to be of
minimum phase, we now consider ng=1, ng=0, nc=0, d=2, ie., ¢(t)=
(u(t), u(t—1), y(t)). We now study the assumptions by the variation of two parameters,
so suppose that 8 =(1, s, r)"; this clearly corresponds to an adaptive controller for an
idealized plant:

(1+ag Hy(t)=q 'u(t—1)+w(t).

However, suppose that the true plant is (1+aq ") y(t)=(b+q ")u(t—1)+w(t). Then
we have

T(q)=(1+aq”',q '(1+aq™"),(b+q H)g™"), D(g9)=1,
P(qg ") =b, Hy(q)=—q "(a+s+rb+(as+r)qg™").

Therefore we get

~ a a2
Y(H,) =a+s+rb|+|as+r|, y(H;)=0, e=(1,——1_ab,—l_ab)-

Hence all the assumptions are satisfied if (A6.iv) holds, i.e.,

Yn
bl < ,
1o k,(1+|a])+ ky+ ks ynys

which reduces to

|b|{J—2(1+A,)R(1+|a|)+RJ—1+A,+2¢§{(1+3£2—2) [S—“—"?—'Jg(—‘)'+z(|a1+|b|)+z]2

2
m 2 2R2 1/2
+3+&[1+—2(1+R2)]+ 2} }<1.
p o o

0 0

Note that the actual plant has a zero at —1/b. Thus we see that if the plant is
nonminimum phase, then we can model the unstable zeros by delays, provided these
zeros are large enough. We notice that by reducing the size of the parameter domain
(i.e., by decreasing R and increasing o,), we allow smaller unstable zeros. This is a
manifestation of the well-known fact that high gains may cause problems in the presence
of unmodeled dynamics.

We see also that the threshold for the unmodeled unstable zero depends on the
lo.-norm of the forcing signals w and y™ of the closed-loop system. This is a manifes-
tation of its nonlinear nature. However, since these norms are divided by vp, we can
overcome this difficulty by choosing the threshold p in (2.1) proportional to the square
of these norms.

We consider a graph topology constructed from the set I'. All the properties of
[26] can be rederived here. Specifically, this topology is the weakest one such that
feedback stability is robust and closed-loop transfer functions are continuous (with
respect to the ““sup” norm). Since this topology on the collection of systems II follows
from the topology on I, our robustness result follows from the following theorem.

THEOREM 6.1. The set of (A, B, C) satisfying assuptions (A6.ii)-(A6.iv) is open.
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Proof. The set

{<A, B,C,F,H G)|A B,C,F, H,GeT, Fe U, y(H) <y,

Y(G)<

_ Y —y(H) _ _}
y(F)(k,y(F)y(A)+ky+ k;(yo = y(H)))v5 (A, B, C)

is an open set of I'* where U denotes the set of units of I'. This holds since U is an
open subset of I, and the mapping F~' - F is continuous on U (see [26]).

Let us prove that the mapping (A, B, C)- P is continuous. Using the Cauchy-
Schwarz inequality, and Parseval’s theorem (see [4]) we have )/(P)éZf;O2 |h;| =
vd —1vy(B). Since the mapping (A, B, C)- P is linear, and as we have just shown,
also bounded, this proves that it is continuous. This implies that the mapping
(A, B, C)- D is continuous, and (A, B, C) - H, is continuous, for any fixed 6. Hence,
for any fixed 0, the mapping (A, B, C)- (D, Hy, P) is continuous.

Therefore the set

(/,0 = {(As B’ C)IDE L], 7(H0)< Yhs

y(P)< Yo —y(Hp) }
y(D7)(kyy(D)y(A) + ky+ ks(vw — ¥(H,))) ¥s (A, B, C)
is open, and therefore Uy ¢ ¥, is also open. The result follows. 0O

Before showing the proof of Theorem 6.8, the main robustness theorem, we need
some results. As Lemma 3.3 shows, it is sufficient to prove that the operator e(t) > vp(t)
has a finite gain and the operator e(t)-> w;(t) has a gain bounded by 1/v1+A,. In
what follows, we use a number of positive constants «;, B;, v, 8;, V;, and k;, given in
Table 1 in the Appendix, that depend on y(A), v(B), y(C), M, V, K, R, n¢, ng, ng,
“, d, p, Ao, Ay, and oy.

LEMMA 6.2.

(i) p(t)=p(t-1);

(ii) [|¢7=p(T+d)=||¢|7+Tp+ Vi3

(iii) 3 (flufl, + Il =léll.=villull.+ vyl +Vitay;

@) |wllr=VTV=(V/Vp)p"(T).

Proof. Formulae (i) and (iv) are immediate.

(ii) Since p(t+d)—p(t+d—-1)=p+|¢(t)|>, we have Z,Tzl (p(t+d)-—
p(t+d—1)=Tp+|¢|% Choosing V;=p(d), we find that p(T+d)=
Tp+|¢l7+ Vi

(iii) The left-hand inequality is obvious; for the right-hand side,

7= 1+ ns)|ulli+ 1+ ng)||ly|l;+ nctM>.

Now choosing y,:=+v1+ng, y,'=v1+ng, and a,'= Mvn., we get the result. 0
LEMMA 6.3. p(t+1)=yip(1).
Proof.

(6.4) ly(e+DI=wlt+ DI+ y(B)ull,+y(A=Dlyll +y(C-Dfw]..

Define ¢'(¢):=(u(t—1), -, u(t—ns),y(t), -, y(t—ng), y"(t+d 1), - -, y"(t+
d _nC))T and ol(t):= (sl(t), Y S,,S(t), rO(t), T, r,,R(t), _Cl(t)a Y —'cnc(t))’r- Then
the control law becomes

y'"(t+d)—0'T(t)¢>’(t).

(6.5) u(t)= sol1)
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By Lemma 6.2(ii) we have
(6.6) I (DI =p(t+d —1)+y*(1)+ M>.
Putting (6.5) and (6.6) together, we have

(6.7) uz(t)é-:_—(z)(M2+R2(p(t+d—l)+y2(t)+M2)).

Next, with Lemma 6.2(ii), we have

(6.8) lo(t—d+1)|*=p(t)+u’(t—d+1)+y*(t—d+1)+ M>.

From (6.4) and Lemma 6.2, we have
y(t—d+D)=[lwt—d+1D|+(v(B)+y(A-1)(|ull~a+ylli-a)

(6.9) +y(C=Dwl-aT’

y€-1)

2B+ A1)+ 1 v) p(0).

|
Vp
Combining (6.7)-(6.9), we have
p(t+1)=p()+p+|¢(t—=d+1)|’
2 2
§(2+——2 R2)p(t)+(l+—5 R2>y2(t—d+1)+M2+p+% M?*(1+R?)
g, g a,

0 0 0

2 vV C- 2
§(1+7R2)[7;+2<y(3)+y(A—,l))+y( ﬁ” V] o(1)

Oy
2 M 2
+ [2+~3 R+—+1+— M2(1+R2)]p(t)
() p poo
= y3p(1). o

LEMMA 6.4.
”u”r~d = ‘y(D*l)[‘y(A)”y”, + 'Y(C)”W”r + 'Y(P)”u”r—l]-

Proof. Using (6.2), we have D(q)u(t—d)=A(q)y(t)—C(q)w(t)—
P(g "u(t—1), that is, u(t—d)=D""(9){A(q)y(t)=C(q)w(t)—P(q Hu(t-1)}.
The result follows. 0

The next lemma is immediate.

LEMMA 6.5.

@ lylle=ly™l.+ el

(ii) |l¢(t)] = a, for t=0, where a,= Mvnc.

We therefore see from Lemmas 6.2, 6.4, and 6.5 that the operator e(t)>+/p(t)
has a bounded I,-gain, neglecting y(P).

LEMMA 6.6.

Iwill: = y(Ha)lly I+ y(D™)y(P)Bi(l ¢ ll:-1+ @) + y(D Has|wl, + y(D e, MV,
Proof.
67T (q)y(1)=6"[B(g)($p(t—1)=W(g ")y"(t+d —1))+C(q)U(g Hw(1)]",
where
U(q‘l);z(l, cee,q7"s,0,--+,0,0, - - ,O)T,
W(q_l):= 0,-++,0,0,---,0, q~1, e q—"c)T_
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From (3.1), (6.6), and the equality above, we have
D(q)wi(1)=[D(q) =TT ()81y(1)+ P(¢™")6 (1 1)
~6"B(q)W(qg )y (1+d~1)+67C(q)U(g™)w(n).
Using (6.3), we get
wi(1) = Hy(q)y()+ D' (@) P(¢7")6¢(1=1)+ D (9)§"C(q) U(g )w(1)
~D(g)"B(q)W(g )y (t+d ~1).
Hence
wsll. = y(Ha) |yl + (DY) y(P)R(|| bl ;-1 + a1)
+y(D)Ry(B)Wnc MVt +y(D " )Ry(C)V1+ng||w|,.

If we choose a,=Ry(B)Wnc, Bi=R, and a;=Ry(C)VI+ng, the result
follows. 0

If we neglect the last three terms, this lemma and Lemma 6.5 tell us that the gain

of operator e(t) > ws(t) is y(Hpy).
LEMMA 6.7.

Iy™ I = MVt=a,p'/?(t) wherea,:= M/Vp.

Proof. From the fact that |[y™(t)]= M and Tp = p(T), the result follows. 0

Our result on the robustness of the adaptive controller with respect to the graph
topology is given by the following theorem.

THEOREM 6.8. Under assumptions (A6.1)-(A6.iv), the adaptive controller in feedback
with the system 11, yields mean-square bounded inputs and outputs.

Proof. As observed at the end of § 3, and due to the lemmas above, we can use
a small gain argument.

Because p(T)/T=1/ TZ,T:' y2(t), if we can prove that there exists N so that

p(T)
T

then hmsupT_,c,ol/T Z, Y (t)<oo. Similarly, we will have limsupr.c-
TY, u'(t)<co.

We now prove (6.10).

From Lemma 33(v), we get [e|3=(1+1,)X._, (Vs(t—d)— Vs(t)p(t)+
(14A))]|ws % Let

(6.10) N>

(6.11) AX(T):= max<0 X (Vi(t=d)= V(1)) ”((T))> and  y,=(1+A,)"2
then
(6.12) el 7= vsA(T)p"*(T) + yallwal 1.

From Lemma 6.6 and Lemma 6.2(ii), (iii), we have
Iwsll. = y(Ha) |yl + y(D™)y(P)Bi(p"*(t—1+d) + ;)
+ ‘)’(D_l)as VVi+ ')’(D—l)azM‘/;'
Substituting (6.13) into (6.12), with Lemmas 6.5 and 6.7 we obtain
lellr =[v.A(T) + vay(D™)y(P)B1ys ' 1p"(T) + yay(D™")y(P)B1ey
+vay(Hp)lle| r + [vay(H))M + vy (D7) (a3 V+ a.M)VT.

(6.13)



A ROBUST ADAPTIVE MINIMUM VARIANCE CONTROLLER 257

Choose B=B1Va, V2= viM, 8,= ysa;5, B3= yaf1,, as= y,a,M; then
(6.14)

1/2
Ny (P)ysTh \/L )+V2'Y(Ho)+61'Y(D hv

y(D™Y)y(P)Bs
Nia .

(1—y,y(Hp)) ”\/l

+ as'y(D—_l) +

From Lemmas 6.4 and 6.2 we have
lull r—a = y(D™H¥(A)yllr+¥(C) VVT +2y(P)p"*(T+d —1)].
Using this inequality and Lemma 6.2, we have
p"AT)=y1y(D)y(Ayllr+v¥(D)Y(CVTV
+27,7(D7)y(P)pX(T)ys '+ vllyllr + (a1 +VoWT—d+V V.
Choose B4=2%,, 6,=,y(C), V3=+p, and ys=y,y(A); then

1/2
(=30 (P By P

(6.15)
lellr

=(y(D ) ys+y2) 7T Vi

JT

'1)82V+a1+ Vi+ ‘Y(D—l)76+')’7)+

where we let y¢:= ysM, vy, = v,M.
From assumption (A6.iii), there exists £ >0, so that 1 —y(Hj)vy, = &. Substituting
(6.14) into (6.15), we get

(6.16)

1/2
(1—7(D”‘)7(P)B47§’”‘— p (1)

('Y(D_l)’)'s"")’z) d-1 1
€ (vsA(T)+ B2ys ™ y(D )Y(P)))__\/__T"_

=M, \/__+ M,

where
=y(D)8,V+a,+ Vi+y(D ) ys+y,

Dﬂ S 2 -1 -1
AL LY 1y ) 4 sy (D) + 9 (D)5, V],

M=y EIBE0) oy,

From assumption (A6.iv), we know that y(P)y(D ")(Bs+B((y(D ")ys+
v,)/€))y$ ' <1. For convenience, define n:=1—vy(D )y(P)(Bs+ B((y(D ")ys+
v2)/€))y+7'>0. Choose some fixed 8 such that

ne
Ya(y2+ysy(D™Y))
Case 1. For each time T such that A(T) =6, (6.16) can be rewritten as

Ya(y2+ysy(D)) P )< My
("7— . A(T)) 7T M°+\/T

+ D!
M,=n~— Ya(72 ‘YZY( ) 8>0 (from (6.17));

(6.17) 0<d<

Let
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then
1/2
p’(T)_ 1 ( )
=— M, —=+M,]|.
VT “Mm\ " 'VT
Hence p(T)/ T is bounded almost surely.
Case 2. Consider some time interval, say (T,, T;), such that

1/2
P (T0)<(M1 ) 1
= +M
VT, ~\WVT, /My
‘/Z(T) 1
—+M
6.18) VT (ﬁ ")M2
1
for every T € (T,, T,) (where T, — T, may be infinite),
1/2
P (Tl) (Ml ) 1
E Y=+ M, )—.
VT, VT, %)M,

On such intervals, we necessarily have A(T)> 5 for every Te(T,, T,). From
(6.11), A(T) > 6 yields

p(t)
(T)

Define WiT)=Y_, .., Va(t), T=0. Note that W;(T)—WsT~-1)=
Vs(T)— V5(T—d) for T=1. Because 0= V;(t)=V,, We have

(6.20) 0=Ws(T)=dV,.
From (6.19), we know that

(6.19) S (Vatt—d)— V(1) 2 = 5.

p(t)

(6.21) Z (Wi(1=1) = Wa(1)) —= (T)

> 8%

We define

v Lo pt1)—p(0)) , Wi(0)p(1)
Wi = (§ T p(T+1) )+ p(T+1)
Note the following:

(i) From (6.20), 0= WF(T)=dV,;

(i) From (6.21), ¥, (Ws(t—1) = Wz(1))(p(1)/ p(T))> 8%

awi _ wavg 1y PD) __p(T) T
(iii) WE(T)=wWg(T l)p(T+1)+(1 p(T+1))W9(T)’

(iv) From (ii) and (iii),

ey 52 2T+ =p(T) ( )2p<r+1>—p<r)
Wi=8=—=0vy  =\n) o1m

hence for any T € (T,, T,), we have Z,=To+1 (p(t+1)=p(1))/p(t)=(ys/6)*V,d. Since
p(t) is increasing,

p(T) (')’3)2 1/2( T) (1<73>2 )
1 —_— = = ‘} ._—< -= ‘/ .
ng(T0+1) ) ad or pVA(Ty+1) " xp 2\ & ad

WE(T—-1)- Te(To, Th).
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From Lemma 6.3 and (6.18), we get

1/2 2
g (3(5) )
T §M2 Mlﬁo+M° exp s Vi ).

Cases 1 and 2 tell us p'/*(T)/VT is bounded. O

7. Stability with nonvanishing adaptive gains. In the previous sections the gain of
the parameter estimates, or equivalently the stepsize of the adaptation algorithm, has
been allowed to converge asymptotically to zero. Indeed this is necessary if we
asymptotically want to achieve optimal tracking. However, this vanishing gain also
causes the adaptive controller to have asymptotically diminishing ability to adjust to
system changes. Hence, in practice, adaptation gains are frequently prevented from
going to zero. Therefore in this section we address the nonvanishing gain case of our
adaptive controller.

We choose w such that 0<wu <1. Let I"" be the set of proper rational functions
F(q) whose poles are all in the open disk of radius u. I is equipped with the norm

y(F)=sup |F(q)|, Fel"

lal=n

For a sequence x(t), we define its L(u)-norm as ||x]|3:=Y ", u >x*(¢). Note that if
F(q)el" and z(t) = F(q)x(t), then ||z||r = y(F)| x| 1
Let us consider system II, which can be described as follows:

(A7) We suppose that the true system satisfies
(7.1) A(q)y(1)=B(q)u(t-1)+C(q)w(r), =1

where A, B, CeI”, A, B are coprime, B/A is a proper rational function,
and A(o0)=1= C(0). Regarding the noise w(?) we will merely assume that
itis bounded, |w(t+1)| = V, where V is a deterministic finite positive number.

As before we will also assume that |y™(¢)|= M for all >0 and
y"(t)=u(t)=y(t)=w(t)=0 forall t=0.

Because B(q) is an analytic function outside the disk of radius u, we can write
a Laurent series B(q) =Y, hq " and state that if d=2, then P(d ")=Y{ _ hq "
otherwise it equals zero and D(q) =Y., hira_1q " It is easy to see that B(q)=
P(q" ")+ q'"“D(q). Then we assume the following:

(A7.ii) D(q) is an invertible element of I".
As before, we define
T(q)=(A(q)," -, q "A(q),q 'B(q), -, q """ B(q),0,---,0)".
For any 6, we define H,(q):=1-D"'(q)T"(g)6 and choose 6 € ® so that y(Hj) =
v(H,y), for all 8 € ©. We also make the following two assumptions:

(A7.iii) y(Hg) <7y, where y,=1/v,;

(A7iv)  y(P)<(v»— y(Hp))/(y(D™")(kyy(D™")y(A) + ks + ks(vs — v(H3))) ¥is ")
where ky, ks, and kg are strictly positive constants given in Table 1 in the
Appendix (as is y;o also).
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Because the mapping F(q)-> F(uq) is an isomorphism on the field of rational
functions, all the properties of [26] can be used here. In particular we obtain a topology
that is the weakest one, such that feedback w-exponential stability is robust.

THEOREM 7.1. The set of (A, B, C) satisfying assumptions (A7.ii)-(A7.iv) is open.

Proof. The proof is the same as in Theorem 6.1 except that we need to prove that
the mapping (A, B, C)— P is continuous. Note first that y(P) _S_Z;:OZ |h|w™" and
YO T =VA -1, h2n )2 Now, using Parseval’s theorem, we have
Yoo hin ? =supy=, |B(q)°. Hence y(P)=+d—1y(B) proves that the mapping
(A, B, C)- P is continuous. 0

Now we define a new normalization sequence:

(7.2) p()=p’p(t=1)+max (p, |¢(t=d)|]"), =1

where p(t)=0if t=0 and 0<p <00,

It is important to note that in going from (2.1), where we had simply u>=1, to
(7.2), we have made our assumptions more restrictive. This can be seen by comparing
Theorems 6.1 and 7.1, In the latter we need u-exponential stability, whereas in the
former mere exponential stability is sufficient. In particular, this means that in the
latter case we cannot neglect a pole-zero pair that nearly cancels and that corresponds
to an eigenvalue larger than u in modulus. We can also note that for the first example
of § 6, we now obtain the restriction |a,| < u/vV1+A;.

The following lemmas are essentially similar to those in § 6, and so we abbreviate
the proofs.

LEmMmMA 7.2.

@) w WD =wllr=86n""V;

(ii) w () zp > Vp(t-1);

(i) z(Jullr+ Iyl =lellr=yolulr+yullylr+asm™;

(iv) "d’”ré Ysli—(T+d)Pl/2(T+ d)= ||¢||T+ Vs,U«—T“‘ Vs.

Proof. (i) The proof follows from the definition of the norm |w|; as ||w|r=
Y., 2w(t) and from (A7.i), which assumes |w(t+1)|= V.

Inequality (ii) follows from (7.2).

(iii) [||F=A+ng)u " slulF+(A+ng) "= ||y |5+ ncM* (w27 /(1=1?)). Now
choose yo=v1+ngu™s, y;;=v1+ngu "%, and as= M (Vnc/v1—u?) and the result
follows.

(iv) w? T Op(T+d) =Y w |t - Pz u™ | 5

When we choose ys =, the left inequality in (iv) follows. On the other hand,
when we use

T+d
; w2 (ot =) P +p)z T Vp(T+d) - p(0),

2d

- Ted
M 2d(l ;:” af+ll¢llzr)% Y w¢(t—d)|* (where a;=Mvnc),
—_ t=1

Byt T,
=1 e
the right-hand side inequality in (iv) holds if we choose
Vom o Y1IZBY o
Ji-u? 1-u’

LEMMA 7.3. p(t—1)= yip(1).

and V6 =
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Proof. 1 we use |y(i+ DI=Iw(t+ Dl +piy(B)ul, +u " y(A= DIl
wy(C —1)||w||, instead of (6.4), and

y(t—d+1D)=[w(t—d+1)|+(y(B)+py(A-1)p' ™

“(lulli—a +yll-a) + "~ y(C =D w]-aT?
= [2(7(3)+M7(A*1))u“"73+(1 +y(C—1)u)ds j/—‘i] p(t)
p

instead of (6.9), then we get the desired result. 0
LEMMA 7.4.

lullr-a = w YDV A+ ¥ (Ol +u "y (P ullr-).

Proof. Because D(q)u(t—d)=A(q)y(t)—C(q)w(t)—P(qg ")u(t—1), we have
lullr—a = p y(D YAVl +HICwlr+p | Pullr). O
The next result is immediate.

LEMMA 7.5.

Q@ yle=ly"lr+lelr;

i) y"lr=sME A=)/ A=) = agu.
LEMMA 7.6.

”W5”T = ‘)’(Hé)”J’”T+ v(D“l)y(P)Bs(IIqu T tag)+ 'Y(D_I)GQIJ«_T + ’Y(D_l)aw”W"T-

Proof. The proof is similar to that of Lemma 6.6. 0

THEOREM 7.7. Under assumptions (A7.i))-(A7.iv), the adaptive controller in feed-
back with the system 11, yields bounded inputs and outputs almost surely.

Proof. From Lemma 7.2(iv) and (iii), we have 1u~ "y(T)=pu "p"*(T+4d). If we
can now prove that there exists N <00 almost surely so that

(7.3) p/AT)<N for T>0,

then clearly y(T)=2p"*(T+d)<2N, so we will have shown that y(T) is bounded
almost surely. A similar situation holds regarding u(T) also.
So we only need to prove (7.3). From Lemma 3.3(v), we have

lelZ=QQ+A)u > p(T)A(T)+(1+A)||ws| 7

where

(7.4) A*(T):=max (0, él (Vs(t—d)— V(1)) p 2T~ _5_((%)
Thus

(7.5) lellr = yar "o (T)A(T)+ yalwillx Where y,=vIFA,.

From Lemmas 7.6 and 7.2, we have

lwsll+=y(Ha) |yl -+ y(DHy(P)Bsp™ "o A (T)¥i5"

(7.6) . . .,
+y(D7)y(P)8s+ v(D ™ )ag+aod; V)u



262 L. PRALY, S.-F. LIN, AND P. R. KUMAR

where B,= Bsysu' ¢ and 8,'= Bsa,. Substituting (7.6) into (7.5), we obtain
an lell+ = van ™o 2(T)A(T) + yay(Ha)l|ly |+ + (D) y(P)Bsp™ 0" *(T)vi5
' +y(D™)y(P)8s+y(D ™) (an +a,V)p ™"

where Bs= y4B7, 8s'= y484, a11'= aoYs, and a>'= @1¢837,.
From Lemma 7.5, we have |[y[lr=[y"|z+[ellr = asu™" +|le| . Using this, we
rewrite (7.7) as

(1= vay(Hp))ll el S[v,A(T) + (D7) y(P)Bsyis I~ "0 *(T) + y(D ") y(P)8;
+{vay(Hp)as+y(D™")(ay+ @, V)Iu ™"
From Lemmas 7.4, 7.2, and 7.3, we have
"“”T—d = 'Y(D—l)['Yls“J’“T"' ’Y(P)57M_TP1/2( T)’)/iio_1 + 58M_TV]

where y,5:=uy(A), 8,=2yu, and 8= y(C)u’s;.
From Lemma 7.2(iv), (iii), and this last inequality, we have

(7.8)

N A
i “)’”T d+_[.b (T ‘”+—5+_"M (T-d)

Vs Yz Vs

(y y(D~ ‘)yls+fy“)||yllr+—12y(D")y(P)67u‘Tp‘/2<T)y;’o“
8

”2(T)< Mullra =

1 Vs Vg
L (D)o TV +— agup T+ T
’Y Vs Y8 Vs
If we choose

Y L) Y Y
59‘=_2873 Y14a= " Y15, 713~="‘1‘1, 56'=‘268,
Vs Vs Vs Ys
1 V. Ve
ay;=—aeu’, V; :=“'§, V= G,U«d,
Vs Vs 3

then the inequality above becomes
(1=y(D™")85y(P)yis ™ Tp"*(T)
(7.9) = ['Y(Dﬁl)')’mas"' Yisagt ‘)’(D_l)56 V+a;+ Vs]M—T
+[y(D st yislllellr+ V5.

From assumption (A7.iii) there exists £ > 0 such that 1 — y(Hj) y, = &. Substituting (7.8)
into (7.9), we have

D™yt
[l—v(D")cﬁw(P)yi’J‘—*———Y( a2

e
(7.10)
“(v.A(T)+y(D~ 1)’)’(P)Bs')’ )] 1/2(T)§M0+MTM1
where
(D Yyt _ -
MOZZY—SM[WY(Hé)as"‘Y(D 1)(0111"'0112‘/)]"'')’(D 1)’)’14‘18"")’13‘18
+ ’y(D_l)66V+ a7+ Vg,
D™ Yy +
M= L0810 oy ) v,
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Now, assumption (A7.iv) implies

D Dy +
¥( ):’14 ')’13>,y¢110—1<1.

V(P)V(D_l)(b‘ﬁﬁs

Hence, there exists >0 so that

10 -

n=1- v(D“)v(P)<89+——————7(D— )Z”+ s ,Bs> Yio !

Now we choose and fix a 8 >0 that satisfies 0< 8 <(ne/(yi[y(D™ ") y1a+ v15])) and
examine two cases.
Case 1. If for each time T, A(T) =6, then from (7.10),

D! +
(n—l(—)j“‘—y” wAT))p‘“(T)éMOWMI.

Hence

p ATy s —— Mt M),
ne=[y(D7)yiat 131674

1

and so p(T) is bounded.
Case 2. Suppose, however, that there is a certain time interval ( Ty, T;) such that

pl/z(T‘O)é Nla
(7.11) p"*(T)>N, forTe(T,, T;) (where T,— T, may be infinite),
p'*(T))=N,.

On such an interval, we must have A(T)> 8 for T e (T,, T;). From (7.4) we get

~

£ (V=)= Vi)™ T £ <57

Let us define W3(T):= Z;F=T—d+1 V;(t), for T=0, then

5 (Wite=1) - Wito) L2l 5

p2p(t)
z (Va1 =d)=Vs(0) " =7 = L, “Tp(T)

= -2T (T) .

Note that 0= W3(T)=dV,, for T=0.
If we now define

u (1) = (1) | Wa0)u 2p(1)

W§(T)= él Wi(1)

M—Z(T-i-l)p(T_'_l) M—2(T+1)P(T+1)a
then
112) ¥ (Witi-1)- Wo<t>>_2—;”((’T)—) W3'(T—1) = Wi(T)> 5%,
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Note that because W3(T)=dV,, it follows that W (T)=dV,. It is easy to see that

pTp(T)
—2(T+1)p(T+ 1)

pTp(T)
p T p(T+1)

W%U(T)Z.U« W%”(T——l)+(1—- )Wg(T).

Using (7.12) we have
W (T—1)= W (T)

><1_ p 2 Tp(T)
T p(T+1)

p2p(T)
M_Z(T+1)p(T+ 1)

)(82+ Wa(T))—<1— )Wé(T)

v

<§;}_)2<u“2(””p(T+ 1) —M"”p(T))
Y10 pTp(T) ’

Hence,

T —2(t+1) —2t T 2
I“’ p(t+1)_ (t) y av av
) Sty (LX) (wee-1 - W]
1=To+1 n () t=Ty+1 \ O

2
é(m) dv, for Te(T,, T)).
o

Because u >'p(t) is increasing with respect to time t, from the last inequality we get

—2T 2
p_"'p(T) ((vlo) )
— <ex —) dv,).
w2 5 (Ty 1) p 5 4

and so again p(T) is bounded.
When we combine Cases 1 and 2, the theorem is proved. 0

8. Conclusions. Here we have analyzed the twin issues of obtaining both good
performance and robustness out of an adaptive controller for linear stochastic systems.

For minimum phase plants of known order, with a known compact set containing
a stabilizing regulator, and for which we know the sign and a lower bound for the
leading coefficient of the control polynomial, we have shown that our adaptive controller
yields mean-square bounded inputs and outputs. If the noise additionally satisfies a
positive real condition, then we have shown that the adaptive controller is asymptoti-
cally optimal in the sense of minimizing output error variance. We have also presented
a graph topological neighborhood of an ideal plant, such that the system is mean-square
stabilized even when that system is not ideal and when the statistical properties of the
noise are violated. This holds true whether the adpative controller is used in a vanishing
or a nonvanishing gain mode.

Several open problems remain. It is still not known whether the standard self-tuning
regulator using a least-squares parameter estimate is mean-square stable, let alone
optimal. Moreover, it is not known whether the unmodified adaptive controller
possesses good robustness properties. The first question deals essentially with the loss
of identifiability, and the consequent unboundedness of the condition number of the
so-called ‘““covariance matrix,”” when the parameter estimates converge. Unfortunately
the second issue cannot really be resolved until the first issue is better understood.
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Appendix.
TABLE 1

@y =\/EM Bi=R
0‘2=R7(B)\/E B2=B17a
a3;=Ry(C)V1+ng Bs=v4f1,
0‘4=M/‘/;; Ba=2m
as=a,My, Bs= 7’4\/‘1—‘/4
ag=(Vnc/N1-p’ )M Bs=R/u
017=(046/78)Md 37=3678/-Ll‘d
ag=M/JV1-pu s = YaB7
ay=Ry(B)WWncp "cay Bs=Ry(B)WWncp ™"
ao=Ry(C)W1+ngu™"s Vi=p(d)
Q= QgY4 Vo=vyM
=083, V3=‘/;;
8y =v403 Va=1/2o(K+ K(A,/ 1))
8= 1,7(C) Vs=a( 1“&2d/\'1—ll«)
85=1/J1-p? Ve=vp/V1-u?
8,4=Bst; Vo=Vs/vs
85 = 740, Vs= Nd( V! vs)
86 = (7o/ v5) 33 ky=B2v1/va
8;=2vgu ky=B272/va
8y=p"8;(C) ¥s=717v(A)
8o =1(vo/ v3)87 Yo=7YsM
ks=PB4 Y1=7v.M
ky=Bsv14/ 4 78=#d
ks=BsV13/ 4 Yo=p"sV1+ng
ke =8, Yu=p"RV1+ng
k=1, Y12= 1Y1( s/ vs)
kg = ’Y4B67;10 Yi3=v1/ Vs
ko= 7439(1\’1/\/;) Y14= Y15(vo/ ¥s)
kyo= 71074(53/\/;3—) 7|5=I-Ld‘Y(A)
v =v1+ng yr=1/V1+A,
Y, =v1+ng
Ya=vV1+A,

2 2 2. M
v3=2+—R°+
g

2
02M2(1+R2)

2 2\ N (e I
+(1+U%R)[\/F+2(y(3)+'y(z4 )+ s v],

2 1 2
Yio=1+u’+— R2+—(,o+—2 M*(1 +R2)+M2>
0o p To

2 V]2
+(1 += R2>[2(7(B)+ Y(A=1)u "y +(1+y(C—1)p) 8, f]
T P
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PROPERTIES OF THE RELAXED TRAJECTORIES OF
EVOLUTION EQUATIONS AND OPTIMAL CONTROL*

NIKOLAOS S. PAPAGEORGIOUT

Abstract. This paper considers a class of nonconvex control problems in a Banach space, governed by
a semilinear evolution equation and establishes the existence of admissible pairs. Then the introduction of
measure-valued controls convexifies the system, and under general assumptions it is shown that the set of
trajectories of the original system is dense (in an appropriate topology) in the set of relaxed trajectories.
Some useful topological properties of the set of relaxed trajectories are also determined. Furthermore, some
optimization problems are solved and in many cases the values of the original and relaxed problems are
shown to be equal. Finally, another relaxation result is proved for a different class of systems, described by
a general nonlinear evolution equation.

Key words. evolution inclusion, measurable multifunction selection, evolution operator, weak com-
pactness

AMS(MOS) subject classification. 49A20

1. Introduction. It is well known to researchers working in optimal control theory
that to guarantee existence of optimal ‘‘state-control” pairs we need, among other
things, a convexity hypothesis on a certain orientor field. The well-known property
(Q) of Cesari is an example of such a hypothesis. It was first introduced by Cesari
[12a] to prove the lower semicontinuity of the cost functional and since then it has
become a popular tool among people working on variational and optimal control
problems. This is very nicely exemplified in Berkovitz [7] and Cesari [13].

When this convexity hypothesis is no longer satisfied, to have optimal solutions
we need to pass to a larger system, in which the orientor field (also known as the
velocity field or tangent bundle) has been convexified. Such a convexification, on a
control theoretic level, corresponds to the introduction of measure-valued controls.
Those controls are called “relaxed controls” (see Warga [37], [38]) or “chattering
controls” (see Gamkrelidze [22]) or “sliding regimes” (see Filippov [21]) or ‘“‘general-
ized curves” (see Young [39]). Here we adopt the name “relaxed control,” which is
more widely used among mathematicians working in control theory. Having introduced
this augmented system, it is natural to ask what the relation is between the set of
relaxed trajectories and the set of original trajectories. More precisely, given the fact
that under mild assumptions the relaxed problem has a solution, we would like to
know whether every relaxed optimal trajectory can be approximated arbitrarily close
by trajectories of the original system.

For finite-dimensional control systems this problem has already been studied in
the literature. For details we refer to the books of Gamkrelidze [22], Hermes and
LaSalle [24], and Warga [38]. For infinite-dimensional systems, where most of the
results concern linear systems, the most general of such results appears to be that of
Ahmed [2]. However, the main theorem of that paper (Theorem 5.2) has a serious gap
in its proof and, in our opinion, is incorrect. Namely, Ahmed [2, p. 262] claims that
y" -y strongly in the Lebesgue-Bochner space LP(E) (we use the notation of [2]).
However, such a conclusion is not justified from the properties of the sequence {y"},=,
and additional, considerably stronger conditions are eventually needed to get this

* Received by the editors October 2, 1987; accepted for publication (in revised form) May 24, 1988.
This research was supported by National Science Foundation grant DMS-8602313.
+ Department of Mathematics, University of California, Davis, California 95616.
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strong convergence in L”(E) (for details, see the results of Brooks and Dinculeanu
[8], Castaing [10], and Gutman [23]). After all, it is well known (among people working
on differential inclusions; see Aubin and Cellina [4]) that to have a relaxation result
(even for finite-dimensional differential inclusions), we must have a Hausdorff-
Lipschitz orientor field (unless we are dealing with a semilinear inclusion, in which
case the solution admits an integral representation in terms of the evolution operator).
Given that a control system, under very general measurability hypotheses, can be
written as an equivalent evolution inclusion (deparametrization), to have a relaxation
result for the control system, we need the resulting velocity field (i.e., the union of all
vector fields over all admissible controls), to be Hausdorff-Lipschitz in the state
variable. However, in Ahmed’s work [2], which deals with general nonlinear systems,
this is not the case. In this paper, by using some recent results on measurable
multifunctions obtained in [27], we are able to overcome the difficulties that have
appeared in Ahmed’s work. In fact, a crucial point in our approach is the relative
compactness of the set of original trajectories, which is achieved through appropriate
hypotheses on the evolution equation describing the dynamics of the system. Neverthe-
less, the work of Ahmed [2] is still valuable because it suggests way to address the
relaxation problem for infinite-dimensional systems. In this paper, we adopt some of
those ideas and techniques which, combined with other tools from different areas, give
us two relaxation theorems: one for semilinear and the other for nonlinear infinite-
dimensional control systems. We also go beyond Ahmed [2] and study the properties
of the set-relaxed trajectories and their dependence on the relaxed controls that generate
them. We also prove that, even in the absence of a relaxation result, we can show
under mild assumptions on the cost functional that the value of the original optimal
control problem equals the value of the one that is relaxed. We conclude with some
examples from distributed parameter systems.

2. Preliminaries. Let (), %) be a measurable space and X a separable Banach

space. Throughout this paper we will be using the following notation:
Pyy(X) ={A < X: nonempty, closed, (convex)},
Py (X) ={A < X: nonempty, (w-)compact, (convex)}.

A multifunction F:Q - P;(X) is said to be measurable, if for all ze X, w -~
d(z, F(w))=inf {||z—x||: x€ F(w)} is measurable. When there is a o-finite measure
m (), with respect to which X is complete, the above definition of measurability is
equivalent to saying that Gr F = {(w, x) e QO x X: x€ F(w)}e 2 x B(X), where B(X) is
the Borel o-field of X (graph measurability of F(-)). We use S{(1=p=c0) to denote
the set of selectors of F(-) that belong in the Lebesgue-Bochner space L”(X), i.e.,

F={fe L’(X): f(w)e F(w)u-a.e.}. This set may be empty. When F(-) is L”-
integrably bounded (i.e., F(-) is measurable and o - |F(w)| =sup {|z|: ze F(w)}e
L*Q)), then S%# . Using Sk, we can define a set-valued integral for F(-) by setting
JoF ={I,f: feSk}. We also use Sk to denote the set of measurable selectors of F(-).

Let Y, Z be Hausdorff topological spaces and let G : Y - 2¢{@} be a multifunction.
We say that G(-) is upper semicontinuous (u.s.c.) (respectively, lower semicontinuous
(Ls.c.)), if for all V= Z open, G*(V)={ye Y: G(y)< V} is open (respectively,
G (V)={yeY: G(y)N V#J} is open). Observe that when G(-) is single-valued,
then the notions above coincide with the continuity of G(-). If X is a metric space
on P, (X) we can define a metric, known as the Hausdorff metric, by setting: h(A, B) =
max (sup [d(a, B), ac Al,sup [d(b, A), be B]).If X is complete, thensois (P, (X), h).

Let Z be a separable, complete metric space (i.e., a Polish space) and B(Z) its
Borel o-field. By M1(Z) we will denote the space of probability measures on Z. A
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transition probability is a function A : Q2 x B(Z) [0, 1] such that for every A€ B(Z),
A(-, A) is =-measurable and for every weQ, A(w, ) M (Z). We use R(Q, Z), to
denote the set of all transition probabilities from ({, X, u) into (Z, B(Z)). Following
Balder [5] (see also Warga [38]), we can define a topology on R({, Z) as follows.
Let f: QX Z - R be a Carathéodory function (i.e., > f(w, x) is measurable, x - f(w, x)
is continuous, and |f(w, x)|= a(w) w-almost everywhere, with a(-)eL') and let
I;:R(Q,Z)-> R be defined by I;()) =IQ sz(w, z)A(w)(dz) du(w). The weakest
topology on R(),Z) that makes the above functionals continuous (for any
Carathéodory integrand f( -, -)) is called the weak topology on R(), Z). Observe that
when Q is a singleton, then R(Q, Z) = M (Z), and the weak topology just defined is
nothing else but the well-known narrow topology on M'(Z) (see Dellacherie and
Meyer [17]). ‘

In the rest of this section, for the convenience of the reader, we state without
proof (although detailed references are given) some theorems that we will need in the
sequel.

We start with the Arzela-Ascoli Theorem for vector-valued functions. A proof of
this result can be found in Carroll [9, Thm. 8.18, p. 34] (see also Lakshmikantham
and Leela [28, Thms. 1.15, 1.1.6, p. 5]).

THEOREM 2.1 (Arzela-Ascoli). Let Y and Z be Hausdorff topological spaces with
Y locally compact. Then K < C(Y, Z) is relatively compact for the topology of uniform
convergence on compacta if and only if K is equicontinuous and for all ye Y, K(y) =
{f(y): fe K} is relatively compact in Z.

We will use this theorem twice, in the proofs of Theorems 3.1 and 6.1. In the first
case Y=T=[0,b]< R, and Z = H, a separable Hilbert space with the strong (norm)
topology. The equicontinuity follows from the fact that the continuous functions in
question have an integral representation in terms of an evolution operator S(¢t, s) that
is compact for t—s>0 and hence has nice continuity properties. The pointwise
relatively compact range requirement follows from the compactness of S(t,s) for
t — s> 0 and the Radstrém embedding theorem (see below), which tells us that a certain
set-valued integral, containing the functions at ¢ translated by S(t, 0)x,, is compact.
In the second case (proof of Theorem 6.1), again Y=T=[0, b], while Z=X,, is a
separable, reflexive Banach space with weak topology. Here the equicontinuity is a
consequence of some a priori estimates that can be deduced from the hypotheses on
the data of the problem. On the other hand, the functions are bounded uniformly in
t by a constant M (see the proof of Theorem 6.1), and in a separable, reflexive Banach
space, the closed balls with the weak topology are compact and metrizable. The
metrizability then justifies the sequential compactness that we have.

Now let us state the Radstrom embedding theorem, which as we say above, will
be used in connection with the Arzela-Ascoli Theorem. The interested reader can find
more details in Hiai and Umegaki [25, § 3].

THEOREM 2.2 (Radstrom). Let X be a separable Banach space. The metric space
(Py.(X), h) can be embedded as a convex cone in a separable Banach space X such that:
(i) the embedding is isometric; (ii) addition in X induces addition in P..(X); (iii)
multiplication by nonnegative real numbers in X induces the corresponding operation in
Pkc(X)-

This theorem allows us to view integrably bounded multifunctions with values in
P (X)as X-valued functions belonging in the Lebesgue-Bochner space Ll(}? ). There-
fore the set-valued integral of such a multifunction will produce a set in P .(X).

In some cases we will need to guarantee that the set of admissible controls is
nonempty, or to express a selector of the field of velocities as a vector field corresponding
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to an admissible control function. This can be done with an application of the so-called
“Aumann Selection Theorem.” The version presented here is due to Saint-Beuve [33,
Thm. 3]. Recall that a Souslin space is a Hausdorff topological space V such that there
exists a Polish space W and a continuous map from W onto V (recall that a Polish
space is a complete, separable, metrizable space). Clearly every Polish space (for
example, a separable Banach space) is Souslin. However, in general, a Souslin space
need not be metrizable. Consider, for example, a separable Banach space with the
weak topology. This is Souslin but not metrizable.

THEOREM 2.3 (Aumann). Let (Q,2, u) be a o-finite measure space, V a Souslin
space, and F:Q > 2\V {&} a graph-measurable multifunction. Then there exist S-measur-
able functions f,: Q- V such that F(©) S {f,(®)},=1 u-almost everywhere.

If 2 is u-complete in the theorem above, then the conclusion will hold for all
w €(). Finally, if there is no measure u on (£, 3), then the selectors f,(-) will be
3 -measurable, where X is the universal o-field corresponding to X.

Another result of measure-theoretic nature that we will need is a ‘“‘projection
theorem,” known in the literature as the ‘“Arsenin-Novikov Theorem.” The version
we present here is due to Dellacherie [16] and Saint-Beuve [34, Thm. 1].

THEOREM 2.4 (Arsenin-Novikov). Let X, Y be Polish spaces with B(X) and B(Y)
the corresponding Borel o-fields. Let K € B(X) x B(Y) be such that for all xe X, K(x)
is o-compact in Y. Then projx K € B(X).

Note that instead of (X, B(X)), we could have considered any standard measurable
space.

In our work (see the proof of Theorem 6.3), Y= W, a weakly compact, convex
set of a separable Banach space. Recall (see Dunford and Schwartz [19, Thm. 3,
p. 434]), that W with the weak topology (denoted by W,,) is metrizable, and hence a
Polish space. On the other hand, in that proof we will have K € B(X) x B(W). Since
B(W,) < B(W), to apply the Arsenin-Novikov Theorem, we need to know if equality
can hold. This is guaranteed by the following result of Edgar [20, Cor. 2.4]. Recall
that a norm || - || on a Banach space X is called a “Kadec norm” if and only if the
weak and norm topologies of X coincide on Sx ={xe X: x| =1}. We say that X
admits a Kadec norm if and only if there is an equivalent norm that is a Kadec norm.

THeoOREM 2.5 (Edgar). Let X be a Banach space that admits a Kadec norm. Let
X,, denote the Banach space X with the weak topology. Then B(X)= B(X,,).

Every weakly compactly-generated Banach space (in particular, every separable
Banach space) admits a Kadec norm.

Finally we make a straightforward but nevertheless useful observation. Suppose
T=[0,b]= R, and Z is a compact Polish space. Then the Carathéodory integrands
on T x Z can be identified with the Lebesgue-Bochner space L'(C(Z)). To see this,
associate to each Carathéodory integrand ¢ (-, ) the map - ¢(t, )€ C(Z). Now,
from the Riesz Representation Theorem we know that [C(Z)]* = M(Z) is the space
of all bounded Borel measures on B(Z). So M(Z) is a separable, dual Banach space
and hence has the Radon-Nikodym property. This observation combined with Theorem
1 of Diestel and Uhl [18, p. 98], tells us that [L'(C(Z))]* = L°(M(Z)). So the weak
topology on R(T, Z) coincides with the relative w*(L*(M(Z)), L'(C(Z)))-topology
(see Warga [38]). This fact will be useful in the study of the relaxed control system,
where the control functions are transition probabilities.

3. Existence and relaxation results. Let T=[0, b] be closed and bounded. Let H
be a separable Hilbert space and X a separable, reflexive Banach space with the
following properties: X is dense in H, and the inclusion of X in H is continuous. We
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identify H with its dual (pivot space) and denote by X™* the topological dual of X.
So X< H< X* By || (respectively, ||, |||l4) we will denote the norm of X
(respectively of H, X*). We also use (-, ) to denote the inner product in H and by
(-, -y the duality brackets for the dual pair (X, X*). The two are compatible, i.e., if
xe X< H and he H< X*, we have (x, h) = (x, h). Also as our control space we take
Z, a Polish space. We consider the following distributed parameter control system:

X(0)+A()x(1) = f(1, x(1), u(1)),

x(0) = x,, ueSy.

(*)

We will make the following hypotheses concerning the system above:

(H(A)) For te T, A(t): X » X* is such that:
(1) A(t)(-) is linear, monotone;
(2) Forevery xe X, t', te T |A(t')x — A(t)x| = k|t'—1t]||x], k> 0;
(3) ||A(t)x]|4=c+c| x| almost everywhere ¢,>0, c=0;
(4) (A(D)x, %)= o] x|, e;>0.

(H(f)) f:TxHxXZ- H is a function such that:

(1) (t,z)~>f(t, x, z) is measurable;

(2) x-f(t, x, z) is continuous;

(3) |f(t, x, z)| = a(t)+ b(t)|x| almost everywhere with a(-), b(-)e L.
(H(U)) U: T—>2\Z{®} is graph measurable.

Let ge L*(X*) and consider the following evolution equation:
o i(1)+ A(1)x(1) = g(1),

%(0)=x,€ X.

Because of hypothesis (H(A)), from Proposition 5.5.1 of Tanabe [35], we know
that (*)" has a unique strong solution belonging in

W(T)={x(-)e LX(X):%(-)e L*(X*)}< C(T, H).

Furthermore, there exists a strongly continuous evolution operator S(t, s) € L(H), with
respect to which the unique strong solution of (%)’ has the following integral rep-
resentation:

x(t)=S(t,0)x,+ Jr S(t, 5)g(s) ds.

We make the following hypothesis concerning S(¢, s):
(H) For all t> s, S(t, s) is compact.

Note that because of (H(U)), by Aumann’s Selection Theorem (see Theorem 2.3
above), we have that Sy, # .

First we will establish the nonemptiness of the set of admissible “state-control”
pairs for system (*).

TueoreMm 3.1. If (H(A)), (H(f)), (H(U)), and (H.) hold and u < Sy, then there
exists x(u), admissible trajectory of (*) corresponding to u(-).
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Proof. First we obtain an a priori bound for the solutions of (*). Let x(-) be such
a strong solution. Since ||S(t, s)||= M for all 0=s=t=b we have that

(0= Ml + | ML x5, wts s
= M|x,|+ J“ M(a(s)+b(s)|x(s)|) ds

= |x(0)| = M(|xo| + ||e|) + M L b(s)|x(s)| ds.

Applying Gronwall’s inequality, for all e T we obtain
[x(6)| = M(|xo| +[|[|1) exp M||b]|, = M.
Now letf”: Tx Hx Z~- H be defined by

2 — f(t7x7 Z)’ |xI§M2’
f(, x, Z)_{f(t,(MzX/IXI), 2, x> M.

Thus f(t, x, z) = f(t, pm,(X), z), Where ppy,(-) is the M,-radial retraction in H.
Recalling that p,,,(-) is Lipschitz continuous, we deduce that f (1, x, z) has the same
measurability and continuity properties as f(-, -, ), i.e., (¢, z) > f (1, x, z) is measurable
and x—->fA( t, x, z) is continuous. Furthermore, |f(t, x, z)| = @(t) = a(t) + b(t) M, almost
everywhere, ¢(-)e L.

Let B(¢)={ge L*(H):|g(t)|=¢(t)a.e.} = L*(H).

Pick g€ B(¢) and consider the following evolution equation:

X()+A()x(1) = g(1),
x(0) = x,.
From Theorem 4.2 of Barbu [6, p. 167], we know that (*)(g) has a unique strong
solution in W(T). Let r: B(¢)~> C(T, H) be the map that assigns to each ge B(¢)

the corresponding unique strong solution of (*)(g). We claim that r(-) is continuous.
So let g, 2 g in B(¢). Then we have

(*)(g)

t

r(g.)(t) = x,(1) = S(s, O)xo+J S(t,5)gn(s) ds,

0
t

r(g)(1) =x(t) = 5(1, 0)xo + j S(1,5)g(s) ds

0
=[x, (1)~ x(1)| = M| g, — g, =MVb| g, —gl.~>0
=x,~»>x in C(T, H)
=> r( ) is indeed continuous as claimed.
Now let W be the subset of C(T, H) defined by
W={r(g)e C(T, H): g€ B(¢)}.

The new claim is that W is compact in C(T, H).
To this end let xe W and let ¢/, te T, t <t'. We have

[x(¢) = x(0)| =[S(1', 0)x0— S(t, 0)xo| + J IS, $)llIg(s)l ds

#] s, st g as
4]
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Because of the strong continuity of the evolution operator S(t,s), given ¢ >0
there exists §, >0 such that if |¢' —¢| < §,, then

1S(1", 0)x0— S(1, 0)x,| <§.
Also

J I1SCe, 5)llIg(s)l dséMI lg(s)| ds,

and since the Lebesgue integral is absolutely continuous, there exists §,>0 such that
if [t'—t| < §,, then

.
MJ lg(s)| ds<Z.
‘ 3

Finally, because of hypothesis (H.), from Proposition 2.1 of [30], we know that
t-> S(t, s) is continuous in the operator norm topology, uniformly for all s € (0, ) such
that 1 —s is bounded away from zero. So let §;> 0 such that

t

[ 15t -s olsto as=2m |

t—8

€

ds <-—.

3 lg(s)l ds <¢
Also we can find §,> 0 such that for |t' —t| < §, we have

-8,
L IS(¢, s)=S(t, 5)|g(s)| ds <§~

So, finally, for 8 =min (8,, 8,, 8;, 8,) and for |t'— ¢| < 8, x(- ) € W, we have |x(t') —
x(t)|<e=>W is equicontinuous. Also note that s> S(t, s)B(¢)(s) is a measurable,
and, due to hypothesis (H.), a P,.(H)-valued multifunction. Thus, using Radstrém’s
Embedding Theorem (see Theorem 2.2 in this paper), we have that for all xe W and
allte T, x(t) e S(t, 0)x0+j:) S(t, s)B(¢)(s) ds € P.(H). Finally it remains to show that
W is closed in C(T, H). Let x,-»>x in C(T, H) x, € W. Then we have

t

x,(1) = S(1, 0)x0+J S(t,5)g.(s) ds,  g,€B(o).
0
Note that since L*(H) is Hilbert, B(¢) is sequentially w-compact. So by passing
to a subsequence if necessary, we may assume that g, 2 g€ B(¢) in L*(H) (Alaoglu’s
Theorem). Then we have

J' St 5)gn(s) ds - J ' S(1, 5)g(s) ds

0

t

=x(1)=S(1, 0)X0+J S(t,5)g(s) ds

0
=>x=r(g)e W
= Wiis closed.

Therefore, invoking the Arzela-Ascoli Theorem, we get that W is compact in
C(T, H). Let F: W L*(H) be defined by

F)()=FC,y(), u(-)).
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Exploiting the continuity of y- f(t, y, z), through the dominated convergence
theorem we get that F(-) is continuous. Furthermore, note that for every ye W,
F(y)e B(¢). Then let k: W—> W be defined by k=roF. Clearly k(-) is continuous.
Applying Schauder’s Fixed-Point Theorem to get x € W such that k(x) =x=>x(-), we
solve (*)(g) with g(t)=f(t, x(t), u(t)). As in the beginning of the proof, through
Gronwall’s inequality, we get that |x(¢)| = M= F(t, x(1), u(t)) = £(t, x(1), u(t))=>x(+)
is the desired admissible trajectory of (*). O

As we mentioned in the Introduction, to solve optimization problems involving
(*) and obtain optimal admissible pairs, we need some kind of convexity hypothesis
on the orientor field f(¢, x, U(t)). Here we drop this convexity hypothesis and instead
pass on to a larger system with measure controls, known as “relaxed controls.” This
then raises the fundamental question of how much we enlarged the set of trajectories
of the original system. The next theorem answers this question by stating that this
process does not essentially alter the original solution set.

First let us introduce this new, larger system, known as the “‘relaxed system’:

x(1)+A(0)x(1) = J Sf(t, x(1), )X (1)(dz),
(%) 5
x(0)=x,, AESs.

Here 2(t)={A e M1(Z): A(U(t)) =1} and Ss is the set of transition probabilities
that are selectors of (). We will denote the set of trajectories of (*), by P, and those
of () by P. Note that since §(U(t)) < 2(t), we have P < P, and if the hypotheses of
Theorem 3.1 are satisfied, P # J=> P, # (J. More specifically, given any relaxed control
A€ Ss, if we set f(t, x(t), A(1)) =jzf(t, x(t), z)A(t)(dz), then working as in the proof
of Theorem 3.1, we can show that there exists a relaxed admissible trajectory x(A)(-),
corresponding to A.

To get a useful relation between P and P,, we need the following stronger
hypotheses.

(H(f),) f:TxHXxZ- H is a function such that:

(1) t—f(t, x, z) is measurable;

(2) x> —f(t, x, z) is continuous, monotone;

3) (x,z)->f(t,x, z) is continuous from H X Z into H,,;

(4) |f(t, x, z)| = a(t)+ b(t)|x| almost everywhere, with a(-), b(-)e L.
(H(U),) U:T- P;(Z) is a measurable multifunction.

THEOREM 3.2. If hypotheses (H(A)), (H(f),), (H(U),), and (H,) hold and Z is a
compact Polish space then &# P =P, and the set is convex (the closure is taken in
C(T, H)).

Proof. From Theorem 3.1 we know that P # & and clearly P < P,. Take y € P, and
for se T set

K(s)={f(s,y(s),u): ue U(s)},
K.(s)= {f(S, y(s),A)= J f(s,y(s),2)A(dz): A € Z(S)}
Our claim is that K,(s)=conv K(s). Because Z is compact, it is easy to check

that K,(s) € P.(H). Thus, since 6(U(s)) = 2(s), we get that conv K(s) < K,(s). On
the other hand, let ve K,(s). Then

v= Lf(t,y(S), z)A(dz)
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for some A € 2(s). From Theorem 12.11 of Choquet [14] (see also Corollary 3 of Balder
[5]), we know that there exist §(u,(s)) and A, €[0, 1]suchthat}, _, A8 (u(s)) = p, > A
in the narrow topology. So we have that

Lﬂs, Y(S), Din()(d2) = ¥ Auf(s, 30, (5) > Lf(s, y(5), 2(dz2))

=f(s,y(s), 1)
=>conv K(s) 2 K,(s)
=>conv K (5) = K,(s).

Also note that if {u,()},=, is a Castaing representation of the measurable multi-
function U(-) (see Wagner [36]), then because of H(f),(1) we have that

K(s)=cl{f(s, y(s), u,(s)): n=1}.

Because of (H(f),) (1) and (2), forevery n=1, s > f(s, y(s), u,(s)) is measurable=
s—> K (s) is a measurable P, (H)-valued multifunction (recall that Z is compact and
f(t, y(2), ) is continuous from Z into H, ). Invoking the Krein-Smulian Theorem
(see Diestel and Uhl [18, Thm. 11, p. 51]), we deduce that s >Conv K (s) is a P,,.(H)-
V_@l_l‘lved, measurable multifunction. Now from Corollary II of [27] we know that
st = sk

From Proposition 3.1 of [31] we know that S}q is w-compact in L'(H), and since
the space is separable, we deduce that the weak topology on Sk, is metrizable. Note
that g(-)=f(-, y(+), A(-)) € Sk,. So according to the above, we can find g, € Sk such
that g, %> g, g, € Sk. A simple application of the Aumann Selection Theorem gives us
u, € Sy, such that g,(s) =f(s, y(s), u,(s)) almost everywhere. Let x,(-) be the original
trajectories corresponding to the control functions u,(-). From the proof of Theorem
3.1, we know that {x,(-)},=, is relatively compact in C(T, H), and so, by passing to
a subsequence if necessary, we may assume that x, » x in C(T, H).

Now, note that

d
2 17(s) - Xn ()17 =205 (8) = %a(5), ¥(5) = X, (5))

=2(=A(5)y(s)+ f(s, y(s), A(5)) + A(5)x,(s)
—f(s, x4 (5), un(5)),y(5) = x,(5))-
Exploiting the monotonicity of A(s)(-), we get

d ~
27 = %2 ()P =2(f (5, (5), A(8)) = £ (5, X (5), tn(5)), Y (8) = X (5))-
Integrating both sides we get

ly(1) = x, (=2 L (f(s, y(5), A(8)) = f(5, y(5), ua(5)), p(8) = Xn(5)) ds

+2 L (f(s,y(8), ua(8)) =f(5, x,(5), un(5)), y(5) = X4 (5)) ds.

Exploiting the dissipativity property of f(t, -, z), we get that the second integral
is less or equal to zero. So

Iy (1) = x, ()’ =2((g — &n, ¥ — X))
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where ((-,-)) denotes the duality brackets for the pair (L'(H), L*(H)). Recall that
g, g in L'(H), while y —x, = y—x in L*(H). Therefore

((g_gmy_xn))")o
= [y(1) = x, (O >|y(6) =x(1)’=0 forallte T,
=y=x, ie, yeP (theclosurein C(T, H)).

Finally we will show that P, is closed in C(T, H). Solety,~>yin C(T, H), y, € P,.
By definition we have

yn(t) = S(t9 0)x0+jr S(ta S)f-(s, yn(s)a )\n(s)) dS, Yn € SZ'

From Theorem V-1 of Castaing and Valadier [11] we know that Sy is w*-compact
in L*(M(Z)). Since this topology on Ss is metrizable (see Dunford and Schwartz
[19, Thm. 1, p. 426]), by passing to a subsequence if necessary, we may assume that
A, A in L™(M(Z)). Then using Theorem 3.1 of Jawhar [26], we get that

ya(1) = (1) = 8(1, O)xo+J't S(1,8)f (s, y(s),A(s)) ds,  AeSs

=yeP,
= P, isclosedin C(T, H)
=P=P, inC(T,H)

and it is clear that P, is convex. ]

Remarks. Scrutinizing the proof above, we can see that instead of the dissipativity
hypothesis on x- f(t, x, z), we could have assumed that x- f(¢, x, z) is Lipschitz
continuous. Also it is clear now that the attainable set of (*) is dense in that of (%),.

4. Relaxed trajectories. We start with a result describing the dependence of the
relaxed trajectories on the relaxed controls that generate them.

Such a continuity result gives us valuable information about the topological
structure of the set of relaxed trajectories and is an indispensable tool in establishing
the existence of optimal ‘“‘state-control” pairs in various optimal control problems
(see §5).

From § 3 we know that, given A € Sy, there exists a unique relaxed trajectory x(A)
corresponding to it (uniqueness follows from the dissipativity hypothesis on f(¢, -, u);
see hypothesis (H(f),)(2)). In the next theorem we examine the continuity properties
of the map A - x(A) from Sy < R(T, Z) into C(T, H).

TueOREM 4.1. If hypotheses (H(A)), (H(f),), (H(U),), and (H.) hold and Z is
compact, then A > x(X) is continuous from Ss< R(T, Z) into C(T, H).

Proof. By identifying the Carathéodory integrands with the separable Banach
space L'(C(Z)), we see that the R(T, Z)-topology on Ss coincides with the relative
w*(L°(M(Z)), L'(C(Z))) topology (recall that (L'(C(Z))*=L*(M(Z))) and the
latter is metrizable). So we will work with sequences. Let A, > A in R(T, Z)=>A, 2.
By definition we have
t

x,(1)=5(1, 0)xo+J J S(t, )f(x, x,(s), 2)A,(s)(dz) ds.

0

Let he H. We have

(h, x,(1)) = (h, S(1, 0)x,) + J (&(h)(s, x,(5), *), Au(s5))o ds
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where g(h)(s, x,(s), -) = (h, S(t, s)f(s, x,(s), - )) e C(Z) and (-, - ), denotes the duality
brackets for the pair (C(Z), M(Z)). We may assume that x,(-)->x(-) in C(T, H).

Note that sup {|(h, S(t, s)(f(s, x,(s), z) —f(s, x(5), 2)))|:z€ Z}=|(h, S(t, s)(f(s,
x,(8), z,) —f(s, x(s), z,)))|, for some z, € Z depending on (h, ¢, s). Since Z is compact,
by passing to a subsequence if necessary we may assume that z,—z Then from
hypothesis (H(f),)(3) we have that

|(h, S(1, )(f(s, x,(s), 2,) = f(s, x(s), 2)))| > 0
= g(h)(s, x,(s), ) > g(h)(s, x(s),) in C(Z)
=g(h) (-, x,(+), ") > g(h)(-,x(-),) in L'(C(Z))

because of the dominated convergence theorem. Since A,*3 A in L(M(Z))=
[L'(C(Z))]*, we get

L (8(h)(s, Xa(s), +), Au(s))o ds - L (g(h)(s, x(s), *), A(s))o ds.

Thus in the limit we have

(h, x(1)) = (h, S(1, O)xo)+<h, Jr J S(1, 5)f (s, x(s), 2)A(s)(dz) dS>

0

1

=x(t)=S(t, 0)x0+J

0

S(t,s) J f(s, x(s), z)A(s)(dz) ds

=x=x(A)
=\ - x(A) is continuous on Sy < R(T, Z) as claimed. O

An immediate, interesting consequence of Theorem 4.1 is the following theorem.

THEOREM 4.2. If the hypotheses of Theorem 4.1 hold, then P, is compact in C(T, H).

Proof. Recall that Sy is w*-compact in L”(M(Z)) and is weakly compact in
R(T, Z), and the map A - x(A) is continuous (Theorem 4.1). Therefore x(Ss) = P, is
compact in C(T, H).

Remark. We could have deduced Theorem 4.2 from the proofs of Theorems 3.1
and 3.2, where we say that P, is closed in C(T, H) and lives inside a compact subset
of C(T, H).

5. Optimal control problems. As we have already mentioned, the introduction of
the larger relaxed system, guarantees the existence of an optimal solution. This is
illustrated by the following general result.

Consider the relaxed control system (*),, with the following cost functional:

J,(x,A)=J J’ L(t, x(t), z)A(t)(dz) dt.

We will make the following hypotheses concerning the integrand L(-, -, *):

(H(L)) L:TxXxZ-R=RU{+x}:
(1) (t, x, z) > L(t, x<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>